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Abstract

In this paper, we consider “uniquely remotal center” and “relative uniquely remotal center” in normal spaces.
We define relative sun sets and sunrise sets in normal spaces. We show that every uniquely remotal set has zero
Chebyshev radius and every remotal set in strictly convex space has at most a singleton Chebyshev center.
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1 Introduction

Approximation theory, which many consists of theory nearest points (best approximation) and theory of farthest
points (more approximation) is and old and rich branch of analysis, theory of relative Chebyshev centers starting in
1982, by D. Amir [2].

In this paper we define uniquely remotal centers and relative uniquely remotal centers about best approximation.
At first, we express some definitions Amir [3].

Let A be a bounded set in the normed space X, and G C X be an arbitrary set. For x € X, we denote
r(z,A) =inf{r: A C B(x,r)},
where
B(z,r)={ye X: |ly—=z| <r}
and define the relative Chebyshev radius of A on G by
r(G,A) = inf{r(z, A), z € G}.
Denote finally the set of relative Chebyshev centers of A in G by Z(G; A), i.e.,

Z(G;A) = {C4 € G, 1(Ca, A) = (G, A)}.
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Lemma 1.1. Let (X, || - ||) be an normed space, A a bounded set in X and z € X. Then

r(xz,A) = sup ||z — y|| := o(z, A).
yeA

Proof . Weput R={r: AC B(z,r)},a=infR,and S ={||lx —y|, y € A}. If r € R, y € A, then ||z —y| <.
therefore ||x — y|| < inf,cgr. Therefore a = inf R is upper bound of S.

If b is an another upper bound of S. Then
VyeA: [lz—yl <o
It follows 7(z, A) < b. Therefore r(z, A) = sup,c 4 |lz —y||. O
In the special case, where G = X, we speak about the Chebyshev redius r(A) and the Chebyshev center Z(A).

If A= {z} is a singleton, then r(z, A) = ||l — y||, (G, A) = dist(y, G) the distance from y to G, and Z(G, A) in
the metric projection (or set of best approximation) of y on to G.

We put
Fa(@)={yeA: |z -yl =06(z0G)}

If for z € X, the set F4(z) is non-empty, we say that A is remotal. If for x € X, the set F4(x) is singleton, we say
that A is uniquely remotal.

Definition 1.2. Let (X, ] -||) be a normed space, A a bounded subset of X and G a subset of X. Put

P = A — vyl = inf ||z — .
ato) = {ue A oyl = jnf o~ }

We set d(x, Al.) :=inf,ca ||z — yl|.
If for € X, the set P4(z) is non-empty, we say that A is proximinal.
If for x € X, the set Pa(x) is a singulet on set, we say that A is Chebyshev. Suppose

d(G; A) = sup d(z, A).
zeG

We denote the set of relative uniquely remotal centers of A in G by U(G; A), i.e.,
U(G;A)={faeG: d(G,A) =d(fa,A)}.
Suppose B¢(z,7) ={ye X : |y —z| >r}.

Lemma 1.3. Let (X, -||) be a normed linear space, A a bounded subset of X and x € X \ A. Then
d(xz,A) =sup{r: AC B(z,r)}.

Proof . We know that for y € A
ly =zl = d(z, A).
Therefore d(x, A) = {r: A C B¢(x,r)}.
Ifre{r, AC B%x,r)}, then A C B(z,r).
Therefore for each y € A,
ly =l = r.
It follows that

d(w,4) = inf |y —af = v

therefore d(x, A) is an upper bound for {r: A C B°(x,r)}. It follows that
d(z,A) =sup{r: AC Bx,r)}.
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Example 1.4. Suppose that X = R with Euclidean norm, A = (0,1) and G = [3,4]. Then for x € G
1<d(z,A) <3, d(G,A)=3, fa=4
3<d(z,A) <4, r(G,A)=3, ca=3

Example 1.5. Suppose that X = R3 with Euclidean norm,

A={(z,y,2) € X: 22 +¢4><1,0< 2 <2},
G={(r,y,2) € X: 2> +y* <2, 0<2<2}.
For each (x,y,2) € A
0<d((z,y,2),A) <1, d(G,A)=2,
0<d((z,y,2),4) <2v2, 7(G,A) =1,
and
Z(G,A) = {(z,y,2): 2 +y* =2, 2 =0},
UG, A) = {(z,y,2): 2> +y*=2,0< 2z <2}

In sequal we have two definition.

Definition 1.6. Let (X, || -||) be a normed linear space, A a Chebyshev bounded subset of X and G a convex subset
of X, A C G, A is called relative sun in G, if z € G and P4(z) = g, then for every 0 < A < 1

Pa(Ax+ (1 —=XN)g) =g.

Definition 1.7. Let (X, - ||) be a normed space, A uniquely remotal subset of X, G a convex subset of X and
A C G, Ais called a relative sunrise in G, if € X and Fu(x) = g, then for every 0 < A < 1

FaAdz+(1—-XNg)=g.

Example 1.8. Suppose (X, | -||) is a normed space A = {z: |z|| =1}, G={x € X : |z]| <2} and z € G — A.
Then

and
Z2(G,A) ={z e G: |lz| =1} = {0}, o(z, A) = [1 + [l=[l],
UG, A) ={z e G:|af| =1} = {0}, d(z,A) =1 —[lz]].
Note that, if € G\ A, g € A and Ps(z) = g, then
Pi(Adx+(1—=XNg)=g for0<A<I.
Also,if z € G\ A, g € A and Fa(z) = g, then Fa(Ax + (1 — A)g) = g for A > 0.
Now,if z € G\ A, 0 < A <1 and g = Pa(z), then

xT

Ar+(1—-N)g )\x—i—(l—)\)m —i—g
e+ A=2gl o+ @-xpz| =l

||

Then Py(Az + (1 —A)g) = g.
Also,ifr € G\ A, g€ Aand A >0, g = F4(z). Then
Az +(1—N)g Az + (1= N x

—_ = — = —_—— = —g.
R VTR PR
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Therefore
Fa(hx + (1= XN)g) = —g.

That A is a relative sun in G and an relative sunrise in G.
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Definition 1.9. Let (X, || - ||) be a normed space we say that X is strictly convex, if z,y € X, ||z| < 1, |ly]| < 1,
then

x+y
2

| <2

2 Existence and uniqueness uniquely remotal cemter and Chebishev center
In this section, we consider existence and uniqueness of Chebyshev center and uniquely remotal center.
Theorem 2.1. Let (X, | -||) be a normed space and A C X a bounded subset and G C X. Then for x € G
d(z,A) —d(G, A) < diam(A).

Proof . For z,y € Gand z € A
d(x, z) < d(z,y) + d(y, 2),
therefore
d(z,A) —d(y,z) < d(z,z) — d(y, z) < d(z,y).
It is follow that
d(z, A) < d(z,y) +d(y, A) < d(z,y) + d(G, A).
U

Lemma 2.2. Let (X, || - ||) be a normed linear space, A,G C A and z,y € G\ A. Then

2. [0(z, A) = 6(y, A)| < d(z,y).

Proof .
1. For z € A, d(z,z) < d(z,y) + d(y, z). Therefore

d(z, A) < d(z,y) + d(y, 2),
and

d(z, A) < d(z,y) +d(y, A).
Also

d(y, A) <d(z,y) + d(z, A),
it is follows that

|d(z, A) —d(y, A)| < d(z,y).

2. For z € A,
d(x,z) < d(z,y) + d(y, z) < d(z,y) +6(y, A),
and
oz, A) = sup d(x,z) < d(x,y) + d(y, A),
to similar
d(z,A) <d(z,y) +d(z, A),
therefore
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O

Corollary 2.3. Let (X, ] - ||) be a normed linear space and A,G C X. If A is compact, then Z(G, A) and U(G, A)
are non-empty.

Proof . The maps d(-, A) and (-, A) are continuous on G. O

Theorem 2.4. Let (X, | -||) be a normed space, A a bounded subset of X and G a convex subset of X, then

1. Z(G,A) is convex.
2. U(G, A) is convex.

Proof .
1. Suppose z,y € Z(G,A), 0 < A < 1. Then

0y, A) =06(G,A) and 6(z,A) =5(G,A).

We have
0(G,A) <d(Ax+ (11— Ny, A)
=supd(Az + (1 — Ny, 2)
z€A
< Asupd(z,z)+ (1 — X)supd(y, z)
z€EA z€A
< A6(z, 4) + (1 — N85, A)
=M(G,A)+ (1 - NG, A)
=4(G, A).
Therefore
Az + (1 =Ny, A) =6(G, A),
and

Ax+ (1—=MNy e Z(G, A).
2. Suppose z,y € U(G, A), 0 < XA <1, then

d(xz,A) =d(G,A) and d(y,A)=d(G,A).

Therefore
d(G,A) > dAz+ (1 - Ny, A)
= er€1£ ddz+ (1 - Ny, 2)
2 inf d(Az, ) + inf d((1 - A)y, 2)
— Ad(z, A) + (1 - Nd(y, A)
= M(G,A) + (1 - N)d(G, A)
=d(G, A).
Therefore
and

x4+ (1-Ny eU(G,A).
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Example 2.5. Suppose X = {f € C[0,1] : ||f|| < |f(0)|} with sup norm is a normed linear space. Put A = {f €
X : f(0) =0} and G = X. Then A is a proximinal set and is not a Chebyshev set. Because for f € X, we set
g=f=x f(0), then g € Pa(f). For each h € A,

[f —hl = Zlﬁ)pl] |f(x) = h(z)]
< |£(0) = h(0)|
= [£(0)]

A

therefore
d(f, A) =[fO)]=[f -4l
it is follow that

d(G, A) = sup £ (0)].

For n > 1, we set f =n, then f € X and d(G, A) > sup,,>; n and
d(G,A) = oco.

Theorem 2.6. Let (X, || - ||) be a normed space, A a Chebyshev subset of X and G = X. If G is a sun set, then for
every 0 < A<1land z € X,

d(G, A) > Ad(z, A).

Proof . Suppose g € A, x € X \ A and P4(0) = g. We know that
Pi(dx+(1-XNg)=g9g, 0<A<L
It is follows that

d(Az + (1= N)g,A) = [[Az + (1 - A)g — ¢
= Alz — gl
= Ad(z, A),

and d(G, A) > M\d(z, A). O

Theorem 2.7. Let (X, || -||) be a normed linear space, A a uniquely remotal subset of X and G = X, then for every
z €@, r(G,A) =0.

Proof . Suppose g € A, x € X \ A, Fa(z) = g, we know that
FAx 4+ (1—-XNg,A) =g.
It is follows that

S(Az + (1 =A)g, A) = [|Az + (1 = A)g — g||
= Allz — gl
= N(z,G),
therefore r(G, A) < Xé(z,G), (A > 0) and r(G,A) =0. O
Theorem 2.8. Let (X, | -||) be a normed strictly convex space, A C X a bounded subset of X and G a convex subset
of X.

1. If A is remotal, then Z(G, A) is at most singleton.
2. If A is proximinal, then U(G, A) is at most singleton.
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Proof .

O

1. Ifz,y € Z(G, A), x # y. Since Z(G, A) is convex, then

r+y

€ Z(G, A).

It is follows that

Tty . -
5( 5 ,A) —11225(3:,14) =r(G,A).

Since A is remotal, there exists u € A such that

u— :E-l-yH =r(G,A).
Also
d(z,A) =supd(z, A) <r(G, A),
z€G
and

d(y, A) = sup d(z, A < r(G, A).
zeG

Since X is strictly convex, it follows that

5 (m;y,A) < (G, A).

That is a contradicts.

. Ifz,y € U(G, A) and z # y, since U(G, A) is convex, then 3% € U(G, A). It follows that

d <x+y,A) = supd(x, A) = d(G; A).
2 zeG

Since A is proximinal, there exists u € A such that

Hu eryH =d(G; A).

Also

d(z,A) = sup d(z, A) = d(G; A),
zeG

and

d(y,A) = sup d(z,A) = (G; A).

Since X is strictly convex, it is follows that

d (x;y,A> < d(G, A).

This is a contradicts. Therefore U(G, A) is at most singleton.
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Corollary 2.9. Let A be a remotal subset of a strictly convex normed space X and G is convex subset of X. If
5(-,A) : G — R U {0} attains its infimum on G. Then Z(G; A) is exactly a singleton.

Corollary 2.10. Let A be a proximinal subset of a strictly convex normed space X and G is convex subset of X. If
d(-,A) : G — R U{0} attains its suprimum on G. Then U(G; A) is exactly a singleton.
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