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Abstract

In this paper, we investigate the Cauchy problem for long water wave equations for the existence and nonuniqueness of
global classical solutions. We give sufficient conditions on the initial data of the considered equations that guarantee
the existence and multiplicity of nonnegative global classical solutions. For this goal, a new topological approach to
the fixed point theory of the sum of two operators in Banach spaces is used.
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1 Introduction

In this paper, we are concerned with a system of nonlinear evolution equations. Namely, we investigate the Cauchy
problem for the approximate long water wave equations [I], [9], [I6] in the form:

Up — Uy — Vg + Uy, = 0, t€(0,00), z€R,

v — (UV)g — Qg = 0, te(0,0), zeR, (11)
u(0, ) = w(z), zeR, '
v(0, ) = w(x), z€eR,

where the unknowns u = u(t, z) and v = v(¢, x) denote respectively, the horizontal velocity and the height that deviates
from equilibrium position of the liquid. Here, the constant a which represents a diffusion power, belongs to the set of
all nonzero real numbers R*, and the initial conditions ug,vg are given functions.

The equations of IVP play a vital role in describing the properties of shallow water waves and they are using to
study many physical phenomena, such as propagation of waves in dissipative and nonlinear media in hydrodynamics.
They are also widely used in ocean and coastal engineering, see [5], [8] and the references therein. In [4], the authors
have developed some approximate models for water waves. In [I5] and [7], the travelling wave solutions of the
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approximate long water wave equations are found out by using the (%)—expansion method. Solitary wave solutions

to the approximate long water wave equations are considered in [I1] by using the first integral method. In [I4], the
g-homotopy analysis transform method is employed to study the approximate long wave equations of the Caputo
fractional time derivative, see also [I7] and [10] for fractional approximate long wave equations.

In this paper, we are especially interested in question of what conditions the initial data ug, vy must verify in
order that Problem has classical solutions. Here, by a classical solution to the approximate long water wave
equations we mean a solution which is at least two times continuously differentiable in x and once in ¢ for any t > 0. In
other words, (u,v) belongs to the space C!([0,00),C%(R)) x C1([0,00),C%(R)) of continuously differentiable functions
on [0, 00) with values in the Banach space C?(R). The main assumption on the functions wug, vg is

(H1) wg,vp € CHR), 0 < ug,vp < B on R for some positive constant B.

To prove our main results we use the fixed-point index theory in cone spaces. During the last decades, the fixed-point
index theory in cone spaces has intensively used for the proof of existence of solutions of different classes initial and
boundary value problems for ordinary and partial differential equations (see [2], [I3] and references therein). In many
cases, via the fixed-point index theory in cone spaces are obtained new and complimentary results to the classical
results.

The paper is organized as follows. In the next section, we give some auxiliary results concerning a new topological
approach which uses fixed point theory of the sum of two operators. In Section 3, we give an integral representation
and some estimates for solutions of IVP . In Section 4, we prove existence and multiplicity of solutions for the
system . Finally, in section 5 we give an example to illustrate our main results.

2 Auxiliary Results
In this section, some definitions and results related to fixed points for the sum of two operators will be given.
Theorem 2.1. Let F be a Banach space and
E,={x€ E:|z| <R},
with R > 0. Consider two operators T and S, where
Tr = —ex, x € Eq,

with € > 0 and S : E1 — E be continuous and such that

(1) (I —S)(E1) resides in a compact subset of E and
(ii) {r € E:x=XI—-S)z, |z]|=R}=0, forany A€ (0,1).
Then there exists x* € E4 such that

Ta* + Sa* = a*.

Theorem [2.1] will be used to prove Theorem [4.1] and its proof can be found in [6].
Let E be a real Banach space.

Definition 2.2. A closed, convex set P in F is said to be cone if

1. Bz € P for any $ > 0 and for any x € P,
2. x,—x € P implies = = 0.

Definition 2.3. A mapping K : E — FE is said to be completely continuous if it is continuous and maps bounded
sets into relatively compact sets.

Definition 2.4. Let X and Y be real Banach spaces. A mapping K : X — Y is said to be expansive if there exists
a constant h > 1 such that
Kz — Kylly = hllz —yllx

for any z,y € X.
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The following result (see details of its proof in [3]) will be used to prove Theorem |4.4

Theorem 2.5. Let P be a cone of a Banach space E; 2 a subset of P and Uy, Us and Us three open bounded subsets
of P such that U; C Uy C Us and 0 € U;. Assume that T : Q@ — P is an expansive mapping, S : Us — E is a
completely continuous and S(Us) C (I — T)(2). Suppose that (Us \ U1) NQ # 0, (Us \ U2) N2 # (), and there exists
wo € P\{0} such that the following conditions hold:

(i) Sz #£ (I—-T)(x — Awg), for all A >0 and z € 9U; N (2 + Awy),
(ii) there exists € > 0 such that Sz # (I — T)(Az), forall A>1+¢, 2 € OUs and Az € Q,
(iii) Sz # (I —T)(xz — M\wp), for all A > 0 and = € OU3 N (Q + Awy).
Then T + S has at least two non-zero fixed points z1, x5 € P such that
1 €U, NQ and x5 € (U3 \ Uz) NN

or

xr1 € (UQ\Ul) NQ and 25 € (U3\U2)QQ
The following result will be used to prove the existence of three nonnegative solutions (at least two non zeros) of our

proposal problem. More precisely, it will be used to prove Theorem For the proof, we use the same arguments
used in [3].

Theorem 2.6. Let P be a cone of a Banach space E; 2 a subset of P and Uy, U and Uj three open bounded subsets
of P such that U; C Uy C Us and 0 € U;. Assume that T : Q — E is an expansive mapping, S : Uz — E is a
completely continuous one and S(Us) C (I —T)(£). Suppose that (Us \ Uy) N Q # 0, (Us \ Us) NQ # O, and there
exist wg € P* and € > 0 small enough such that the following conditions hold:

(i) Sz # (I —-T)(A\x), forall A>14¢, x € OU; and Az € Q,
(i) Sz # (I —T)(x — dwy), for all A >0 and = € U2 N (Q + Awyg),
(iii) Sz # (I —T)(Ax), forall A>1+¢, x € OUz and Az € L.

Then T + S has at least three non trivial fixed points 1, 2, z3 € P such that

1 EUlﬁQand T € (Ug\ﬁl)mQ and T3 € (Ug)\UQ)QQ

3 Integral representation and some estimates for solutions of Problem ([1.1)

Let X = X! x X! where X! = C!([0,00),C?(R)). For (u,v) € X, define the operators S}, S? and S; as follows.
¢
SHu,v)(t,x) = wu(t,z) —ug(z) —|—/ (—u(s, x)ug(s,x) — v (s, ) + Qug, (s, x))ds,
0

SE(u,v)(t,x) = w(t,z) —v(0,2) —|—/ (—uz(s,z)v(s, x) — u(s, z)vg(s, &) — avgy (s, z)) ds,
0

Si(u,v)(t,z) = (Sll(u,v)(t,x),Sf(u,v)(t,x)), (t,x) € [0,00) x R.

Lemma 3.1. Suppose that (H1) is satisfied. If (u,v) € X satisfies the equation
S1(,0)(t,2) =0, (,2) € [0,00) X R, (3.1)

then (u,v) is a solution of the IVP ([1.1J).
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Proof . Let (u,v) € X is a solution to the equation (3.1). Then
SH(w,v)(t,2) =0,  S(u,v)(t,2) =0, (tz)€[0,00) x R. (3:2)
We differentiate both equations of (3.2 with respect to ¢ and we find

ug(t, z) — u(t, v)ug(t, @) — v (t, ) + auge(t,z) = 0, (t,x) € [0,00) x R,

ve(t, ) — ug(t, 2)v(t, ) — u(t, x)vg(t, ) — avge(t,x) = 0, (¢ ) €[0,00) x R.
We put ¢ = 0 in both equations of and we arrive at
u(0,2) =up(z), v(0,2) =wve(x), x€R.
This completes the proof. [

Lemma 3.2. Suppose that (H1) is satisfied. Let h € C([0,00) X R) be a positive function almost everywhere on
[0,00) x R. If (u,v) € X satisfies the following integral equations:

/Ot /:(t —t1)(x — x1)%h(t1, £1)St (u,v)(t1, z1)dzrdt, =0, (t,x) € [0,00) x R,

and
t x
/ / (t = t1)(@ — 21)2h(tr, 21)S2(u, v)(t1, 21)dardty = 0, (t,2) € [0,00) x R,
0 0

then (u,v) is a solution to the IVP (1.1).

Proof . We differentiate two times with respect to ¢ and three times with respect to = the integral equations of
Lemma, and we find
h(t,z)S1(u,v)(t,z) =0, (t,z)€[0,00) xR,

whereupon
Si(u,v)(t,x) =0, (t,z) € (0,00) x R.

Hence and Lemma we conclude that (u,v) is a solution to the IVP (L.1). O

Now, let us prove some estimates related to solutions of IVP (1.1). In the sequel, X = X! x X! where X! =
C1([0,00),C%(R)) will be endowed with the norm

[(w, v)[| = max{flullx:, [[vllx:}, (u,0) € X,
with
lullx: = max{ sup |u(t, z)], sup |ut (t, )],
(t,x) € [0,00) xR (t,x) € [0,00) xR
sup s t, )], sup )] .
(t,z) € [0,00) x R (t,x) € [0,00) x R

provided it exists. Let
By = max{2B, B* + B + |a|B,2B* + |a| B}.

Lemma 3.3. Under hypothesis (H1) and for (u,v) € X with ||(u,v)| < B, the following estimates hold:
1S (u,v)(t,z)| < By(1+1), (t,x)€[0,00) xR,

and
|S2(u,v)(t,z)| < Bi(1+1), (t,z)€[0,00) x R.
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Proof . Suppose that (H1) is satisfied and let (u,v) € X with [|(u,v)| < B.

(i) Estimation of |ST(u,v)(t,z)|, (t,z) € [0,00) x R :
15T (u,v)(t,2)| = |u(t,z) —uo(x) —|—/ (—u(s, )ug (s, @) — vz (8, ) + Qs (s, x))ds
0

< lult, 2) + |uo(z)] +/0 (Ju(s, 2)|[ug (s, 2)| + |va(s, 2)| + |al|ues (s, 2)[)ds
< 2B+ (B?>+ B+ |a|B)t < Bi(1+1).
(ii) Estimation of |S?(u,v)(t,z)|, (t,x) € [0,00) x R :

sf(u,v)(t,x)( - ’v(t,x) — (0, )

Jr/o (—ug(s,z)v(s, ) — u(s, x)vy (s, &) — Qv (s, ) ds
[o(t, )] + [v(0,z)]

IN

+/ (lua (s, 2)[|v(s, )| + |uls, 2)[[ve (s, 2)] + |al[vea (s, )]) ds
0

2B + (2B? + |a|B)t

Bi(1+1t).

This completes the proof. [J
Suppose

(H2) g € C([0,00) x R) is a positive function almost everywhere on [0,00) x R such that

/ g(t1,z1)dxy|dty < A, (t,x) € [0,00) x R,
0

8(1+1)% (1 + || +2%) /t
0

for some constant A > 0.
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In the last section, we will give an example for a function g that satisfies (H2). For (u,v) € X, define the operators

S3, 52 and Sy as follows.

Sy (u,v)(t,z) = /Ot /Om(t —t1)(z — x1)%g(t1, 21) St (u, v)(t1, o1 )dzydty, (t,z) € [0,00) X R,

S2(u,v)(t,z) = /Ot /Ox(t—tl)(;v—x1)2g(t1,xl)Slz(um)(thxl)dxldtl, (t,2) € [0,00) x R,
and

So(u,v)(t,w) = (Sh(w)(t,2), S2(uv)(t,a), ()€ [0,00) x R.

(3.3)

Lemma 3.4. Under hypotheses (H1) and (H2) and for (u,v) € X, with ||(u,v)|| < B, the following estimate holds:

|S2(u, v)|| < ABj.

Proof . Suppose that (H1) and (H2) are satisfied. Let (u,v) € X, with ||(u,v)| < B.
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(i) Estimation of |S3(u,v)(t,z)|, (t,x) € [0,00) x R :

|53 (u, v)(t, z)|

IA

/Ot
Bl(1+t)/0t

t
8B (1 + t)21:2/
0

IN

IN

IN

< AB;.

AI(t — tl)(l’ — Il)zg(tl, Il)dSCl
/xg(tl,ilil)dl’l

0

t
8By (1+1)*(1 + |z + xQ)/
0

/0 /Ox(t —t1)(x — x1)2g(t1, :vl)Sl1 (u,v)(t1, x1)dz1dl,

/O "= ) — 1) g (b @0)|S) (u,0) (b )| des

dty

/ g(tl, J)1)d$1
0

(ii) Estimation of |53 (u,v)(t, z)|, (t,x) € [0,00) X R:

0
S

IN

/

Bl(l-i-t)/ot

IN

IN

IN

IN

AB,.
(iii) Estimation of |2 53 (u,v)(t, z)|, (t,z) €

]aséw,v)(t,x) .

ox

IN

/
0

2B1(1+t)/0t

IN

IN

t
4B (1 +t)2|:c|/
0

IN

IN

AB;.

/ (@ — 21)2g(t1, 21)[S (u, v) (t1, 21| darn
0
/ (x — xl)Qg(tl,xl)dml
0
t
8B (1 +t)2|x|2/
0

t
8By (1+t)2(1 + |z| + :cz)/
0

t
8By (1+1)2(1 + |z +x2)/
0

t x
/ / (x — xl)Qg(tl,xl)Sll(u,v)(tl,xl)dxldtl
0o Jo

dty

/ g(tl,.’bl)d(ﬂl dtl
0

/ g(tl,xl)d:cl
0

[0,00) X R :
/ / "t — 1) (@ — w0)g(tr, 1) S (u, v) (b 01 )dars iy
0 0

/0(t—t1)|x—:vllg(thm)lsll(u,U)(t1a$1)|d$1

/ (t — t)|z — 21]g(tr, 21)da
0

/ g(tl, xl)dl‘l dtl
0

x
/ g(t1,x1)day
0

dtq
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dty

dty

dtq

dty

dtq

dtq

dtq
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(iv) Estimation of \%S&(u,v)(t,x)\, (t,z) € [0,00) X R :

6—5%(1;, v)(t,x)

t x
2‘/ / (t — t1)g(tr, 1) S (w, v) (b1, 21 )da by
0 0

Ox?
t x
< 2/ /(t—tl)g(tl,x1)|511(u,v)(t1,x1)\dx1 dt,
0 0
t T
S 2Bl(l+t)/ / (t—tl)g(tl,xl)dacl dtl
0 0
t x
S 231(1+t)2/ / g(tl,xl)dxl dtl
0 0
t T
§ 831(1 +t)2(1 + |ZZ’| +l’2)/ / g(tl,xl)d:cl dtl
0 0
< AB.

Similarly, the same estimates (i) — (iv) can be proved for the operator S3. Finally,
HSQ(U, ’U)H § ABl

This completes the proof. [

4 Applications of the sum of two operators method
4.1 Existence of at least one nonnegative solution
In the sequel, suppose that the constants B and A which appear in the conditions (H1) and (H2), respectively,
satisfy the following inequality:
(H3) AB; < B, where B; = max{2B, B?> + B + |a|B,2B? + |a| B}.

Our first main result for existence of classical solutions of the IVP (|L.1)) is as follows.

Theorem 4.1. Under hypotheses (H1), (H2) and (H3), the IVP (|L.1)) has at least one nonnegative solution (u,v) €
C'([0,00), C*(R)) x C*([0,00), C*(R)).

Remark 4.2. When we say that (u,v) € C([0,0),C3(R)) x C!([0,00),C?(R)) is a nonnegative solution to the IVP
we have in mind that it is a solution to the IVP (1.1) and u(t,z) > 0, v(¢,z) > 0 for any (¢,x) € [0,00) x R.

Remark 4.3. Below, we will use the notation (u,v)(t,x) to denote (u(t,z),v(t, x)).

Proof . Choose € € (0,1), such that eB;(1+ A) < B. For (u,v) € X = C([0,00),C%(R)) x C*([0,),C?(R)), we will
write
(u,v) >0 if u(t,z) >0 and v(t,x) >0 for any (¢,z) € [0,00) x R.

Let Y denote the set of all equi-continuous families in X with respect to the norm |- ||. Let also, ¥ =Y be the closure

of V', T = ¥ U {(u0, v0)}, .
Y ={(u,v) €Y : (u,v) >0, |(u,v)] < B}.

Note that Y is a compact set in X. For (u,v) € X, define the operators T' and S as follows.

T(u,v)(t,x) = —e(u,v)(t,z), (t,x)€[0,00) xR,

S(u,v)(t,z) = (u,v)(t,x)+ e(u,v)(t, z) + €S2 (u,v)(t,x), (t,z) € [0,00) x R,
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where Sy is the operator given by formula (3.3]). For (u,v) € Y and by using Lemma it follows that

(L =S)(w,v)| = e(u,v) = eSa(u,v)]|

IN

€llCu, )| + €l Sz (u, V)|

< €Bj +€AB;

eBi(1+ A)

< B.

Thus, S : Y — X is continuous and (I —S)(Y") resides in a compact subset of X. Now, suppose that there is (u,v) € X
such that ||(u,v)|| = B and
(u,v) = A — 5)(u,v)

%(u,v) = (I - S)(u,v) = —e(u,v) — Sa(u,v),
or

(/1\ + e) (u,v) = —€S2(u,v)

for some A € (0, ). Hence, ||S2(u,v)|| < AB; < B,

i< (3+e)B= (5 +¢) lwoll = clsatuo)] < eB.

which is a contradiction. Hence and Theorem it follows that the operator 7'+ S has a fixed point (u*,v*) € Y.
Therefore, for (t,z) € [0,00) x R,

(u*,0")(t,z) = T v")(t,x)+ S(u,v*)(t )

= —e(u",v")(t, ) + (u,0")(E, ) + e(ut, 0)(t, x) + €Sz (u”, 0" (8, ),
whereupon
0= S (u*,v")(t,x), (t,x)€[0,00) xR.
From here and from Lemma it follows that (u*,v*) is a solution to the IVP (1.1)). This completes the proof. O

4.2 Existence of at least two nonnegative solutions

In the sequel, suppose that the constants B and A which appear in the conditions (H1) and (H2), respectively,
satisfy the following inequality:

(H4) AB; < £, where By = max{2B,B? + B + |a|B,2B? + |a|B} and L is a positive constant that satisfies the

following conditions:
2
r<L<R<B, R;> <+1)L,
om
with » and R; are positive constants and m > 0 is large enough.

Our second main result for existence and multiplicity of classical solutions of the IVP (1.1) is as follows.

Theorem 4.4. Under Hypotheses (H1), (H2) and (H4), the IVP has at least two nonnegative solutions
(Ul,’Ul), (UQ; ’Ug) € Cl([07 OO),CQ(R)) X Cl([07 OO),CQ(R))
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Proof . Set X = C!([0,00),C%(R)) x C1(]0,00),C%(R)) and let
P={(u,v) € X:(u,v) >0 on [0,00)x R}.

With P we will denote the set of all equi-continuous families in P. For (u,v) € X, define the operators T; and S3 as
follows. For (t,z) € [0,00) x R,

T (u,v)(t,z) = (1+me)(u,v)(t,z)— <61[6,61[E)> ,

S3(u, v)(t, x)

—eSs(u, ) (t, ) — me(u,v)(t, z) — <61L0 elLO) ,

where € is a positive constant, m > 0 is large enough and the operator Ss is given by formula (3.3). Note that any
fixed point (u,v) € X of the operator T} + Ss is a solution to the IVP (1.1). Now, let us define

Uy = Pr={(u,v) €P:|(u,v)] <r}
Uy = Pr={(w,v) €P:|(u,0)| <L}

U3 = Pg, ={(u,v) €P:|(u,v)]] <R},

_— . A L
Q = Pgr,={(u,v) €P:|(u,v)] <Rz}, with Ro = Ry + EBl + B
1. For (u1,v1), (ug,v2) € Q, we have
[Ty (w1, v1) = Th(uz, v2) || = (1 4 me)|(ur,v1) — (uz, v2)]],
whereupon 77 : 2 — X is an expansive operator with a constant h =1 4+ me > 1.

2. For (u,v) € Pg, and by using Lemma we get

L
1S3(u, )l < ellSa(u, v)l| + mell (u, v) || + €5

IN

L
AB R+ — ).
(imsons
Therefore, S3(Pg,) is uniformly bounded. Since S3 : Pr, — X is continuous, we have that S3(Pg,) is equi-
continuous. Consequently, Ss : Pr, — X is completely continuous.

3. Let (u1,v1) € Pg,. Set

1 L L
(U2,1}2) = (ul,vl) —+ E‘Sb(ulvvl) + (m m) )

By Lemma we have
|95 (ur,v1)(t,x)] < ABy,

1S2(uy,v1)(t,z)] < ABy, (t,x)€[0,00) xR,
By (H4), we have AB; < £. Hence,

|83 (ur, v1) (8, 2)] - <

152 (uy,v1)(t, )] < , (t,z) €]0,00) x R.

gl ot
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Thus, ugz,v2 > 0 on [0,00) x R and

1 L
[[(uz,v2)|| < ||(U1,01)H+E||52(U17vl)||+5fm
A L
< Ri+—Bi+—
m 5m
= Rs.

Therefore, (uz,ve) € Q and
L L L L
—em(ug,v2) = —em(uy,v1) — €So(ug,v1) — € (10, 10) —€ (10, 10)
or

L L
(I — Tl)(UQ,’UQ) = —Em(’LLQ,’UQ) + € <10, 10>
- Sg(Ul,Ul)-

Consequently, S3(Pr,) C (I —T1)(Q).
4. Assume that for any (wp, z9) € P* = P \ {0} there exist A > 0 and (u,v) € 9P, N (2 + A(wo, 20)) or (u,v) €
OPr, N (Q+ A(wp, 20)) such that

Ss(u,v) = (I —T1)((u,v) — AMwo, 20))-

Then
—eS(u,v) — me(u,v) — € (1[;], 116) = —me((u,v) — Awo, 20)) + € (1[(/), 1%)
or
=S5 (u,v) = Am(wo, 20) + (g, ?) .
Hence,

L L L
st (52)] &

This is a contradiction.
5. Let 1 = % Assume that there exist (u1,v1) € OPr, and A; > 1 + &1 such that Ay (u1,v1) € Pr, C 2 and

Sg(ul,vl) = (I — Tl)()\l(ul,vl)). (41)

Since (u1,v1) € OPr, and Aq(u1,v1) € Pg,, it follows that

2
( . 1> L < ML=\ (u,u)| < Ri.
bm

Moreover,
L L L L
—€eSo(ur,v1) — me(ug,vy) —€ (10, 10) = —A1me(ug,vi) +e€ <10, 10) ,
or LI
Sg(ul,vl) —+ <5, 5> = ()\1 - 1)m(u1,vl).
From here,
L L L
23 Z SQ(Ul,Ul) + <5, 5) H = ()\1 - 1)m||(u1,v1)|| = ()\1 — 1)mL
and
2
— + 1 Z )\17
5m

which is a contradiction.
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Therefore, all conditions of Theorem [2.5 hold. Hence, the IVP (1.1]) has at least two solutions (uj,v;) and (uz,vs) so
that
[[(u1, v1) |l = L < [(uz, v2)|| < Ry

or
r < [(ur, o) < L < [|(uz, v2)[| < Ry

O

4.3 Existence of at least three nonnegative solutions

In this section, we will use the notations of the proof of Theorem Suppose
2L
(H5) emr > =2,
Our third main result for existence and multiplicity of classical solutions of the IVP (|1.1) is as follows.

Theorem 4.5. Under Hypotheses (H1), (H2), (H4) and (H5), the IVP has at least two nonnegative solutions
(Ul, Ul)a (Ug, U2)7 (u37 U3) € Cl([oa OO), CQ(R)) X Cl([o’ OO), CQ(R))

Proof .
1. Assume that there are A > 1+ €, (u,v) € OU; and A(u,v) € Q so that

S3(u,v) = (I —T1)(Au, Av).

Then Il Il
—eSa(u,v) — me(u,v) — (610’ 610) = —me(u,v) + (elo, 610>
or L1
Sa(u,v) = (A — D)m(u,v) — <, ) .
55
Hence,

12 (u, )| = Hm(Al)(u,v)@aL) H

5
> (A=Dml(u,v)] - H <§§> H
> aml(u,)] - =
= emr—=

which is a contradiction. Thus, the condition (i) of Theorem holds.
2. Now, assume that there are A > 1+¢, (u,v) € OUs and A(u,v) € Q so that

S3(u,v) = (I —T1)(Au, Av).

As above,
L L
26wl = =Dl - | (£:5) |
> eml|(uv)] - £
5
L
= emR — =
> emr — —
. L
5 ?

which is a contradiction. Hence, the condition (iii) of Theorem [2.6| holds.
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3. Assume that for any (wyg, 29) € P* there exist A > 0 and (u,v) € Pr N (Q + A(wp, 20)) such that

S3(u,v) = (I —T1)((u,v) — Mwo, 20)).

Then
—eSs(u,v) — me(u,v) — € (11(/), 1%) = —me((u,v) — Mwo, 20)) + € (116, 1LO>
or
=S5 (u,v) = Am(wo, 29) + (?’ §> .
Hence,

L L L
= (45 -
This is a contradiction. Form here, the condition (ii) of Theorem holds.

Now, by Theorem it follows that the IVP (|1.1]) has at least three classical solutions. [

5 An illustrative example

Below, we will illustrate our main results. Let

1+ s'/2 4 522 s'1y/2

h(s) =log PR TIYpcrl l(s) = arctan 2 eR, s#=%l.
Then
, 221/2510(1 — 522)
W' (s) ;
(1— s114/2 + 522)(1 4 s114/2 + 522)
11v/2510(1 4 5%2)
/ _
U'(s) = e , sER, s=#+1.
Therefore,
—00 < lim (14 s+ s*)h(s) < oo,
s—+oo
—00 < lim (1+s+s?)(s) < oo.
s—too
Hence, there exists a positive constant C; so that
1 1+511\/§+822 1 511\/§
l+s+s2+s3+st 455458 lo + arctan ———- < (i,
( Nt a2 " v 1— 522 !
s € R. Note that lintil1 I(s) = 5 and by [12] (pp. 707, Integral 79), we have
S—>
/ dz 1 1 1—|—Z\/§—|—z2+ 1 ; 2v2
= o arctan ——.
T+24 442 g1_z\/§+22 2v2 1_ 22
Let
510 R
= ; € R,
QL) (14 ) (14 s+ s2)? y
and

g(t,z)=Qt)Q(x), te[0,00), zcR.
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Then there exists a constant Co > 0 such that

8(1+1)* (1+ || + 2?) /0

/ gl(tl,xl)dxl dt; < 02, (t,l‘) € [0,00) x R.
0

Let

g(t,x) = %Ql(t,x), (t,x) € [0,00) x R.

Then

t

8(1+1t)* (1+ |z] +2?) / dt; <A, (t,x)€[0,00) xR,
0

/ g(tl,xl)dml
0

i.e., (H2) holds. Now, consider the initial value problem

Up — Uy — Vg + 2Uypy, = 0, t€(0,00), z€R,
vy — (UV) g — 2054 = 0, te(0,0), z€eR,
(5.1)
’U/(O7$) = m, T € R7
v(0, x) = ﬁ, r € R,

so that (H1) holds, with B = 10, for example. Here, o = 2, take

1
B =10, andAzl—O4.
Then
By = max{2B, B® + B + |a|B,2B? + |a|B} = max{20, 130,220} = 220
and 990
AB; = 10t < B.

So, Condition (H3) is fulfilled. Thus, the conditions (H1), (H2) and (H3) are satisfied. Hence, by Theorem [4.1} it
follows that IVP (5.1 has at least one nonnegative solution (u,v) € C1([0,00),C%(R)) x C*(]0, 00),C%(R)).

In the sequel, take
Ri=B=10, L=5 a=2 r=4, m=10", A=e¢=-—

Clearly,

2 L
r<L<R; <B, €>0, Ri>|—+1|L, AB; < —.
om )
i.e., (H4) holds. Thus, the conditions (H1), (H2), and (H4) are satisfied. Hence, by Theorem [1.4] it follows that the
IVP (5.1) has at least two nonnegative solutions (u1,v1), (ug,v2) € C1([0,00),C%(R)) x C*([0, 00),C?(R)). Moreover,
1 2L
) Wt
104 > 5’
i.e., (H5) holds. Thus, the conditions (H1), (H2), (H4) and (H5) are satisfied. Hence, by Theorem [4.5] it follows that
the IVP (5.1)) has at least three nonnegative solutions (u1,v1), (ug, ve), (uz, v3) € C1([0,00),C%(R)) x C*(]0, 00), C3(R)).

erm =4-10% -
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