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Abstract

In this paper, we study the existence of the solutions of a class of functional integral equations which contain a number
of classical nonlinear integral equations as special cases. The investigations are placed in the Banach space of real
functions defined, continuous on the real half-axis and vanishing at infinity. The method used in our considerations
depends on suitable conjunction of the technique of measures of noncompactness with the classical Schauder fixed
point theorem. The results obtained in this paper extend and improve essentially some known results in the recent
literature. Besides, three examples showing the generality and applicability of our results are presented.
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1 Introduction

It is well known that the theory of nonlinear integral equations of various types appears in many applications that
arise in the fields of mathematical analysis, nonlinear functional analysis, mathematical physics and engineering (see
[8, @ 22]). A lot of real world problems in the theory of radiative transfer, kinetic theory of gases, in the theory of
neutron transport and in the traffic theory can be described and analysed with help of integral equations. Especially,
the so-called quadratic integral equation of Chandrasekhar’s type can be very often encountered in many applications,
[T} 12} (T3], 14} 16, 21]. Many authors have studied the existence of solutions for several classes of nonlinear quadratic
integral equations.

The main subject of this paper is to investigate the following the nonlinear functional integral equation given by:

z(t)=f (t, (Thx)(t), (Tex)(t) /000 u (t, s, x(s)) ds) , t e Ry, (1.1)

where the functions f, u and the operators T; (i = 1,2) are known, while x = z(t) is an unknown function. It is
worthwhile also mentioning that Eq.(1.1) contains as particular cases a lot of integral equations. For example, the
equation

(1) = a(t) + (1) /OC L o(s)z(s)ds, t € R, (1.2)

o t+s
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is closely related to the famous quadratic integral equation of Chandrasekhar type:

t
t+ s

2(t) = 1+ (1) /0 6(s)2(s)ds, t € [0, 1],

The equation (1.3)) is considered in many papers and monographs, [2, [4, [13] [1§].

The sufficient conditions on the existence of the solutions of the equation
(oo}
o) = [ Kt.o)f (salo)ds, e Ry
0

are given in [I].

The existence of the solution of nonlinear integral equations
o(t) = at) +2(0) | Kt (s,2(s)) ds, t € R
0
and
oo
x(t) = H(t, x(t)) + w(t)/ k(t,s)e(s)(f(x(s)) + g(x(s)))ds, t € Ry
0

is researched in [20] and [30], respectively.

The existence and asymptotic stability of the solutions of the nonlinear integral equation

x(t) = a(t) + g(t, x(t)) /000 K(t, s)h(s,x(s))ds, t € Ry

are studied in [6].

The monotonic solutions of the nonlinear integral equation
oo
x(t) = g(t) +/ u(t,s,xz(s))ds, t € Ry
0
and the existence of the solutions of the Urysohn integral equation
o(t) = at) + fta(t)) [ ultis,os) ds, te Ry
0

are investigated in [5] and [7, 10} I5] 20l 26l 27 28], respectively.

Besides, the equations
z(t) = (Thz)(t) + (Tex)(t) /00 u(t,s,z(s))ds, t € Ry
0
and
z(t)y=F (t,x(t),/ooou(t,s,x(s)) ds) ,teRy

are examined in 19, 29] and [26], respectively.
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(1.3)

(1.5)

(1.7)

(1.9)

(1.10)

(1.11)

The equations (|1.2)-(1.11]) can be easily obtained from the equation (|1.1)) by special selection of the functions and

the operators.

Many equations studied so far are the special form of the equation (1.1 (see, [Tl 5] [6] [7], [T0L [15] 17 201 23] 24] 25|

27, [28,130]). Using the technique of a suitable measure of noncompactness and Schauder fixed point theorem, we prove
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an existence theorem for Eq.(1.1). We give three nontrivial examples that explain the generalizations and applications
of our results. So our work improves and completes some results mentioned before.

The integral equations and are quite similar to each other. But the equation is more general than
the equation . Some equations can be written in both and form. In this case, is there
any difference between the existence theorem in the presented paper and Theorem 1 given in [26]? It
will be seen in Remark and Remark that the results obtained in our paper are a generalization
and extension of both the results in [26] and in some other articles.

2 Preliminaries

In this section, we give a collection of auxiliary facts which will be needed further on. Assume that (E,||.||) is a real
Banach space with zero element 6 . Let B(x,r) denote the closed ball centered at z and with radius . The symbol
B, stands for the ball B(#,r). If X is a subset of E, then X and ConvX denote the closure and convex closure of X,
respectively. With the symbols AX and X + Y, we denote the standard algebraic operations on sets. Moreover, we
denote by Mg the family of all nonempty and bounded subsets of E and Mg its subfamily consisting of all relatively
compact subsets. The definition of the concept of a measure of noncompactness presented below comes from [3].

Definition 2.1. A function u : Mr — Ry = [0,00) is said to be a measure of noncompactness in E if it satisfies
following conditions:

(1) The family kerp = {X € My : u(X) = 0} is nonempty and ker y C Np.
(2) X CY = pu(X) <p(Y).

(3) u(X) = u(ConvX) = pu(X).

(4) p(AX + (1= NY) < Au(X) + (1= Mu(Y), for A € [0,1].

(5) If {X,} is a sequence of nonempty, bounded and closed subsets of the set E such that X, 11 C X,,, (n=1,2,...)
and lim,, o u(X,) = 0, then the set X = NS, X, is nonempty.

Notice that the intersection set X, from (5) belongs to ker u. In fact, from the inequality u(Xoo) < p(X,,) for any
n =1,2,... we have that (X ) = 0. This property of the set X, will be crucial later.

In the sequel, we will work in the Banach space Cy(R;.) consisting of real functions defined, continuous on R and
vanishing at infinity. The space Cy(R) is furnished with the standard norm ||z|| = sup{|z(¢)| : t € R, }.

Further we recall the definition of the measure of noncompactness in the space Cy(R;) which will be used in our
considerations. In order to define it, let us fix a nonempty and bounded subset X of Cy(R;). For x € X, ¢ > 0 and
L > 0 denoted by w”(z,¢) the modulus of continuity of function z, i.e.,

wh(z,e) = sup{|z(s) — z(t)| : t,s € [0,L] and |t — s| < €}.
Further, let us put:

wh(X,e) = sup{wl(z,¢) : z € X}, wh(X) = lim w¥ (X, ¢)
g

=0
and

wo(X) = lim wd (X). (2.1)
Next define:

B () = sup{|z(t)| : t > L}, BH(X) =sup {B*(z) 1w € X}
and

B(X) = lim AL (X). (2.2)

L—oo
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Finally, let us consider the function u defined on the family Mg, g, ) by the equality:
w(X) = wo(X) + B(X). (2.3)

It may be found in [3] that the function u is a measure of noncompactness in the space Co(Ry). Moreover, the kernel
ker p contains nonempty and bounded sets X such that functions from X are locally equicontinuous on R, and tend
to zero at infinity uniformly with respect to the set X, i.e. for each ¢ > 0 there exists L > 0 with the property that

|z(t)| <eforallz € X and t > L.

This property of ker u will be important in our further study.

3 The Main Result
We will consider Eq.(1.1]) under the following assumptions (H1) — (H8):

(H1) f:R; xR xR — R is continuous such that f(¢,0,0) — 0 as t — cc.

Remark 3.1. The assumption (H1) implies that there exists a constant F' satisfying
sup {|f (¢,0,0)] : t > 0} < F.

(H2) The function f satisfies the Lipschitz condition with the nonnegative constants /; and Il with respect to second
and third variables, i.e.

|f(ta$17y) - f(tam27y)| S lllxl —[)32|
for all t € Ry and z1, 29,y € R and

lf(tz,y1) — f(t 2, y2)| < lalyr — vl
for all t € Ry and z,y1,y2 € R.

(H3) The operators T; : Co(Ry) — Co(R,) are continuous and there exist nondecreasing functions d; : Ry — R
such that
[Tiz]| < di(lll]), (i=1,2)

for all x € Cp(Ry).

u: X x R — R is a continuous function and there exist a continuous function g : X — and a
H4 Ry xRy xR—Ri ti f i d th ist ti function g : Ry x Ry — Ry and
continuous nondecreasing function h : Ry — Ry such that ~(0) = 0 and

u(t, s, 2)| < g(t, s)h(|z])
for all t,s € Ry and = € R.

(H5) For every t > 0 the function s — g(¢,s) is integrable on Ry and the function ¢ — [~ g(t, s)ds is bounded on
R,. That is, there exists a constant G satisfying

sup{/ g(t, s)ds :tZO} < (@.
0

lidy (r) + lada(r)h(r)G+ F <r

(H6) The inequality

has a positive solution rg.
(H7) There exist the nonnegative constants m; ,, and by, for 7o such that the inequalities
M(TiX) < M rg ,U'(X)’ (Z = 1,2) and /3 (hx) < by, ﬁ(X)

hold for all nonempty and bounded subset X of the ball B,, where § and p are defined by (2.2) and (2.3), & is
the function given in the assumption (H4), hx = {h, : « € X} and the function h, : R, — R, for each . € X
is defined by h,(t) = h (|z(t)]).
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Remark 3.2. The set hx is nonempty and bounded subset of Cy(R), since the subset X of B,, is nonempty
and the estimate |h,(t)| < h(||z]]) < h(rg) holds for all z € X and t € Ry.

(HS) llml’ro + lgmg’roh(ro)(; + 212d2(7’0)bT0G < 1.

Lemma 3.3. If the assumptions (H4) and (H5) are satisfied, then the inequality

/0OO u(t,s,z(s))ds| < h(||z]]) G (3.1)

holds for all t € Ry and @ € Co(R4). Also, the function ¢ — [° u (£, s,2(s))ds is continuous on Ry for an arbitrarily
fixed x € Co(Ry).

Proof . Since
lu(t,s,z(s))] < g(t, s)h (lz(s)]) < g(t, s)h ([|z]])

for all t,s € Ry and o € Co(Ry), the function t — [ u(t,s,2(s))ds is well defined on R for an arbitrarily fixed
x € Cp(Ry) and the inequality (3.1)) holds for all ¢t € Ry and = € Cy(R4).

Let us fix arbitrarily L > 0 and € > 0 and take arbitrary numbers ¢1,ts € [0, L] with |t; — t2| < . Then,

/Ooou(tl,s,x(s))ds — /Ooou(tz,s,x(s))ds

L
< [ ulsa(s) — ultasa(s)] s
+/L (b1, 5, 2(5)) — 1 (t2, 5, 2(5))| ds
< Lwjyy(u,e) + [sup {A (jz(s)]) : s > L}] :O [9(t1,5) + g(t2, 5)] ds
< Lwﬁzu(u,s) + 2Gh(sup{|z(s)| : s > L}), (3.2)
where
wﬁxl‘(u,a) = sup{|u(ty,s,y) — u(te, s,y)| : t1,t2,s € [0, L],

y € [~lall, o]} and [t — t2] < e}

Further, from the uniform continuity of the function w on the set [0, L] x [0, L] x [—||z||, ||z|| ] we derive that wﬁzu (u,e) —
0 as € — 0. Besides, since z € Cy(R), taking into account the continuity of the function h together with h(0) = 0,
we can choose a number L so big that the last term of the inequality (3.2) is sufficiently small. Thus we deduce that
the function ¢t — fooo u (t,s,2(s))ds is continuous on the interval [0, L] for any L > 0 big enough and consequently it

is continuous on the whole interval R;. OJ

Lemma 3.4. If the assumptions (H1) — (H5) are satisfied, then the operator T' defined by

(Tz)t)=f (t, (Thz)(1), (Tgm)(t)/ u (t, s, x(s)) ds) (3.3)
0
transforms the space Cy(R) into itself. Besides, the inequality
[Tz|| < hdy([|z]]) + ladz([lzDA(][z])G + F (3.4)
holds for all z € Cp(R4).

Proof . It is obvious from (H1), (H3) and Lemma [3.3] that the function Tz given by (3.3) is continuous on R .
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Next we show that (T'z)(t) — 0 as t — oco. For each t € Ry we have the estimate:
@O < |f(n a0 [ i) i)
—f (t, 0, (Trx)(t) /000 u(t, s, z(s)) ds> ’

+ ’f (t, 0, (Tox)(t) /000 u (t,s,x(s)) ds) —f (t,070)’
+f(¢,0,0)|. (3.5)

By using of (H2) and Lemma [3.3] we get from (3.5) that

|[(Tz)(#)]

IN

I [(Tz) (8)] + L [(Tox) () /Ooou(t,s,x(s))ds +1f (£,0,0)]
L |(Tiz) ()] + & |[(Tex) () A (l])) G+ |f (£, 0,0)] (3.6)

IA

for all t € R;. The estimate (3.6)), together with (H1) and (H3), gives that (T'z)(t) — 0 as t — oo. Thus the operator
T transforms the space Co(R) into itself. Additionally, by (3.6) and hypotheses, we obtain that

[(T2)(#)] < LTzl + | Tox|h(|2])G + F (3.7)
for all ¢ € R;. So we have (3.4) from (3.7) and (H3). O

Remark 3.5. Let’s assume that the assumptions (H1) — (H6) hold. Then, by considering Lemma we infer that
T : B, = By, from (3.3), (3.4) and (H6).

Theorem 3.6. If the assumptions (H1) — (H7) hold, then the estimate
w(TX) < ku(X) (3.8)

holds for any nonempty subset X of the ball B,,. Here, T' is the operator defined by (3.3) and & is the constant given
as k = llml,ro + lgmg’mh(’ro)G + 2lgd2(T0)bT0G.

Proof . Let us take a nonempty subset X of the ball B,,. It is clear by Remark 3.5 that T : B,, — By,. Fix ¢ > 0,
L >0, ty,ty € [0, L] with |t; — 2] < e and take an arbitrary function = € X. Then, we get that:

(T2)(t2) — (T)(82) }
S‘thUMXMJB@@ﬂAMU%JJQD@>—fG%UﬂXMJB@@ﬁA umﬁw@D%N

ﬂf@%awxmmnmunéwumﬁw@»w)—fQ%awxmxnmunAwum»mw»w)

+ ‘f (tg, (Thz)(ta), (Tgf)(tl)/o u(tl,s,x(s))ds) —f <t2, (Thz)(ta), (Tgx)(tg)/o u (ta, s, z(s)) ds) . (3.9
From and (H2) we get that
(Tz)(t) = (Tz)(t)] < wio (fre) + L [(Tiz) (t) — (Tha) (t2)]
o (Do) (1) /O u(ty, s, 2())ds — (Toz)(t2) /O u(ta, 5, 2(s))ds
= wh(f,e) + 1l [(Tiz)(th) — (Thw)(ta)]
+ | [(Toa) (1) = (Ta)t2)] [ w(tr..2(9) ds
+(Thz)(t2) /Oo [u(t1,s,2(s)) — u (t2, s, z(s))] ds|, (3.10)
0
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where

wh (fe) = sup{|f(t1,21,9) — f(t2, 1, 9)| : t1,t2 € [0, L], 21 € [~d1(r0), da(ro)],
y € [=da(ro)h(r0)G, d2(ro)h(ro)G] and [t; —ta] < e}.

So we have by (3.10) and assumptions that:
(Tz)(t) = (Tx)(t2)] < wpy(fre) + 0 |[(Thz)(t) — (Thzx)(t2)]

+l2 |(Tox) (t) — (Tax)(t2)] /OOO |u(ty, s,2(s))|ds

+lo |(Tox)(t2)| /000 |u(ty, s, z(s)) — u(ta, s, z(s))|ds

wfo(f, )+ lle(Tlx,e) + lng(Tgx,e)h(HxH)/ g(t1,s)ds
0

IN

+lads([|2]) /ODO uty, s,2(s)) — ulta, s, 2(s))| ds

w’fo(f? 5) + lle(Tlx, 5) + lgh(ro)GwL(TQZE, 6)

IN

L
+lads(ro) {/0 |u(t1,s,2(8)) — u(te, s,z(s))| ds

—|—/L lu(t1,s,2(8)) —u(ta, s, z(s))] ds}
wfo(f, e) + Liw(Tyz, €) + loh(ro) G (Thx, ) + l2d2(ro)wao (u,€)
+lada(ro) [sup {h (Jz(s)]) : s = L}]/L [9(t1,5) + g(t2, s)] ds

wi (f,e) + hw" (Thz,€) + oh(ro) Gw™ (Tha, €)
+lada(ro) [Lwk (u,e) + 2Gsup {h (|z(s)|) : s > L}]

IN

IN

which yields that:
L L L L L L
wh(Tz,e) < wh(f.e)+hw"(Tiz, ) 4 loh(rg) Gw" (Tax, €) + lada(ro) [Lw) (u,e) + 2GB* (ha)] (3.11)

where
W (T, ) = sup{|(Tiz)(t1) — (Tiz)(t2)| : t1,t2 € [0, L) and |t; — to| < e}, (i =1,2)

and

wfo(uﬁ) = sup{|u(ts,s,y) — u(te, s,y)| : t1,t2,s € [0, L],
y € [—ro,r0] and |t; — to] < e}

Hence, we get by (3.11) that:

wHTX,e) < wh(fe)+hw"(T1X,e)+ bh(ro)Gw" (ToX, ) + lada(ro) [Lw): (u, ) + 2GB*(hx)] . (3.12)

Since the functions f and w are uniformly continuous on [0, L] X [—d1(r9), d1(r0) ] X [=d2(ro)h(ro)G, d2(ro)h(ro)G ]
and [0, L] x [0, L] x [—rq, 70 ], respectively, we get that wk (f,) — 0 and w (u,e) — 0 as ¢ — 0. Now taking into

To

account the properties of the component involved in the estimate (3.12)), we have:
Wi (TX) < hw§ (T X) + lah(ro) Gw§ (T X) + 2l2da (ro) G (hx)
which yields that:

wO(TX) é llu)o(TlX) + Zzh(ro)GwO(TzX) + 2[2d2(TO)GB(hX) (313)
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Further taking z € X and choosing arbitrarily L > 0, in view of the estimate we obtain that:
sup {[(Tz)(t)| : t > L} < lsup{|(Thz)(t)|: t = L} +sup{[f (£,0,0)] : t > L}

Jrlgsup{ Tox)(t) |/ u(t, s, z(s))|ds : t > L}

osup {|(Th)(8)] : ¢ = L} +sup{[f (¢,0,0)] : ¢ > L}

+lo sup {|(T2x)(¢)| : t > L} h(||z||) sup {/Ooog(t,s)ds it > L}

lisup {[(Tha)(t)| = ¢ > L} +sup {[f (¢,0,0)] : ¢ > L}
+loh(ro)Gsup {|(T2z)(t)| : t > L}. (3.14)

IN

IN

Hence, by considering hypotheses, we get by (3.14) that:
ﬂ(TX) < ll,B(T1X) +lzh(7‘Q)G,8(T2X) (315)

Now, linking (2.3, (3.13) and (3.15) and by using the assumption (H7) and the inequality 8(X) < p(X) we derive
that:

ILL(TX) llu(TlX) + lQh(TO)GIM(TQX) + 2l2d2(T0)Gﬁ(hx)
lmy o (X)) + lama ro h(10) Gu(X) + 2lada(r0)br, GB(X)

kp(X)

IA A CIA

which completes the proof.[J

We can now give the following theorem about the existence of a solution of the integral equation

[T1):

Theorem 3.7. Under the assumptions (H1) — (H8), there exists at least one solution 2 = z(¢) of Eq. (1.1]) in the
space Cp(Ry).

Proof .We define operator T' on Cy(R) in the following way:

(Tx)(t)=f (t, (Thz)(t), (Tox)(¢) /000 u(t, s, z(s)) ds) .

Consider the sequence of sets (B!), where B} = ConvT(B,,), B3 =ConvT(B} ) and so on. Observe that all sets
of this sequence are nonempty, bounded, closed and convex. Moreover, BﬁO‘HCB;’O for all n € {1,2,...}. Further,
keeping in mind Theorem we get from (3.8)) that:

u(BL) < k"u(B,,). (3.16)

Obviously in view of assumption (H8) we have that £ < 1. Hence, from condition (5) of Definition we infer that
the set Y = ()~ By is nonempty, bounded, closed and convex. In fact, since pu(Y) < p(Bp) for any n > 1, we
deduce by (3.16]) that x(Y) = 0 and thus Y € keru. It should be also noted that the operator T maps the set Y into
itself.

Now we show that T is continuous on the set Y. To do this fix ¢ > 0, o € Y and take functions x € Y such that
|z — zo|| < e. Taking into account the fact that ¥ € ker 4 and the description of sets belonging to ker u we can find a
number L > 0 such that for each z € Y and ¢ > L the inequality |z(¢)| < e is satisfied. Since T : Y — Y, we obtain
that

[(Tz)(t) — (Tzo)(t)| < [(T2)(@)] + [(Txo)(t)] < 22 (3.17)
for all z € Y and ¢ > L. On the other hand, for ¢ € [0, L] we get that:
|(Tx)(t) — (To)(t)|
‘ f (t, (Tv2)(t), (o) (?) /0 w(t,s,3(5) ds) _f (t, (Tvz0)(1), (o) (2) /0 w(t, s, 3(s) ds) ‘

n ‘f (1 )0, @0 [ utosa(o)as) = 1 (0 Tuao)0), T o) [ sau(s) as \ - (3.18)
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From and (H2) we have that:
[(T)(t) — (Tzo)(2)]
L |[(Thz)(t) = (Thzo) (B)] + L2

L[(The)(t) = (Thzo)(1)]

IN

(Tox)(t) /OOO u (t,s,2(s)) ds — (Toxo)(t) /000 u (t,s,xo(s))ds

+o | [(Toz)(t) — (Taxmo)(t)] /00 u(t,s,x(s))ds + (Toxo)(t) /Oo[u (t,s,2(s)) —u(t,s,zo(s))]ds| . (3.19)
0 0
Thus, we can write by that
[(Tz)(t) = (Tzo)(®)] < L |[(Thz)(t) — (Tazo) (t)| + L2 [(T22)(t) — (T2z0)( |/ u(t, s x(s))|ds
+lo |(Toxo)( |/ u(t,s,x(s)) —ul(t,s, xo(s))|ds
and so by assumptions
[(Tz)(t) — (Tzo)(t)] < LlTie — Thizoll + L2 Tox — Toxo || h([|2]]) /OOO g(t, s)ds
L
+lada((|zoll) </0 lu(t, s,2(s)) — u(l, s, zo(s))| ds
+/L lu(t, s, z(s)) — u(t,s,zo(s))] ds>
which yields that
(T2)(t) — (T2o)®)] < L|Tiz — Tiwol| + lo|| Tox — Towo||h(r0)G + lada(ro) Lk (u, €)
+lada(ro) [sup {h (Jz(s)]) : s > L}]/L g(t, s)ds
+lada(ro) [sup {h (Jzo(s)]) : s > L}] /Loog(t, s)ds
§ ll||T11L’7T1Z0|| +12HT2.CE7T2x0||h(7‘0)G+12d2(7’0) f ( )
+lada(ro)G [h (sup {|z(s)| : s > L}) 4+ h (sup {|zo(s)| : s > L})] (3.20)

for all ¢ € [0, L], where
(Dfo (u,e) = sup{|u(t, s, z) — u(t,s,y)| : t,s € [0,L]; x,y € [-ro,70] and |z — y| < e}.

Observe that CJTLO (u,e) — 0 as e — 0. Moreover, taking into account Y € kery and the continuity of h together with
h(0) = 0, we can choose L in such a way that the term

h(sup {la(s)| - s = L}) + h (sup {|zo(s)| : s > L})

in estimate (3.20]) is small enough for all z € Y. By the above facts and continuity of the operators Ty and 15, we
conclude fro and that the operator T is continuous at the arbitrary fixed point xg. Thus, T is continuous
on the set Y. Finally, linking all above established properties of the set Y and the operator T': Y — Y and using the
Schauder fixed point principle we infer that the operator T has at least one fixed point x in the set Y. This means
that there exists at least one solution x = x(t) of Eq. in the space Cp(R4). O

4 Examples

Example 4.1. Consider the following nonlinear integral equation of the form:

2(t) = 1%15 +a(t) /0 h t fr (s (s)ds, (4.1)
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where ¢t € Ry. Notice that Eq. (4.1)) is a similar form of the famous quadratic integral equation of Chandrasekhar
type:

t
t+s

1
x(t) =1+ x(t)/o o(s)x(s)ds, t €0,1].

Also, Eq.(4.1) is a special case of (1.1)) if we put:

ft.o.) = o +y, (Bia)(t) = 10 (Ta)(®) = (1)
and
0, s=0,t>0 z€R
ult; s,) = {tisgb(s)w, s#0,t>0, x € R. (4.2)

Here, the characteristic function ¢ : Ry — R is continuous and satisfies ¢(0) = 0.

The function f is continuous on Ry x R x R and the equality lim;_, f(¢,0,0) = 0 holds. Besides, f satisfies
the Lipschitz condition with the nonnegative constants I; = 1 and l; = 1 with respect to second and third variables.
Therefore the assumptions (H1) and (H2) of Theorem are valid and the constant F' can be taken as F' =
sup{|f (¢,0,0)| : ¢t > 0} = 0.

Since
[(Tha)(t) — (Thy) ()| = 0 and |(Tox)(t) — (T2y) ()] = [x(t) — y(t)]
for all t € Ry and x,y € Cy(Ry), we derive that:
[Tz — Thy| = 0 and [Tz — Toy|| = [z — y||

which yield that the operators 77 and T are continuous on the space Cyp(R4 ). Further for all t € Ry and = € Cp(Ry),
the equalities

(Thz)(8)] = and |(Tox)(t)| = [ (t)]

1
1+1¢
hold. Therefore, ||Thz|| = 1 and ||Thz| = ||z| for all x € Cy(R4). Hence, the assumption (H3) is satisfied with
dq(t) =1 and da(t) = t.

The function v : Ry x Ry x R — R defined by 1) is continuous, [I1)]. If the function ¢ is chosen as ¢(s) = %,
then it is obtained that the inequality

lu(t, s, )| < g(t, s)h (|z]) (4.3)

holds for all t, s € Ry and = € R, where the functions g : Ry x Ry — R, and h : Ry — Ry satisfying (4.3]) are defined

by
0, s=0,t>0
g(tv 5) = tse—*° 0 >0
i 702

and h(t) = ¢. The continuity of g and h is clear. Also, h(0) = 0 and h is nondecreasing. Additionally,

e * tse”* 1 [ 1
t,s)ds = ——ds < = Pds = =
/0 9(75)5 /0 6(t +9) 8_6/0 se s 5

for all t > 0. So the assumptions (H4) and (H5) hold and we can chose the constant G as G = §.

The inequality in the assumption (H6) is equivalent to:

The number rq chosen as 3 — /3 < rg < 2 satisfies lb
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Apart from this, fixing a nonempty and bounded subset X of the ball B,,. Let z € X, ¢ > 0, L > 0 and
t1,te € [0, L] such that |t; — ta] < e. Then,

1 1

(Tiz)(t1) — (Tra)(ta)| = ’Htl ——

and
[(Tox)(t1) — (Tox)(t2)| = |x(t1) — z(t2)]-

The function t — %th is uniformly continuous on the set [0, L]. This implies that w”(T1z,€) — 0 as € — 0. Besides,

wh(Tyx,e) = wh(z,€). So, it is clear that wo(T1X) = 0 and wo(T2X) = w(X). By the equalities

BE(Tyz) = sup{|(Thz)(t)| : t > L} = SuP{ll—Hf it > L} =1

L (Tyx) = sup{|(Tex)(t)| : t > L} = sup{|z(t)| : t > L} = BE(x)
and
85 (hy) = sup{|hy(t)| : t > L} = sup{h (|z(t)]) : t > L} = sup{|z(t)| : t > L} = (),

we derive that f(T1X) = 0, B(T2X) = B(X) and B (hx) = B(X). Thus, we have by (2.3) that u(73X) = 0 and
w(T2X) = pu(X). As aresult, it is understood that the assumption (H7) holds with the constants my ,, = 0, ma,, =1
and b,, = 1.

The inequality in (H8) has the form:

"o
— <L 4.5
5 < (4.5)

Since 3 — V3 <1y < 2, || is satisfied.

Since all of the assumptions of Theorem are fullfilled, we deduce that the integral equation (4.1]) has at least
one solution & = x(t) belonging to the space Cy(R.).

Remark 4.2. Let us consider the nonlinear integral equation:

o) = oy o) [ 55 hog 1+ (o)) ds, e € R (4.6)

which is a similar version of the quadratic integral equation of the generalized Chandrasekhar’s type:

20
t+ s

(1) = 1+x(t)/0 log (1 + |2(s)]) ds, t € [0, 1]. (@.7)

The equation (4.7) was considered in many papers (see, [11}, [13/) and it arose originally in connection with scattering
through a homogeneous semi-infinite plane atmosphere, [T3]. If we take

fta,y) =2+, (Ti)(t) = ——, (Tox)(t) = a(t),

T+1¢
(t ) 0, s=0,t>0, zeR
u(t,s,x) =

2 p(s)log(1+z]), s#0,t>0, z€R

an s) = 7S,t en (4.6) is a special form of ((1.1). Since log (1 + |x|) < |z| for all x € R, the inequality |u(t, s, z)| <
do 2 hen (4.6 1 f f(1.1). S log (1 for all R, th 1

g(t, s)|z| holds for all t,s € Ry and = € R, where

o [0 s=0,t>0
8= 63;\_536*5, s#0, t>0.
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Also, by taking h(t) = ¢, we can easily see by Example [4.1] that the assumptions (H1) — (H5) of Theorem [3.7] hold.

Besides, it is clear that the assumption (H6) is equivalent to the inequality:

?[Al

1+ A <r. (4.8)

3_3./1_2
If the real parameter X is chosen as 0 < [A| < %, then 1) holds for the number rq with Hlfllg\)\l <71y < \%\I and
the validity of the assumption (H7) can be shown as in Example

Finally, the inequality in (H8) is equivalent to:

70| Al
2

3 12N
and ll is satisfied for w <ryg< ‘—/2“

Since the conditions of Theorem are satisfied, the equation (4.6) has at least one solution in the space Cy(R).

<1 (4.9)

Example 4.3. Let us consider the following nonlinear integral equation:

(1) t 4 sin x(t)
1+12 25 (1+sin2 (t))
cost )ds
+ 0 Jo” a5 ., tER,. (4.10)
50[1+ ( 0 i i) |
If we put
4z 2y
t
ey = mar T 1)
T o T 9 d _cost 4
(Tha)(t) = sinz(t), (Tox)(t) = z7(t) and u(t, s, z) = mﬂf )

then Eq. (4.10) is a special case of Eq. (1.1)).

It is easily verified that the assumptions of Theorem [3.7] are satisfied.
Indeed, the function f is continuous on the set Ry x R x R and f satisfies lim; o f(¢,0,0) = lim;_, H-% =0.

Since

< |21 — 22| n |1 |z2] - $2|)
(1+22)(1+23)  (1+22)(1+23)

5
U@%m)f@%wﬂ§2< 7 I V1 7] zmm)
A+y)(I+ys) (A+yi)(14+wy3)

for all t € Ry and z,z1,22,y,y1,y2 € R, we can write the inequalities:

‘f(t,xlay) - f(t71'23y)| S

4 11 1
|f(t,z1,y) — f(tz2,y)| < o2 |331—332|+ |9€1—9€2| = —|z1 — 22,
25 5

2 1 1
ts) = St < 25 (1=l + 3 31on = el ) = gl —

Thus, I; and [ can be taken as [; = % and [, = %

Ty and Ty are the continuous operators on the space Co(Ry). Further for all x € Cyh(R;) and t € R, we have
that:

|(Ty2)(t)] < |||l and [(Toa)(#)] < [|l=]*.

Hence the assumption (H3) is satisfied with dq(t) =t and da(t) = t2.
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Now notice that the function u is continuous on the set Ry x Ry x R. Moreover, since

cost 4

= )215 | cost|
s

3
 (1+5)2 ]

ult, 5,2)] = \

for all t,s € Ry and = € R, if we choose g(t, s) = (‘f_‘ijg and h(t) = t3, we see that the assumption (H4) is satisfied.
| cos t|

To check that the assumption (H5) is satisfied let us observe that s — 179)2

fooo (Ilcfs ;L ds is bounded on R . Thus it is easily seen that:

is integrable on Ry and t —

| cost]|
G =su ———— L ds:teR"} =su cost| :t e RT} =1.
of [T 2 p{( cost] }

Besides, F' = sup {|f (¢,0,0)| : t > 0} = 1 and the inequality in the assumption (H6) has the form:

—+—+-<r (4.11)

It can be easily verified that if 0.631265 < 7o < v/2, then r( is the solution of (4.11)). Apart from this for ¢ > 0, L > 0,
|z|]| < 7o and t,s € [0, L] such that |t — s| < e, we have:

|(Ty2)(t) — (Thx)(s)| = |[sinz(t) — sinz(s)]
|z(t) — x(s)]. (4.12)

IN

Further, it can be seen that:

|(Tox) () — (Tox)(s)] |[2%(t) — 2(s)|

() — x(s)| [2(t) + 2(s)]
2rolx(t) — z(s)]. (4.13)

From the estimates (4.12) and (4.13) in view of the (2.1)) we have that

wo(T1X) < wp(X) and wo(T2X) < 2rowo(X),

IN

respectively. Besides, we get that:

sup {|(Thz)(t)| : t > L} sup {|sinz(t)| : t > L}

sup{|z(t)| : t > L}. (4.14)

IN

Thus from the estimate (4.14)) we have that:
B(T1X) < B(X).
Moreover, we derive that:

sup {|(Tzz)(t)| : t > L} Sup{|:c2(t)’ :t>1L}

rosup {|x(t)| : t > L}
2rosup {|z(¢)| : t > L} (4.15)

IN A

and

sup {|h.(t)| : t > L}

sup {h (Jz(t)]) : t > L}
sup {|:c(t)|3 it > L}
résup {|z(t)| : t > L}. (4.16)

IN
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Thus from the estimates (4.15)) and (4.16)) we have that:

B(12X) < 2roB(X) and f (hx) < rgB(X).

Therefore, taking into account the above estimates and (2.3), we get my ., ma,, and b,, are equal to 1, 2ry and 3,
respectively.

Besides, it is obtained that

_|_

C“‘c?»

llmLTO + lgmg,mh(’/’o)G + 2l2d2(7’0)b7~0G =

o] =

for 0.631265 < ry < /2. Hence the assumption (H8) is satisfied.

Thus we showed that all assumptions of Theorem are fulfilled. This yields that the Eq.(4.10) has at least one
solution z = z(t) in the space Cy(R).

Remark 4.4. Notice that the integral equation (4.10)) can’t be derived from any of the integral equations handled in
[1, 13, 16, [7, (10, (13, [17, [19, (20, 23, [27), (23, [27, 28, 29, [30)].
Besides, (4.10) can be obtained from (1.11])) by choosing

t n 4sinx 222y
1+12 251 +sin®z) 50 (1+aty?)

F(t,z,y) =

cost

and u(t,s,z) = e 23 for t,s € Ry and z,y € R. But, there is no function g : R, x R, — R, satisfying the

inequality

u(t, s, )] < g(t, s)|z|

for all t,s € Ry and € R. Therefore, the assumption (H3) in [26/ doesn’t hold. Consequently, the
existence theorem given in [26]/ cannot be applied to the integral equation (4.10]).

Example 4.5. Let us consider the following integral equation:

a(t) = ieXp(—t) - %ln (1 + ff)t')

1 o0
+E arctan (m(t)\/acQ(t) + 1/ texp (—ts —s) ac(s)ds) , teRy. (4.17)
0
Observe that this equation has the form of Eq.(1.1)) if we put:

1 1 1
f(t,$7y) = 7 exp(it) + 3 In (1 + |£L’|) + TO arctany,

4 3
z(t)
1+t

(Ty)(t) =

(Tox)(t) = z(t)\/22(t) + 1 and u(t, s, z) = texp (—ts — s) x.

It is easily shown that the function f : Ry x R x R — R is continuous and f(t,0,0) = 1 exp(—t) — 0 as t — oco.

Without loss of generality we can suppose that |z1]| < |z2]. So, there exists n € (|z1],|z2|) satistying the inequality

[f(tz1,y) = [t x2,9)] = % I (1 4 [1]) = In(1 + |22])]

1
< w1 — 2o (4.18)
3(1+1n)

for all t € Ry and y € R. Taking into account (4.18]), we have

1
|f(t,.’131,y) - f(ta-r%y)l < g |J31 - Z2

for all t € Ry and z1,29,y € R.
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We assume that y; < yo without loss of generality. Thus, for all ¢t € Ry and z € R, we get

1
|f(t, 2, 91) — f(t, 2, y2)] = 10 larctan y; — arctan ys|
1
_— — 4.19
10(1 +p2) |y1 1/2|7 ( )

where p € (y1,y2). By considering (4.19)), we have

1
|f(t71'7y1) - f(t7x1y2)| < TO ‘yl _y2|

for all t € Ry and z,y1,y2 € R.

Consequently, [; and lo satisfying the condition (H2) of Theorem can be chosen as l; = % and Iy = %.

T, and Ty are continuous operators on the space Co(R4). Additionally for all € Cy(R4) and ¢t € R4 we have
that:

lz(@®)] _ =]

<
1+¢ 7 141

[(Thz)(1)] =

< ||

and
(T2)(8)] = [o®va2@) +1| < ol Te2+ 1.

Hence the assumption (H3) is satisfied with d;(t) =t and da(t) = tv2 + 1.
The function wu(t, s, ) is continuous on the set Ry x Ry x R. Further we get
lu(t, s, )| = [texp (—ts — s) x| = texp (—ts — s) ||
for all t,s € R; and « € R. Thus the functions appearing in assumption (H4) have the form g¢(t, s) = texp (—ts — s)

and h(t) = t. Obviously s — texp (—ts — s) is integrable on Ry and t — [° texp (—ts — s)ds is bounded on R..
Moreover, we have that:

> t
G:sup{/ texp(—ts—s)ds:t€R+}=sup{:t€R+}:1.
o t+1

Now notice that the inequality
lldl(’/’) + lgdg(T’)h(T’)G +F<r

in the assumption (H6) is equivalent to:

2
1
g+7£—0\/r2+1+igr. (4.20)

It can be easily verified that if 0.400985 < r¢ < 1.159091, then rq is the solution of (4.20)).
Let us take ¢ > 0, L > 0, ||z|| < ro and t,s € [0, L] such that [t — s| < e. So we get that:

[(Thz)(t) = (Th)(s)]

_ =@ =(s)
1+t 1+ s
_ ‘(11_H—1i8>m(t)+li8(x(t)—$(8))
|s — 1
< mm(:&)umlx(ﬂ—x@)\

s — tl ]| + |a(t) — z(s)]
erg + |z(t) — z(s)]. (4.21)

VANVAN
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Further, we assume that x(t) < x(s) without loss of generality, then it can be easily seen that there exists n € (z(t), z(s))

satisfying the inequality

[(Taz)(t) — (Tox)(s)]

() Va0 + 1= w(s)/a?(s) + 1|
| 12(t) = 2() Va2 (O) + 1+ a(s) [Va? () + 1= Va2(s) +1 |

< o) —2()] [V + 1|+ la(s)| [Va @) + 1 - Va2(s) +
< Vb ) )] ro s ) (o)

By considering (4.22)), we obtain that

|(Toz)(t) — (Tx)(s)| < (\/T% +1+ T‘o) |(t) — 2(s)]

for all ¢,s € [0, L] with |t — 5| < e.

From estimates (4.21]) and (4.23)) in view of the (2.1)), we have that:

wo(T1 X) < wo(X) and wo(TaX) < (\/T% +1 +7“0> wo(X).

Further, we get that:

sup{|(Tuz)(t)] : ¢t > L}

Moreover, it is clear that:

sup {|(T2x)(#)] : ¢ = L}

Besides,

sup {|h,(t)|:t > L} =

IN

sup{’x(t) x2(t) + 1‘ it > L}

\/Té + Lsup{|z(t)| : t > L}
(\/7“(2) +1 —H"o) sup{|z(t)| : t > L}.

sup {h (|z(t)]) : t = L}
sup{|z(t)| : t > L}.

Thus from estimates (4.24)), (4.25) and (4.26) in view of (2.2]) we have that:

BTIX) = 0, B(T:X) < (\/ra 1+ ) B(X) and B(hy) = B(X).

So,

(T X) = wo(TLX) + B(T1X) < wo(X) < p(X),

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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w(TX) wo(T2X) + B(T>X)

(W*’”O) (wo(X) + B(X))
— (W—H‘o) n(X).

Therefore we get that my ., =1, ma,, = «/7’(2) + 1+ rp and b,, = 1. Keeping in mind the above obtained constants,

we get that

L. (\/ﬁ“@ro L ToVrg A+l
3 10 5
for 0.400985 < ry < 1.159091 and thus the assumption (H8) is satisfied.

Finally, we conclude that the assumptions of Theorem [3.7 hold. This implies that the considered integral equation
(4.17) has a solution = = z(¢) belonging to the space Co(R).

IN

llml’ro —+ lngmoh(To)G + ZZQdQ(TO)bT-OG = <1

Remark 4.6. Notice that the integral equation (4.17) can’t be derived from any of the integral equations handled in
[1, 15, [6, [7, [10, (15, [17, [19, (20, (23, (24, (25, [27, 28, (29, [30)].

On the other hand, (4.17)) can be derived from the equation (1.11]) by taking

1 1 1
F(t,xz,y) = Zexp(—t) + 3 In <1 + 1|f_|t> + 10 arctan (x 2 + 1y)

and u(t, s, x) = texp(—ts — s)x for t, s € Ry and x,y € R. But, since

Tli_r>no<J {sup {/0 g(t,s)ds:t €T, oo)}}
Tli_r}nOO {sup {/0 texp(—ts — s)ds : ¢t € [T, oo)}}

A {SUP{lit (1_ exp(T1t+T)> e [T’OO)}}
—

3

the assumption (Hj) in[26] doesn’t hold. Hence, the existence theorem given in [20] cannot be applied
to (E.17).

5 Concluding Remarks

This paper contains a result on the existence of solutions of the nonlinear integral equation . The equation
is more general than many integral equations examined up to now. The investigations of the paper are placed
in the Banach space of real functions defined, continuous on the real half-axis and vanishing at infinity. The main
tools used in our considerations are the concept of a measure of noncompactness and the classical Schauder fixed point
theorem. The result obtained in this paper generalizes and extends several ones obtained earlier for some integral
equations. We give some examples illustrating the different of this paper than the other studies in [T} [l [6] [7), 10} 15}
17, [19, 20, 23, 24, 25| 26, 27, 28, 29, 130].
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