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Abstract

In this paper, we study the growth of solutions to complex higher order linear differential equations, where the
coefficients are analytic in the closed complex plane except at a finite singular point. We obtain some results on the
[p, g]-order and on the lower [p, g]-order which improve and extend those of Long and Zeng.
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1 Introduction and main results

For k > 2, we consider the following complex linear differential equation
FO 4 A1 (2) D 4+ Ar(2) f + Ao(z)f =0, (1.1)

where A;(z) (j =0,...,k — 1) are analytic functions in C — {zo}. By using the concepts of [p, g]-order and [p, g]-type
which were firstly introduced by Juneja and his co-authors for entire functions (see [10, [11]), many authors have
investigated the complex linear differential equation for the cases when the coefficients are entire functions,
meromorphic functions, analytic in the unit disk and recently when they are analytic except at a finite singular point
(see e.g. [1L 12, Bl 9L 13| 14, [15], 17, 18, 19, 20]), including Long and Zeng who they made a minor modification to these
concepts for functions which are analytic except at a finite singular point and they also obtained some results about
the growth of solutions of ( see [I7]). In this paper using these concepts of the [p, g]-order and the [p, ¢]-type
giving in [I7], also using the lower [p, g]-order and lower [p, g]-type which we define them similarly, we study the growth
of solutions of .

Nevanlinna’s theory is the main tool in this work, so we assume the reader is familiar with its fundamental results
and its standard notations (see [6] [8] T2} 2T].
Before stating our results, we need to introduce some notations and definitions which can be found in [4} [5, [17], we also
mention some previous results. Firstly, we define for all r € (0,00), exp; r := €” and eXpy i1 T = eXp(expp ), we also
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define for all sufficiently large r, log; 7 := logr and log,, , r := log(log, ), p € N. We denote expyr := 7, logr := 7,
exp_, r:=log, r, log_; r := exp; r, we also denote the logarithmic measure of a set E C (0,1) by my(E) = [, %.

Definition 1.1. [, [5] Let f be a meromorphic function in C — {20}, where C = C U {00}, 29 € C. The counting
function of f near zg is defined by

Neyr. ) = = [ PP gy, o,

oo

where n(t, f) counts the number of poles of f in {z € C: ¢ < |z — 2|} U {o0}, each pole according to its multiplicity.
The proximity function of f near zg is defined by

1 27 )
meo(rf) = = [ ogt £ = re)jds

The characteristic function of f near zg is defined by
Ty (r, f) = mzy (r, f) + Nao (1, ).

Definition 1.2. [17] Let f be an analytic function in C — {20}, p and ¢ be two integers with p > ¢ > 1. The
[p, g]-order of f near zy is defined by

log™ T, r, log’ , M, r, log™ V. T,
P[py](f,zo) :limsup gp 0( f) :limsup ngrl o( f) :limsup gp 0( f)

1 1 1 ?
r—s0 1ogq P r—s0 Iqu P r—s0 Iqu P

where M. (r, f) = max{|f(z)| : [z — 20| = r} and V,, (r, f) is the central index of f near zq. If pp, 4 (f, 20) = p € (0, 00),
then the [p, g]-type of f near zy is defined by

log! M., (r, f)
] ,20) = limsup —2———"~
p.a,M (f5 20) m sup (log, 1 1)?

Similarly, we define the lower [p, g]-order and the lower [p, ¢]-type by using “liminf” instead of “limsup”.

Definition 1.3. Let f be an analytic function in C — {2}, p and ¢ be two integers with p > ¢ > 1. The lower
[p, g]-order of f near zy is defined by

log T, (r, logFy M. (r, log, Vz (7,
Hip,q) (f; z0) = liminf 8p 22l J) 0(1T /) = lim inf D8pt1 Ml /) o (2 /) = liminf 28p Tz ) ol f)

r—s0 logq = r—s0 logq % r—s0 ]ogq %

If puip,q(fy 20) = p € (0,00), then the lower [p, g]-type of f is defined by

o logy M (1, f)
Tpaar(f:20) = B gt = T

T

Long and Zeng investigated the growth of solutions of (1.1) and they obtained the following results on the [p, g]-
order. Firstly, when there is a dominating coefficient Agy(z) with [p, g]-order.

Theorem 1.4. [I7] Let Ag(2),..., Ar_1(2) be analytic functions in C — {z}. Assume that
max{pp q(A4j,20) 17 =1,...,k =1} < pppq(Ao, 20) < 400.
Then every solution f # 0 that is analytic in C — {2} of satisfies pp+1,q/(f,20) = pp.q (Ao, 20)-
Secondly, when there are other coefficients having the same [p, g]-order as A (z).
Theorem 1.5. [I7] Let Ag(2),..., Ar_1(2) be analytic functions in C — {z}. Assume that

max{p(, q(4;,20) 1 j=1,....k =1} < ppp (Ao, 20) < +00

and
max{ 7y, q1, 0 (A5, 20) : Pp.g(Aj, 20) = Pip,g) (Ao, 20) > 0} < Tpp g1, 0 (Ao, 20) < +-00.

Then every solution f # 0 that is analytic in C — {20} of (LI)) satisfies ppi1,q(fs20) = pip,q(Aos 20)-
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The aim of this paper is to investigate the growth of solutions of (1.1)) under different hypotheses. First, when
Ap(z) is a dominating coefficient with lower [p, g]-order instead of [p, g]-order. Next, when there are other coefficients
having [p, g]-order equals the lower [p, g]-order of Ay(z), we obtain the following theorems.

Theorem 1.6. Let Ay(z),..., Ax_1(2) be analytic functions in C — {z9}. Assume that
max{pp,q(A;,20) : j =1,....k = 1} < pupp (Ao, 20) < ppp,q)(Aos 20) < +o0.
Then every solution f % 0 that is analytic in C — {z} of satisfies
Hip,q) (Ao, 20) = Kip+1,)(f5 20) < Plpt1,q1(f; 20) = Plp,q) (Ao, 20)-
Theorem 1.7. Let Ay(z),...,Ax_1(2) be analytic functions in C — {29}. Assume that

max{p[pyq] (Aj>ZO) g=1,...,k— 1} < Lip,q] (Ao, z0) < Plp,dl (Ao,Zo) =p <+

and
= maX{T[p,q],M(Aj7 ZO) * Plp,ql (Aja ZO) = Hip,q] (A07 ZO) > O} < I[p,q],M(A(Jv ZO) =1 < +00.

Then every solution f # 0 that is analytic in C—{z0} of (LI)) satisfies pupp,q (Ao, 20) = pp+1,q (f+ 20) < Plpt1,g(fs20) =
Plp.q) (Ao, 20)-
Theorem 1.8. Let Ay(z2),...,Ax_1(2) be analytic functions in C — {29}. Assume that

max{pp.q(Aj,20) :j=1,...,k =1} < ppp (Ao, 20) < pp,q (Ao, 20) < 400
and
lim sup Z;c;ll Mz, (Ta AJ)
r—s0 Mz, (T7 AO)

Then every solution f # 0 that is analytic in C — {z} of (L.1) satisfies

Bip.q (Ao, 20) = fp1,q (f, 20) < Plpi1,q(f;20) = plp,q (Ao, 20)-

Remark 1.9. The following example shows that there exists a solution f of (L.1) such that f is not analytic in
C — {20} provided that all coefficients A;(z) (j =0,...,k—1) of (L.1) are analytic in C — {2}. For instance, we

consider the equation
1 1 2 1
7+ (esz{ }+ )fl+ expg{ }f:0~ (1.2)
zZ0 — % zZo — % zZo — % A

The function f (2) = (20 — 2)? solves (1.2)), and f is not analytic in C — {20}. So, in our results, we suppose always

that f is analytic in C — {zp}.

2 Some useful lemmas

The following lemmas are important to prove our results.

Lemma 2.1. Let f be a nonconstant analytic function in C — {z} with Pip,q) (f520) = p < 0o. Then there exists a
set E C (0,1) having infinite logarithmic measure such that for all |z — zo| =1 € E, we have

IOg: TZO (Tv f) = lim log;Jrl Mzo (Tv f) = lim IOg;_ VZO (Tv f)

r—0 logq = r—0 logq % r—s0 logq % bl

and for any given € >0 and all |z — 29| =7 € E

1 pte
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Proof . We use a similar proof as in ([16], Lemma 2.5). By the definition of the lower [p, g]-order, there exists a
sequence {7, };2; tending to 0 satisfying r,41 < f57, and

log;-i-l MZ() (TTH f) —

lim T
n—>o00 logq =
Therefore, there exists an integer ng > 1 such that for all n > ng and for any r € [ Ty Tn), We get

10g;+1 Mzo ('f'n, f) longrl MZO (’I’ f) < logp+1 Mzo(n+1 Tn, f)

log, Lrn a log, a log, ;- T
Since ot 1 NN
lim O8p+1 Mz (rna f) — lim 08p+1 Mz ( Py ) f) .
n—+o0 logq %7" n—s—4o00 logq % s
ntl’n n
for any r € [nﬂrn,rn} we get
logh | M., (r,
lim gp+1 zi( f) = p.
r—s0 ]ogq P

—+oo

Set E= U [n+1rn,rn} Then for any given € > 0 and |z — 29| =7 € E

n=ngo
1 pte
Mzo( f) < epr { (logq—l T) } )

io/ Zlog(l-l- ) +00.

n=ng n+17” n=ng

where

Similarly, we can prove the other results. [J

Lemma 2.2. [I7] Let f be a nonconstant analytic function in C— {zo} with py, q(f,20) = p < co. Then there emists
a set By C (0,1) having infinite logarithmic measure such that for all |z — zp| = r € E1, we have

_logl Toy(r, f) . loglo M(r,f) . logh Vi (r, f)
p = lim ——~ = lim T lim 5 1
r—0 logq = r—0 logq = r—0 logq =

and for any given € > 0 and all |z — 2| =r € E;
1
Tzo( f) > epr (IO - 6) logq ; :

Lemma 2.3. Let f be a nonconstant analytic function in C — {z} with 0 < Pip,q (fr20) = p < o0 and 0 <
m(fiz0) = 7 < oco. Then there exists a set Eo C (0,1) having infinite logarithmic measure such that for all
|z — 20| = r € By, we have

) < e i+ 1, 1)),

Proof . By the definition of lower [p,g]-order and lower [p, q]-type, there exists a sequence {ry,}>°_; tending to 0

satisfying 7,41 < - +1Tm and

lim logp 20 (va f)

—+ 1\ '
m o0
(1 Sq—1 rm)
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For any r € [miﬂrm, rm} we have

m
m m _ 1
IOg;_ Mzo('ra f) < IOg;— Mzo(mrmaf> _ IOg;— Mzo(m"’m,f) . (1qu—1 m’ilrm) .
(log, , )" = T\ .\ TN g T
17 log, 1 7 log, 1 7 log, 1 71

m+1

Then, for any given ¢ > 0, there exists a positive integer mg such that for all m > mg and for all r € [#ﬂrm, rm} ,

we have "
1
M) <o, {(2+2) (10g, 1 5) )
—+o0
Set B = U {#ﬂrm,rm} . Then for any given € > 0 and all |z — zy| =1 € F»
m=mgo
1\*
MZU (Ta f) < epr {(T+ E) <1qu_1 ’I’) } )
where
+oo T dt +o0 1
mi(E) = > / 5T > log (1+m) = +o0.
m=mqo m+41"m™m m=mo
O

Lemma 2.4. [5] Let f be a nonconstant meromorphic function in C — {20}, let a > 1, € > 0 be given real constants
and j € N. Then there exist a set Es C (0,7¢],(ro € (0,1)) having finite logarithmic measure and a constant A > 0
that depends on o and j such that for all |z — zo| = r € (0,r0] \ E3, we have

fO)(2) 1 1 1 J
<A =T (2 PlogTs (=7, )] .
LS e | ST o T )
Lemma 2.5. [7] Let f be a nonconstant analytic function in C — {29}. Then, there exists a set Ey C (0,1) that has
finite logarithmic measure, such that for all j =0,1,... k, we have
f(j)(zr)

Z0 — Zr

Frd = o)

as 1 — 0, r ¢ Ey, where z, is a point in the circle |z — zo| = r that satisfies |f(z,)| = max{|f(2)| : |z — z0| = r}.

Lemma 2.6. [17] Let g: (0,1) = R, h: (0,1) = R be monotone decreasing functions such that g(r) > h(r) possibly
outside an exceptional set Es C (0,1) that has finite logarithmic measure. Then for any given § > 1, there exists a
constant 0 < 1 < 1, such that for all v € (0,71), we have g(r%) > h(r).

Lemma 2.7. [17] Let f be a nonconstant meromorphic function in C — {z9}. Then the following statements hold:
() Ty (r ) =To () + O (1)

1
(ii) To, (r, f) < O (TZO (r, f) + log r)’ r € (0,72] \ Eg, where Eg C (0,r2] with mi(Eg) < +o0, r2 € (0,1) is a

constant.

3 Proof of theorems

Proof of Theorem [1.6]
Proof . We only need to prove that every solution f # 0 that is analytic in C — {20} of (L.1]) satisfies u vi1,q (f>20) =
*1.1

Hip,q (Ao, 20), because we already have from Theorem Pip+1,q](f, 20) = Plp,q (Ao, 20). We rewrite as
M) ‘f(k_l)(z) ‘f’(z)
Ap(2)]| < + A 1(2)||———= |+ -+ |A1(z . 3.1
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Set max{pp,q(4j,20) : j = 1,...,k =1} = p1 < ppp (A0, 20). Then for any given ¢ (0 < 2e < ppp,q(Ao, 20) — p1),
there exists r3 € (0,1) such that for all |z — 2| = r € (0,73), we have

1 Kip,q) (Ao,20) =€
M, (r, Ag) > exp, (logq_1 'r) (3.2)

and

1 p1te
MZO(T’A]') Sexpp{<logq—1 7‘) } ) (.7 = 17277k_1) (33)

By Lemma there exist a set E3 C (0,79], (ro € (0,1)) that has a finite logarithmic measure and a constant A > 0
that depends on a > 1 and j = 1,2, ...,k such that for all r = |z — 2¢| satisfying r € (0,7¢] \ E3, we obtain

‘ f

i e proen el =tz 8 (3.4)
> 7"2Z004’ g20a7 ,y U=L,4,...,K). .

(j)(z)
f(2)
Substituting (3.2)-(3.4)) into (3.1]), for the above ¢ and r € (0,79] N (0,73) \ E3, we have

1 Hip,q) (Ao,20)—¢ 1\ Pre 1 1 . k
exp, <logq—17~) < Ak exp, (lqu—lT) |:T2Tzo(arvf)10gTzo(ar7f):| . (3.5)

By (B3), we get

1 Kip,q)(Ao,20)—€ 1 p1+e 1 1 2k
epr <1qu_1 7’> < Ak epr <1qu_1 7’> |:TTZO (ET; f):| ) (36)

for all |z—zo| =7 € (0,70]N(0,73)\ E3 and |Ap(2)| = M., (r, Ag). By (3.6) and Lemma we obtain fu,41,4(f, 20) >
Hip,q) (Ao, 20) — €. Since € > 0 is arbitrary, we get

Hip+1,q] (fa ZO) > Hip,q] <A07 ZO)' (3'7)
By , we have

+ -+ [Ar(2)]

‘ﬂ%) MO Iy (3.8)

f(2) f(2)
By Lemma there exists a set By C (0,1) that has a finite logarithmic measure, such that for all j = 0,1,...,k
and r ¢ E,, we have

(h=1)(
< 1A (2)] \ff()”

Veo (1, f)

r

F9) (

=|1+4+o0(1
|-
where 2 is a point in the circle |z — zp| = r that satisfies | f(z)| = M., (r, f). By Lemma[2.1] there exists a set E C (0,1)
having infinite logarithmic measure, such that for any given € > 0 and for all |z — z9| = r € E, we have

)j T — 0, (3.9)

1\ Htp.al (Ao,z0)+e
|AO(Z)| S MZ(J (7‘, AO) S epr { <1qu_1 7’) . (310)

By substituting (3.3)), (3.9) and (3.10) into (3.8)), for any given € > 0 and for all |z — 29| =7 € EN(0,73) \ E4 and
|f(2)] = My (r, f), we get

1\ Hlp.al (Ao.zo)+e B
1+ 00 (Ve . )" <krexpp{(1ogq1 ) 1+ 00 (Vay 1) (3.11)
then we obtain
1 Hp,q) (Ao,20)+€
Vi (. f) < krexp, (1ogq1 ) 1+ o(U), 7€ BN (0,75)\ E. (3.12)

By Lemma Lemma and (3.12)), we get ppi1,q(f5 20) < pip,q (Ao, 20) + €. Since € > 0 is arbitrary, we obtain

Hip+1,q] (fa ZO) < Hip,q] <A07 ZO)) (313)
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from (3.7) and (3.13)), we obtain ji,41,4(f,20) = H[p,q1(A0, 20). The proof is complete. []

Proof of Theorem

Proof . By Theorem we have pp11.4(f;20) = pp,q(Ao,20). We only need to prove that pup,i1,4(f,20) =
Kip,q] (Ao,ZO). We set p2 = InaX{p[p)q] (Aj,ZO),p[p7q] (Aj,ZQ) < Hip,q] (Ao,ZO) : ] = 1, .. .,k — 1} If Plp.q] (Aj,Zo) <
Lip,q) (Ao, 20), then for any given e (0 < 2& < pupp q1(Ao, 20) — p2) , there exists r4 € (0,1) such that for all |z — zo| =
r € (0,74), we have

1\ r2te 1 Hp,q) (Ao,20)—€
M., (r, Aj) < exp, <logq1 7") <exp, <logq1 7‘) , (7=12,...,k—1). (3.14)

If ppp.q1(Aj;20) = Bip,g (Ao, 20), Tip,gm(Aj,20) <71 <7 = Tip,q,m (Ao, 20), then for any given e (0 <2 <1—m),
there exists r5 € (0,1) such that for all |z — 29| = r € (0, r5), we have

1\ Hip.al (Ao.20)
M, (r, Aj) < exp, 4 (11 +¢) (logq_1 r) (3.15)
and
1 Mip,q)(Ao,20)
M., (. Ao) > exp, { (£ — ) <logq_1 T) . (3.16)
By substituting (3.4) and (3.14)-(3.16]) into (3.1), then for any given ¢ (0 < 2 < min{pu, g (Ao, 20) — p2,7 — 71 }), we
obtain

1 Kip,q)(A0,20) 1 Hip,q) (A0,20) 1 1 2k
epr (I - 6) (logq—l 7') S Ak expp (Tl + 5) (10gq_1 ’[’) |:TTZO(QT’ f):| 5 (317)

for all |z — zg| =7 € (0,79) N (0,74) N (0,75) \ E3, r — 0 and |Ag(z)| = M,,(r, Ap), where A > 0 is a constant. By

Lemma and (3.17)), we have
Hip+1,q) (f, 20) = Kip.g (Ao, 20)- (3.18)

By Lemma there exists a set Fa C (0,1) having infinite logarithmic measure, such that for all |z — 29| = r € Fa,
we have

1)\ i 41(A0,20)
|Ao(2)| < M, (r, Ag) < exp, {(T+ €) <logq_1 r) . (3.19)

By combining (3.8), (3.9), (3.14), (3.15) and (3.19), for all |z — 29| = r € Ex N (0,74) N (0,75) \ E4, r —> 0 and
|f(2)] = M, (r, f), we have

& 1 Hip,q) (A0,20) b1
1+ 0(1)] (Vay . )" < hressp, {<T+ ST } 14 0(1)] (Ve )

SO

1\ Mlp.al (Ao:20)
V() < kresp, § 2+ (1og, 1 1) 1+ o(1), (3.20)
By Lemma Lemma and (3.20]), we obtain

Pip+1,q)(f> 20) < Hip,q (Ao 20)- (3.21)

Thus, from (3.18) and (3.21)) we have
/”’[p+1,q] (fa ZO) = lu’[p,q] (A07 ZO))

which completes the proof. [J

Proof of Theorem [1.8]
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Proof . By (1.1)), we have

(9)
M, (r, Ag) < ZmZOTA +Zm20(,f ()))+O(1) (3.22)
By Lemma for a constant ro € (0,1), there is a set Eg C (0, 73] with m;(Fs) < 400 such that for all |z — 2| =
r € (0,7r2] \ Fg, we have
k (4) 1
Zsz (r, ! (Z)> <0 <TZO (r, f) +log ) . (3.23)
2 7@ "
. . Zk;ll mzq (r,Aj)
Setting limsup,.__,, A < B < 1. Then for r — 0, we have
zg\T)
k-1
D (1, A7) < B, (r, Ag). (3.24)
j=1

By substituting (3.23) and (3.24) into (3.22), we obtain for all |z — zo| = € (0,72] \ Es, r — 0

(1= B)may (1, Ag) < O (TZO (r, f) + log i) . (3.25)

By the definition of lower [p, ¢] —order, for any given & > 0, there exists r¢ € (0, 1) such that for all |z—z| = r € (0,76),
we have

1
My, (r, Ag) = T, (1, Ag) > exp,, {(u[p’q] (Ao, 20) — 5) log, r} . (3.26)

By (3.25)) and (3.26]), for any given € > 0 and |z — zo| = r € (0,72] N (0,76) \ Eg, 7 — 0, we obtain
1 1
(1 - 5)exp, {(u[p,q](onzo) —¢)log, r} <0 ( 2o (7, f) +log = ) (3.27)

By Deﬁnition Lemmaand (3-27), we have 41,4 (f, 20) > fifp,q (Ao, 20) —€. Since e > 0 is arbitrary, we obtain

Hip+1,q)(f5 20) = pip,q (Ao, 20)- (3.28)

Set max{pp.q(Aj,20) 1 j=1,....k =1} = p3 < ppp g (Ao, 20) < pp,qg(Ao, 20). Then for any given e > 0, there exists
r7 € (0,1) such that for all |z — 20| = r € (0,77), we have

1 p3te 1 Kip,q] (Ao,20)+€
Mzo (Ta AJ) < €XPp <10gq1 ’I“> < eXpP, (Iqul ’I“) ’ (J = 172, LR k — 1) (329)

By substituting (3.9), (3.10) and (3:29) into (3.8), for any given € > 0 and for all |z — 2| =7 € EN(0,r7) \ E4 and
[f(2)] = M, (r, )Weget

& 1)\ Hlp q1(Ao,20)+¢ b1
14 oD (Vi 1) < hrex, { (1og, 17 ) 1+ o(D)] (Vay(r, )" (3.30)
By (3.30), for above €, we get
1\ “ivs 1(Ao,z0)+e
V() < bresp, | (log, 4 7 ) 1+ o(1)], (3.31)

where |z — 2| = r € EN(0,r7) \ By and |f(z)| = M,,(r, f). By (3.31), Lemma and Lemma we obtain
Bip+1,q)(f> 20) < Hpp.q (Ao, 20) + €. Since € > 0 is arbitrary, we obtain

Pip+1,q (f> 20) < Hip,q (Ao 20)- (3.32)

Thus, from and ( we have

M[p+1,q] (fa ZO) = lu’[p,q] <A07 ZO)'
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By using similar method, from (3.25) we have for |z — zo| =7 € (0,72] \ Eg, r — 0
1
(1= BT (1) = (1= By (1 Aa) < O (T () o ). (3.33)

By Lemma there exists a set Fy C (0, 1) having infinite logarithmic measure such that for any given € > 0 and all
|z — 20| =7 € Er

1
T.,(r, Ag) > exp,, {(p[p)q] (Ao, 20) — 5) log, r} . (3.34)

By substituting (3.34)) into (3.33)), we obtain for any given € > 0 and all |z — 2| =7 € E; N (0,7r2] \ Eg, r — 0
1 1
(1= 3)exp, { (A (Ao 20) = ) o, T < (1= BTy (o) < O (T2 1) + 1w ). (3:35)

Making use of Lemma and Lemma from (3.35)), we get

Plp+1,) (f520) = plp,q (Ao, 20)- (3.36)
By the definition of the [p, q]-order of py, (Ao, 20) for any given ¢ > 0, there exists rg € (0,1) such that for all
|z — 20| = r € (0,75), we have
1\ Plr.al(Aosz0)+e
MZO (T7 AO) S epr <10gq1 T') . (337)

Also by substituting (3.9), (3.29), (3.37)) into (3.8]), for any given € > 0 and for all |z — 29| = r € (0,77) N (0,r5) \ E4
and |f(z)] = M, (r, f), we can find that

1 Plp,q)(Ao,20)+€
Voo (r, ) < kr exp,, (logql r> 1+ o(1)]. (3.38)

By using Definition Lemma 2.6 and (3.38), we get

Plp+1,) (f520) < plp,q (Ao, 20)- (3.39)
Thus, from and , we conclude that

Plp+1,q)(f, 20) = Plp,q) (Ao, 20)-

The proof is complete. [

4 Examples

Example 4.1. f(z) = exp; {W} solves the following equation

"+ AR f + Ao(2)f =0, (4.1)
where (2n +1)2 1 2
Ao(z) = o= ) exp {Qexp ((Zo — e + (o= 2)2”“)}
and Ay(2) = 2n+1 exp{ 1 } 2n +1 2n+2.
(z9 — z)2n+2 (z — zp)?n 1 (20 — 2)27+2 25—z
We have

P2,1)(A1,20) = 0 < 2,11 (Ao, 20) = pp2,1(Aos 20) = 2n + 1
Obviously, the conditions of Theorem are satisfied and we see that

Hi2,1] (Ag, z0) = P[2,1] (Ag, 20) = H[3,1] (f,20) = P[3,1](f7 zo) = 2n + 1.
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Example 4.2. f(z) = m €XPy {W} solves the following equation

"+ Ao (2) f" 4+ Ar(2) f + Ao(2) f =0, (4.2)
where (nt 1)2 3
n(n
Ao(z) = (zo — 2270 €xp { (20 — Z)n+1}
(n+1)2Bn+2) (n+1) (5n2 —|—7n—|—3) 2
T\ G- 2 (20 — 2)2F5 P {<—>+}
(n+1)3 6(n+1)3 6(n+1)3 1 n(n+1)(n+2)
+ ((Zo L )ento + (20 — 2)2n+5 + (20 — Z)n+4) exp { (20 — 2)"+1 } + (20— 23
B (n+1)? 1
e = e e )
and . .
Aa(2) = (20 — 2)+2 exp { (20 — 2)"+1 } :
We have
max {9[1,1] (A2,20), p1,1)(A1, ZO)} =max{n+1ln+1}=n+1
= pp,11(Aos 20) = pp1,1)(Aos 20)
and

max {T[1,1],M(A2,20)77'[1,1],M(A1,Zo)} =1< 1[1,1],M(Ao,20) =3.

It is clear that the conditions of Theorem [[.7] are satisfied and we see that

Hl1,1] (Ao, 20) = P1,1] (Ao, 20) = H[2,1](f, 20) = P[2,1] (fiz0) =n+1.

Example 4.3. f(z) = exp, {m} is a solution to equation ({4.2]) for the following coefficients

w00~ e )

Ai(z) = (_ (20 E 23 2(z 1_ 2)4) eXp{z(zol— 2) } (20 3 23 (20 E z)?

1
2(z9 — 2)2°

and

Az (2) =
We have
max {0[1,1] (A, 20)70[1,1] (Aq, ZO)} =max{0,1} =1
= H[1,1] (Ao, z0) = Pl1,1] (Ao, 20),

lim sup Mz (7“, AZ) + Mg, (Ta Al) _ 1
r—0 Mz, (’I", AO) 3

Obviously the conditions of Theorem are verified and we see that

<1

1,11 (Ao, 20) = ppi,1)(Ao, 20) = w21y (fs 20) = p,ay(fs 20) = 1.
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