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Abstract

In this paper, first, we introduce (a, v, p)-Geraghty and generalized (o, ), ¢)-Geraghty contraction mappings in b-
metric spaces and then we prove the existence and uniqueness of fixed point after exploring all the conditions which
guarantee the existence of fixed point. Our results extend and generalize related fixed point results in the existing
literature. We also provide examples in support of our main findings.
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1 Introduction

The family of contractive mappings in different spaces is a great interest and has already been studied in the
literature since long time. Their application is also studied by many authors, see [3, [16]. In [I2] Geraghty introduced
the concept of Geraghty contraction mapping in metric spaces and proved fixed point theorem for that mapping.
Afterwards, a number of authors generalized his work, see [11 2] 4 5] [6, [8, 10, 111, T3] 14} [15]. We focus on the work
of Karapinar et al. [I5]. He introduced the notion of ¢-Geraghty and Ciric type ¢-Geraghty contractive mappings in
complete metric spaces and proved the existence and uniqueness of fixed points. Inspired and motivated by the work
of Karapinar et al. [I5] the main purpose of this paper is to establish fixed point results for («, 1, ¢)-Geraghty and
generalized (a, v, p)-Geraghty contraction mappings in the setting of b-metric spaces.

2 Preliminaries
We need the following symbols and class of functions to prove certain results of this section:

1. Rt =10,00);

2. R is the set of all real numbers;

3. N is the set of all natural numbers;

4. U = {+: RT — R, such that, ¢ is continuous, strictly increasing,

Pz +y) = (@) +¢(y) and ¥(0) = 0 };
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5. © = {0: Rt —[0,1), such that, 6(¢,) = 1=t, — 0, as n — oo};

6. © ={6: R™ — [0,1), such that limsup,,_, . 0(t,) =1 = lim,, 00 t, = 0};
7. O, ={0: RT — [0, 1), such that,f(t,) — L =t, — 0 as n — oo for s > 1};
8. ©,={6: R — [0, 1), such that, limsup,,_, ., 0(t,) = + = lim, o0 t, = 0}.

Definition 2.1. (See [9] ) Let X be a nonempty set and s > 1 be a given real number. A function d: X x X — R¥
is said to be a b-metric if and only if for all x,y, z € X, the following conditions are satisfied

1. d(z,y) = 0 if and only if x = y;
2. d(z,y) = d(y, z);
3. d(z,z) < sld(x,y) + d(y, 2)].

The pair (X, d) is called a b-metric space.

Definition 2.2. (See [12]) Let (X, d) be a metric space. An operator T : X — X is called a Geraghty contraction if
there exists a function # € © which satisfies for all z,y € X the condition

d(Tz,Ty) < 6(d(zx,y))d(z,y).

Theorem 2.3. (See [12]) Let (X, d) be a complete metric space. If T: X — X is a Geraghty contraction mapping,
then T has a unique fixed point.

Theorem 2.4. (See [18]) Let (X,d) be a complete metric space and 7' : X — X. Assume that there exists a
p: RT — RT satisfying:

1. ¢(t) <t for any t € RT;

2. for any € > 0, there exists § > 0 such that e <t <e+J = p(t) <¢;

3. d(Tz,Ty) < p(L(z,y)), for all x,y € X; where

L(z,y) = max {d(;@y)v d(z, Tz),d(y, Ty), [d(z, Ty) —42— d(y, Tx)] } '

Then T has a unique fixed point.

Definition 2.5. (See [I7]) Let o : X x X — R™ be a function. A mapping T': X — X is said to be a-admissible, if
for all z,y € X, a(x,y) > 1 implies a(Tz, Ty)) > 1.

Recently, Karapinar et al. [I5] introduced the notion of ¢-Geraghty and Ciri¢ type ¢-Geraghty contractive mappings
in complete metric spaces and proved the existence and uniqueness of fixed points.

Definition 2.6. Let X be a nonempty set. A function f : X — R¥ is called upper semicontinuous at a point Z € X
if for every € > 0, there exists a ¢ > 0 such that f(z) — f(Z) < e for all z € X with | — Z| < 4.

Definition 2.7. (See [7]) Let X be a b-metric space and {z,} be a sequence in X, we say that

1. {x,} is b-converges to x € X if d(x,,z) — 0 as n — oo.
2. {x,} is a b-Cauchy sequence if d(z,,xy,) — 0 as n,m — cc.
3. (X,d) is b-complete if every b-Cauchy sequence in X converges to a point in X.

Definition 2.8. (See [I5]) Suppose that ¢ : Rt — R* is a function and 6 € ©. A self-mapping T on a metric space
(X, d) is called p-Geraghty contraction if it satisfies the following conditions:

1. ¢(t) < t for any t € (0, 00);
2. For any € > 0, there is a § > 0 such that e <t <e+ 6 = ¢(t) < ¢;
3. d(Tz, Ty) < 6(d(z, y))e(d(z,y)).



Generalized («, 1, ¢)-Geraghty contraction in b-metric spaces 967

Theorem 2.9. (See [15]) Let (X,d) be a complete metric space. If a self-mapping T': X — X forms a p-Geraghty
contraction, then 7" has a unique fixed point.

Definition 2.10. (See [I5]) Suppose that ¢ : RT — RT is a function and § € ©’. A self-mapping T on a metric
space (X, d) is called Ciri¢ type ¢-Geraghty contraction if it satisfies the following conditions:

(¢0) @ is upper semicontinuous;

(p1) @(t) <t for any t € RT;

(p2) For any € > 0, there exists a § > 0 such that ¢ < ¢t < &+ § implies ¢(t) < &;

(3)

2
©h) d(Tx, Ty) < 0(L(z,y))e(L(z,y)); for all x,y in X, where

o) = ma{ i), e T, ), T AT,

2

Theorem 2.11. (See [15]) Let (X, d) be a complete metric space. If a self- mapping 7' : X — X forms a Ciri¢ type
p-Geraghty contraction, then T has a fixed point.

Remark 2.12. By (¢1), It is easy to see that (p2) is equivalent to the following:
(%) For any € > 0, there exists a § > 0 such that t < e+ 46 = ¢(t) < e.

Indeed, if 0 < ¢ < & from (1), we have ¢(t) <t < e.

3 Main Results

In this section, we introduce (o, ), ¢)-Geraghty and generalized («, 1, ¢)-Geraghty contraction mappings in the
setting of b-metric spaces and prove fixed point results for the mappings introduced.

Definition 3.1. Let (X,d) be a b-metric space, T : X — X and o : X x X — RT. A mapping 7T is said to be
(a1, p)-Geraghty contraction mapping if there exists ¢ : RT — RT, 1) € ¥ and § € O, satisfies for all z,y € X the
following conditions:

1. ¢(t) <t for any t € RT;
2. For any € > 0, there exists a § > 0 such that

e<t<e+d= () <g

3. a(z,y)(sd(Tx, Ty)) < 0(¢(d(z,y)))p(d(d(2,y)))-

Theorem 3.2. Let (X, d) be a complete b-metric space and T : X — X. Suppose the following conditions hold:

1. T is an a-admissible mapping;
2. T is an (a, 9, p)-Geraghty contraction mapping;
3. There exists zp € X such that a(zg, Txo) > 1.

Then T has a unique fixed point.

Proof . By (3) above, there exists xg € X such that a(xg,Txg) > 1. Define a sequence {z,} in X by
Ty = Txnfla

for n € N. Suppose that z,, = z,,+1 for some ng € N. Since Tz, = Tp,+1 = Zn,, the point z,, forms a fixed point
of T. From now on we suppose that z,, # x,1 for all n € NU {0}. Since T is a-admissible, we have

a(zo, Txo) = a(xg,x1) > 1 = a(Txo, Tx1) = ax1,22) > 1.
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Continuing in this manner, we get a(x,,z,+1) > 1 for all n > 0. By the properties of ¥, ¢1, 8 and @3, we have the
following.

Y(d(@n+1, Tnt2)) Y(d(Tzn, Trni1))
Y(sd(Tay, Tn11))
(s Ty 1) (8d(Txp, T 11))

0(p(d(@n, Tn41))) (Y (d(Tn, Tni1)))
e(Y(d(@n, n11))))
)

e(W(d(Tn, Tnt1))
¢(d($namn+l))-

IN IN A
W | = Q

AN A

Therefore, d(zp41, Tnt2) < d(xp,xn41) for all n > 0. Hence, the non-negative sequence {d(z,,n+1)} is non-
increasing in R*. Accordingly, it is convergent to some real number | > 0. We claim [ = 0. We suppose on the
contrary that { > 0. Hence, we have 0 < [ < d(zp,xny1) for all n > 0. Set ¢ = [. From (p}), there exists
0 > 0 such that t < e+ 6 = ¢(t) < e. On the other hand from definition of &, we can choose ng € N such that
€ < d(Xpgy, Tng+1) < € + 9 and by the properties of 1, @2, @3, and 0, we have

Y(e) < P(d(Tny, Tnot+1)) < Y(€) +9(6) = @(WP(d(Tny, Tng+1))) < P(e).

We have also
€< d(xno+2’xno+3) < d<xno+17xno+2> = d(Txno’TxnoJrl)v

which implies

¥(e)

=
o

(xn0+27 xn0+3))
Sd(xno-‘rh l‘n0+2))
d(Tan, T$n0+1))

Tng $n0+1)¢(3d(Tl’nm Txno-i-l))
Y(A(Tng, Tng+1))) e (WV(d(Tng,s Tng+1)))

<p(1/}(d(l’n0, l'no-l,-l)))

¥(e) < (),

INIA A A
=2 e e
/Q,TA

A

IN
® = ®»w |~

which is a contradiction. Hence

I = lim d(zn,z,y1) =0. (3.1)

n—roo

Now, we prove the sequence {x,} is Cauchy. We fix &7 > 0. Then by (¢5), there exists a d; > 0 such that
t<erp 4061 = ¢(t) <er. Without loss of generality, we assume §; < £1. Due to (3.1 there exists ng € N such that

)
AT, Tpi1) < —, for all n > ng, (3.2)
s

which implies ¥(d(xp, Tn+1) < 1/1(71) or Y(sd(zn,Tnt1)) < 1(61). By induction, we show that for any fixed k > ng

d(xg, xk41) < €1+ 01, forall I € N. (3.3)

The inequality trivially holds for I = 1 by (3.2]). Now, we assume that (3.3]) is satisfied for some j € N and now,
we show that it holds for [ = j + 1.



Generalized («, 1, ¢)-Geraghty contraction in b-metric spaces

From the triangle inequality and properties of ¥, s, @3, and 0, we get

V(d(@, Togj+1)) < Y(sld(@r, Trt1) + d(Tpg1; Trsjr1)])
= P(sd(@k, Tp+1)) + V(sd(@hs1, Thtjt1))
= P(sd(@k, Tr41)) +P(sd(Top, Tors;))
< Y(sd(@h, tpg1)) + @k, gy )Y (sd(T g, Ty )
< Y(sd(@r, Tpt1)) + O (d(@r, Tr4))) (P (AT, Tht )
< w<sd<xk,xk+l>>+§w< CENTn))

A

Y(61) + ;@W(d(%, Tr1j)))

< )+ )
< P(61) +1(en)
= 1/)(51 +(51).

Thus, we have
d(.’L‘k, kaerrl) < ey +07.

969

Consequently (3.3]) holds for I = j + 1. Hence, we drive that d(xg, zx4) < €1 + 61 for all kK > ng and I > 1. Since &;

is arbitrary, we conclude that
lim d(z,,zm) =0.

m,n— oo

Thus, the sequence {z,} is Cauchy. Since (X, d) is complete, there exists u € X such that x,, — u as n — co.

Claim Tu = u. Arguing by contradiction, we assume that Tu # u. So there exists r > 0 such that d(u,Tu) =r > 0.
Since x,, — u, we can choose ng € N such that d(x,,u) < 5 for all n > ng. Then, by the properties of ¥, ¢1, @3, and

0, we get the following

P(r) = P(d(u,Tu))

(
< U(sd(u, Tptr) + sd(@ni1, Tu))
= (sd(w,@u41)) + ¥(sd(T,, Tu))
< YP(sd(u, pt1)) + al@n, wp(sd(Tx,, Tu))
< Y(sd(u, @041)) + O (d(@n, u) p(U(d(n, W)
< s, n41) + (A, )
< UG+ o, w)
< (G +(g)
< UG ()
= U(g+5) = vl

which is a contradiction. Thus T'u = u, that is, u is a fixed point of T'. Next, we show uniqueness. Suppose that v £ u

is another fixed point of T'. Then, by the properties of ¥, @2, w3 and €, we have
P(d(u, v))

I
=
2
=
S

-
>

IAIAIA
2
<
N
<
w
=
S
£
=
=

N A
hy
<
=
£
=
A
<
=
£
=

That implies d(u,v) < d(u,v), which is a contradiction. Hence u = v. O
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Remark 3.3. By taking s =1, a(z,y) = 1 and ¢(t) = ¢ in Theorem [3.2] we get Theorem [2.9]in [15].
Thus Theorem generalizes Theorem in [I5]. Now, we give an example in support of Theorem (3.2

Example 3.4. X = [0, 2] U {1} be endowed with the b-metric d : X x X — RF
defined by
d(.%',y) = ({E - y)27

for all x,y € X. Then (X,d) is a complete b-metric space with s = 2. Let T : X — X be defined by

T(z) = {

Define a: X x X - R*, §:RT - [0,3), ¥ : RT - RT and ¢ : R* — R as

Oé(lL'7y) = {g i (x’y) © [07 %]’ )

0 otherwise.

if z €[0,2],
ifz=1.

SN

0(t) = §; ¥(t) = §, and p(t) = §.
1. Now, we show that T is an a-admissible mapping. If z,y € [0, %], then a(z,y) > 1,Tz < % and Ty < %. By
the definition of «, it follows that «(Tx,Ty) > 1. Therefore, T is an a-admissible mapping.

2. We show that T is an («, 9, ¢)-Geraghty contraction mapping.

Case I: For z,y € |0, %], we have

3

a(z,y)(sd(Tz, Ty)) = (Tz—Ty)®
3 2
= @(x —Y)
3 2
< GZ(x )

= 0((d(z,9)))e(¥(d(z,y))).
Case II: If z € [0, 3] and y = 1, we have

a(z,y)(sd(Tz, Ty)) = 0 < 0(¢p(d(z,y)))e(¥(d(z,y)))-

Case III: If x = y = 1, we have

a(z,y)¢(sd(Tz, Ty)) = 0 < 0(¢(d(x, y)))p(¢(d(z,y))).

3. Further for z € [0, 3], we have a(z, Tz) > 1.
Therefore, from 1, 2 and 3 all the conditions of Theorem are satisfied and 7" has a unique fixed point v = 0.

Definition 3.5. Let (X,d) be a b-metric space, T : X — X and o : X x X — R*. A mapping T is said to be a
generalized («, 1, p)-Geraghty contraction mapping, if there exists ¢ : RT — Rt ¢ € U and § € O satisfies for all
z,y € X the following conditions:
(¢0) @ is upper semicontinuous;
1) (t) <t for any t € RT;

) For any € > 0, there exists a § > 0 such that e <t <e+ 0 = p(t) <¢;

)

(¢
(¢
(¢5) alx,y)(sd(Tz, Ty)) < 0((L(z,y)))p(Y(L(z,y))), where

2

!

3

d(z,Ty) + d(y, T'z))
2s

L(z,y) = maz{d(z,y),d(z,Tz),d(y, Ty), ( 2

Theorem 3.6. Let (X,d) be a complete b-metric space and T : X — X.
Suppose the following conditions hold

1. T is an a-admissible mapping;
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2. T is a generalized, (o, v, p)-Geraghty contraction mapping;
3. There exists z¢ € X such that a(xg, Tzo) > 1.

Then T has a unique fixed point.

Proof . Define a sequence {z,} in X by
Tp =Trp_1

for n € N. Suppose that z,, = zp,+1 for some ng € N. Since Tz, = Zny4+1 = Tpn, the point x,, forms a fixed point
of T" and the proof is complete.

From now on we suppose that x,, # x,_1 for all n € N. Since T' is an a-admissible, by (3) we have a(z,,p41) > 1
for all n > 0. Thus, we have d(z,, Zn+1) > 0 and consequently L(zy,, zn+1) > 0. By (¢%) together with the properties
of ¥, p1, and @, we have

w(d($n+1’$n+2)) w(d(Tmmen-&-l))

< Y(sd(Trn, Trny))
< of@n, ) Y(sd(Txpn, TTpir))
< 0(W(L(7n, Tny1))) e (D(L(Tn, Tny1)))
1
< P, nea)
< @(W(L(Tn, Tnt1))) < Y(L(Tn, Tntr))-
So, we obtain
Y(d(@n+1,Tnt2)) < Y(L(Tns Tpt1)), (3.4)
where
d(z,, Tx +d(xpi1,Tx
L(.Z‘n, xn+1) = maxr {d(l‘n, xn—&-l); d(mna Txn)v d(xn+17 Txn—&-l); ( ( - n-l—l) 2 ( ntl n)) }
d(Tn, Tny2) + d(Tni1, Tn
— maX{d(xn7xn+l)7d(xnaxn+l)ad(xn+17xn+2)7 ( ( +2) 28( 1 +1))}
(T, Ty
= max{d(x’ruxn+1)7d('rn+l7xn+2>7 (28+2)} .
Using the triangle inequality, we have
d(@n, Tnt2)  _ 8ld(@n, Tnir) + d(Znt1, Tnyo)]
2s - 2s
_ d(xnaanrl) + d(xn+17xn+2)
2
< max{d(ﬂcn,an),d(an,anrg)}.
Consequently, we drive that
L(zn, Tny1) = max{d(@n, Tni1), d(Tni1, Tng2)},
and (3.4) becomes
G(A(@nt1, 2ny2)) < O (maz{d(wn, ensr), dwnsr, o0i2)}). (3.5)

The case where
max {d(.’l)n, l‘n-&-l)y d(xn-i-la xn+2)} = d($n+1, .’L’n+2),
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is impossible due to (3.5)). Accordingly, we have
maw{d(mn, $n+1)7 d(anrla wn+2)} = d(mny anrl)a

and by , we get
Y(d(Tn1, Tnr2)) < P(L(Tn, Tny1)) = Y(d(Tn, Tnt1)),

for all n € NU {0}. That implies
d(@pt1, Tnta) < d(@n, Tpi1), for all n € NU{0}. (3.6)

Hence, the non-negative sequence {d(z,,Z,+1)} is non-increasing in R*. Accordingly, it is convergent to some real
number g > 0. We claim that ¢ = 0. Assume to the contrary that 4 > 0. We note that u < d(x,,x,+1) for all
n € NU{0}. Set u =€ > 0. Then by (¢4), there exist § > 0 such that ¢t < e+ = ¢(t) <e. On the other hand, for
sufficiently large n € N, we have

0<e< L(®n,Tnt1) =d(Tp, Tni1) < e+0.

Using the properties of v, 0, ¢}, ¢, and (3.6, we get

0<t(e) < Y(d(Tni1,Tni2))
P(d(Txp, TTry1))

< Y(sd(Tan, Trpy))

< a(@n, Tpyp)Y(sd(T 2, TTng 1))

< OW(L(wn, Tp1))) (P (L(Tn, Tnt1)))
< %w(w(L(wn,wnH)))

< () < vle),

which is a contradiction. Thus, we have

w = limsup d(xy,, z,y1) = 0. (3.7)

n—oo

Now, we show that {z,} is a Cauchy sequence. Let £; > 0 be fixed, then there exist d; > 0 which satisfies the
following.

t<ep+ 201 = o(t) <e. (3.8)
From (3.7), we can choose k € N large enough to satisfy d(zk, zr4+1) < %. We want to show inductively that
d(xk, ka) < &1+ 6y, (3.9)

for all K € N. We assume that d; < e1. We have already proved for k = 1. So, we suppose that (3.9) is satisfied for
some j >1€N. Forl =741, we get

d(xg, TTiyi) + d(xgy, Tx
L(zy, wprj) = maX{d(ka,wkﬂ%d(wk,Txk),d(xk+j,Txk+j)7 (2 k+.7)2$ (Tt k)}
d(x y L j + d(x i, L
= maX{d(xkakarj)vd(fEImxk+1)vd($k+j7xk+j+1)v (@ kﬂ“)QS (Zh+ k+1)}

S maX{d(wk7xk+j);d(x]wmk+1)7d(xk+j7xk+j+l);

sld(@k; Thyj) + d(@pej, Trgjr1)] + s[d(@n, Toy1) + d(@k, Tig )] }
25

2d(xg, T i) + d(Xpr, Thaiar1) + d(zg, x
= max{d(l'k;zk+j)ad($k;zk+1)ad(xk+j,zk+j+l)a CRe) (H]Q k) Al kH)}
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01 01 ) 1)
< max{51+51, s ,614’514’*14* 1}
S 2s = 2s

< max{51 +51,51,€1 +251} = g1 + 20;.

So, we have

L((Ek,karj) < &1+ 267. (310)

Then, by (3.8)), (3.10), and the properties of ¢, 6, and ¢}, we obtain

Y(d(xr, Thrjv1)) < Y(sld(@r, Try1) + d(Trs1, Thrjv1)])
= P(sd(@r, xp41)) + Y(sd(Tht1, Thtj+1))
= P(sd(wk, Try1)) +(sd(Tag, Trry )
< (sd(wk, Tpt1)) + @k, Thot )Y (sd(Tag, Top5))
< Y(sd(@k, Tpt1)) + O (L, Tht5))) e (O (L(Tk, Tht5)))
< sz ziin)) + e (L )
< lsdlanzi) + 9(E)

< P(61) +¥(er) = ¥(61 +€1).

That implies d(zk, Tryj4+1) < 01 + €1. Consequently holds for I = j + 1. Hence, d(zg,xry1) < 01 + €1 < 261

for all £ € N and [ > 1, which means

lim sup d(xy, ) = 0.

n,Mm— 00
Hence, the sequence {z,} is Cauchy. Since (X,d) is complete, there exist u € X such that =, — u as n — oo.
As a next step, we shall show that Tu = u. Suppose on the contrary, that Tu # u, there exists r > 0 such that
r = d(u,Tu) > 0. Note that, due to the fact that the sequence {z,} is convergent to u, we can choose ng € N such
that d(u,z,) < 55 for all n > ng. So, we have the following estimation for n > ng.

L(zp,u) = max{ (2n, 1), d(2n, T, d(u, Tw), d(xn,Tu);Sd(u, Txn)}

= mnaXx

d TL7T d 9 n
d(xp,u), d(Tn, Tpy1), d(u, Tu), (= u) +d(u, @ H)}

{ 2s
d n d T d(u, my
§ {d Tp,U , x"’”)+d(u,xn+1)],d(u,T’u)’ S[ (x ’LL)"‘ (U2 u)] + (U X +1)}
S
{ r LHsrt g }
< ot =T
2s 2s

It yields that

lim sup L(x,,u)=r.
n,M—00

By using the triangle inequality together with the properties of %, ¢ , and 6, we drive that

0< ™ <) = v Tw)
< P(s[d(t, 1) + d(nss, Tu)])
= (sd(u, Tns1)) + V(5d(Tn, Tut))
< Y(sd(uy, zni1)) + a(@n, w)(sd(Txy,, Tu))
< (s, 2ng1)) + 0L (n, 1)L (n, )
< s, nin) + (0L, w))
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Letting n — oo in the above inequality, together with the properties of 6, ¢q, and 1, we get

0< ™ <y = wiaw,Tu)
< Timsuply(sd(u, 2n1)) + OO (L(zn, w))p(P(Ln, u)))]
- 1i£sogpw(sd(u, Tny1)) + lim sup O((L(wn,u))). lim sup e(p(L(xn,u)))
< Timsup O (L(wn, ) (r))
< p(wir)
< éz/)(r)
Thus, hm sup O(Y(L(xpn,u))) = <. Since 0 € O, we have limsup (L(zp,u)) = ¢(r) = 0 < r = 0. Accordingly, we

n—oo

have d(u, Tu) =r =0, that is, u is a fixed point of T

Now, we show uniqueness. Suppose v # u is another fixed point of T. We get L(u,v) = d(u,v) and by using the
properties of ¢4, ¥, ¥ , and 6, we have

0 < 9(d(u,v)) P(d(Tu, Tv))

¥ (sd(Tu, Tv))
(u, V) (sd(Tu, Tv))

0((L(u,v))) (¢ (L(u, v)))
p(P(d(u,v)))
p((d(u, 0))) < P(d(u,v)).

(AN VANRRVAN
w | = =

IN A

So d(u,v) < d(u,v) which is a contradiction. Hence, u = v. Therefore, T' has a unique fixed point. [J
Remark 3.7. By taking s = 1, a(z,y) = 1 and ¢(t) = ¢ in Theorem [3.6] we get Theorem [2.11]in [15].
Thus Theorem generalizes Theorem in [I5]. Now, we give two examples in support of Theorem
Example 3.8. Let X = RT be endowed with the b-metric d : X x X — RT defined by
d(z,y) = (z —y)*

for all x,y € X. Then (X,d) is a complete b-metric space with s = 2. Let T : X — X be defined by

T(a) = {11g2 if z € [0, 1]

4x otherwise.
Define a: X x X = R*, §:RT —[0,3),¢: R - R" and ¢ : RT — RT by

2 if (
a(x,y):{4 f( 7y)€[0a1]’;

0 otherwise.

0(t) = &5 5 (t) = % and o(t) = 1.

1. We show that T is an a-admissible mapping. If z,y € [0, 1], then a(z,y) > 1, Tx <1 and Ty < 1. By definition

of «, it follows that «(Tx,Ty) > 1. If 2,y € (1,00), we have a(z,y) = 0 < 1. Again, for x € [0,1] and y € (1, 00), we
have a(x,y) = 0 < 1. Therefore T is an a-admissible mapping.

2. Now, we show that T is a generalized («, 1, ¢)-Geraghty contraction mapping.
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Case I: If z,y € [0, 1], we have

ol y)p(sd(Ta, Ty)) = (T~ Ty)?
— ﬁ(xQ_yZ)Q
= Py
< %(fﬂ*y)2
I G O
32 4

0 (d(z, y))p(¥(d(x,y)))
< 0 (L(z, ) (¢ (L(x, y)))-

Case IT: If 2,y € (1,00), we have

a(z,y)d(sd(Tz,Ty)) = 0 < 0((L(z, ) (L(z,y)))-
Case III: If z € [0,1] and y € (1, 0), we have,

a(a,y)p(sd(Tz,Ty)) = 0 < 0(b(L(z, ) (b(L(z, y)))-

3. Further for z € [0, 1], we have a(z,Tx) > 1.
Therefore, from 1, 2 and 3 all the conditions of Theoremare satisfied and T" has a unique fixed point u = v/65—38.

Example 3.9. Let X = {aj,as,a3,a4} and d: X x X — R* defined by:
d(al,ag) = d(ag,al) = 1, d(ag,a4) = d(a4,a3) = 10, d(al,a4) = d(a4,a1) = d(ag,a4) = d(a4,a2) = 6, d(al,ag) =
d(as,a1) = d(ag,as) = d(as,a2) = 8, d(a;,a;) =0, for any i = 1,2,3,4. It is easy to see that the pair (X, d) forms a
b-metric space with s = 2. Assume 7: X — X, a: X x X - RT, §:RT —[0,2), ¢ : RT —» R" and
¢ :RT — R* be defined by

Tai =Tay = a1, Tag = Tay = as;

for any 7,7 =1,2,3,4

§ .f. .

1 ifi=j."’
L oiftelo,2
oty = {2 TEE02) -

0(t) = 3 and ¥(t) = .
1. We show that T' is an a-admissible mapping.
For i # j we have a(a;,a;) = 3 > 1, which implies a(Ta;, Ta;) > 1. If i = j = 1 we have a(a;,a;) = 1 > 1, which
implies «(T'a;, Ta;) =1 > 1.
Also, again if ¢ = j = 2,3,4 we have a(a;,a;) = 1 > 1 implies a(Ta;,Ta;) > 1. Therefore T is an a-admissible
mapping.

2. Now we show that T is a generalized, («,, ¢)-Geraghty contraction mapping. On the other hand, because
d(Tay,Tas) = d(Tas, Tay) = 0 and (p4) is obviously satisfied, relevant for our study is only the set {(a1, a3), (a1, a4), (az, as), (ag,
For this reason, we consider the following cases:

Case I: If z = a1, y = a3, then

alar,as3)(sd(Tar, Tas)) = a(al,al)ﬂ(ag,ag)w(sd(al,ag))zg

O (L(ar, a5)))-p(0(L(ar, 03))) = 3

IN
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Case II: If x = a1, y = aq4, then

a(ay, ag)p(sd(Tar,Tas)) = afar,a1)B(as, a2)i(sd(ar,az)) = g
< 0W(Eara1)) - p(W(Ear, 1)) = °.
Case III: If = aq, y = as, then
a(az, Taz)f(as, Taz)y(sd(Taz, Taz)) = alaz,a1)B(as, az)i(sd(ar, az)) = g
< B(L(a2,05))p(0(L{az, a5)) = °.
Case IV: If x = as, y = ay, then
afaz, Taz)B(as, Tas)yY(sd(Tag, Tas)) = a(az,a1)B(as,a2)(sd(ar,az)) = g
< O(Elaz a2))p((Llaz, ) = 5.

3. Further for = ag, we have a(as, Ta2) = alaz,a1) = % >1.

Thus, from 1, 2 and 3 all the conditions of Theorem are satisfied. Moreover, u = a; is a unique fixed point of

4 Conclusion

Karapinar et al. [I5] established fixed point theorems for ¢-Geraghty and Ciri¢ type p-Geraghty contractive
mappings in complete metric spaces and proved the existence and uniqueness of fixed points. In this paper, we
introduce (a, v, p)-Geraghty and generalized (a, v, ¢)-Geraghty contraction mappings in b-metric spaces and prove
the existence and uniqueness of fixed point for the mappings introduced. Our results extend and generalize related
fixed point results in the literature, in particular that of Karapinar et al. [I5]. We have also provide examples to
support our main results.
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