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Abstract

The aim of this manuscript is to introduce the concept of intuitionistic fuzzy b-metric-like spaces and discuss some
fixed point results to certify the existence and uniqueness of a fixed point. Non-trivial examples are imparted to
illustrate the viability of the proposed method.
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1 Introduction

The concept of fuzzy sets (FS) was initiated by Zadeh [11], which gave a new aspect to research activity leading to
the improvement of fuzzy system. Afterwards, several researchers contributed towards some significant results in F'S.

Kramosil and Michalek [7] introduced the concept of fuzzy metric spaces by generalizing the concepts of probabilistic
metric spaces to fuzzy metric spaces. George and Veeramani [I] derived a Hausdorff topology initiated by fuzzy metric
to modify the concept of fuzzy metric spaces. Later on, the existence theory of fixed point in fuzzy metric was enriched
with a number of different generalizations. Garbiec [14] displayed the fuzzy version of Banach contraction principle in
fuzzy metric spaces. For some necessary definitions, examples and basic results, we refer to [13], 6, 24 [10] 20 23] and
the references herein.

As we know, fixed point theory plays a crucial role in proving the existence and solutions for different mathematical
models and has a wide range of applications in different fields related to mathematics. This theory has intrigued many
researchers and recently, Harandi [2] initiated the concept of metric-like spaces, which generalizes the notion of metric
spaces in a nice way. Alghamdi et al. [12] used the concept of metric like spaces to introduce the notion of b-
metric-like spaces (BMLS). In this sequel, Shukla and Abbas [2I] generalized the concept of metric-like spaces and
introduced fuzzy metric-like spaces (FMLS). The approach of intuitionistic fuzzy metric spaces was tossed by Park [g]
and Konwar [I7] initiated the notion of intuitionistic fuzzy b-metric space (IFBMS). For some necessary definitions,
we refer [5], [0, B] 15l 22 25]. Saleem et al. [I8| [19] established several fixed point results for contraction mappings.
Delfani et al. [I6] proved sevral fixed point results in the context of b-metric spaces.
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In this article, our aim is to generalize the concept of IFBMS by introducing the concept of Intuitionistic fuzzy
b-metric-like spaces (IFBMLS) and prove some related fixed point results in this framework. We also furnish this work
with examples.

Some following notations used throughout this paper, as CTN for a continuous triangular norm and CTCN for a
continuous triangular co-norm.

2 Preliminaries

In this section, we provide serval notions from the existing literature.

Definition 2.1. [4] A binary operation x : [0,1] x [0, 1] — [0, 1] is known as CTN if the following axioms are satisfied:
(al) * is associative and commutative,

(a2) * is continuous,

(a3) a*x 1 =a, for all a € [0,1],

(ad) If a < b and ¢ < d with a,b,¢,d € [0, 1],then a % ¢ < b*d.

Definition 2.2. [4] A binary operation o : [0,1] x [0,1] — [0,1] is known as CTCN if the following axioms are
satisfied:

(al) o is associative and commutative,

(a2) o is continuous,

(a3) aol =1, for all a € [0,1],

(ad) If a < b and ¢ < d with a,b,¢,d € [0,1],then aoc < bod.

Definition 2.3. [12] A BMLS on a set X # ) is a function ¢ : X x X — [0,400) such that for all €,0,2z € X and
b > 1, it satisfies the following conditions:

The pair (X, o) is called a BMLS.

Example 2.4. [12] Let X = [0,00). Define o : X x X — [0,+00) by o(e,0) = (e + 0)%. Then (X, ) is a BMLS with
b=2.

Example 2.5. [12] Let X = [0,00). Define o : X x X — [0, +00) by o(e,0) = (max {e,0})?. Then (X, o) is a BMLS
with b = 2.

Definition 2.6. [2I] A 3-tuple (X, M, *) is said to be an FMLS if X # ) is a random set, * is a CTN and M is an
FS on X x X x (0,00) such that for all e,0,z € X, t,s > 0,

FL1) M(e,o0,t) > 0;

FL2) If M(e,0,t) =1, then e = o;

FL3) M(e,o0,t) = M(o,e,t);

FL4) M(e, z,t+s) > M(e,0,t) * M (o, 2, 8);
FL5) M(e,o,-):(0,00) — [0, 1] is continuous.

—_ — O

t

Example 2.7. [2I] Let X = R™, g € RT and m > 0. Define CTN by gxh = gh and M by M(e,o0,t) = m

for all e,0 € X, t > 0. Then (X, M, *) is an FMLS.

Definition 2.8. [I7] Suppose X # (. A five tuple (X, My, Np,*,0) is said to be an intuitionistic fuzzy b-metric,
where % is a CTN, o is a CTCN, b > 1 and M,, N, are FSs on X x X x (0,00), if it satisfies the following, for all
e,o€ X and t,s > 0,

(I) My(e,o0,t) + Np(e,o0,t) <1,
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(IT) My(e,o,t) > 0;
(IIT) My(e,0,t) =1 if and only if e = o;

(IV)) My(e,o0,t) = My(o,e,t);

(V) My(e,z,b(t + s)) > My(e,0,t) x Mp(o, 2, 8);

(VI) My(e, o,-) is non-decreasing function of R™ and lim;_,« My(e,0,t) = 1;
(VII) Ny(e,o,t) > 0;

(VIII) Ny(e,0,t) =0 if and only if e = o;

(IX) Np(e,o0,t) = Np(o,e,t);

(X) Ni(e, z,b(t + s)) < Ny(e,o,t) o Ny(o, z, s);

(XI) Ny(e,0,-) is non-increasing function of R* and lim;_,, Ny(e,0,t) = 0.
Then (X, My, Ny, *,0) is called an IFBMS.

3 Main Results

In this section, we introduce the notion of IBMLS and prove some fixed point results.

Definition 3.1. Suppose X # §. For a five tuple (X, My, Ny, *,0), where x is a CTN, o is a CTCN, b > 1 and

My, Ny, are FS on X x X x (0,00), assume that (X, My, Ny, x, o) satisfies the following, for all e,0 € X and ¢,s > 0,
(1) My(e,0,t) + Nyi(e,0,t) < 1;

1) My(e,0,t) > 0;

i) My (e,0,t) =1 = e=o;

i) My (e,o0,t) = My(o,e,t);

v) My (e, z,b(t + s)) > Mpi(e,0,t) x My(o, z, 8);

vi) My(e,o0,-) is non-decreasing function of R* and lim;_,o, My (e,0,t) = 1;

vii) Npi(e,0,t) > 0;

viii) Np(e,0,t) =0 = e =o;

iz) Ny(e,0,t) = Nyi(o,e,t);

x) Nyi(e, z,b(t +s)) < Ny(e,o,t) o Ny(o, 2, s);

xi) Nyi(e,o0,-) is non-increasing function of R and lim;_,, Ny (e,0,t) = 0.

(
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Then (X, My;, Ny, *,0) is called an IFBMLS.

Remark 3.1. In the above definition, assume that a set X is an IFBMLS with a CTN (x) and CTCN (o). Then the
IFBMLS X does not satisfy (II) and (VIII) of IFBMS, that is, the self-distance may not be equal to 1 and 0, i.e.,
My (e,e,t) # 1 and Ny(e, e, t) # 0 for all ¢ > 0 or may be for all e € X. But all other conditions are the same.

Example 3.2. Let X = (0,00). Define a CTN by g *h = gh and a CTCN by g o h = max{g, h} and also define My,
and Nbl by

(et+0)?

My(e,o0,t) =[e 1 ]_1,

Ny(e,0,t) =1—e 1!
for all e,0 € X,t > 0. Then it is an IFBMLS. But it is not an IFBMS.

(et+0)?
t

Proof . (i)—(iv), (vi)—(iz) and (zi) are obvious.

Now we prove (v) and (z). Since

(e42)* < (
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where b is an arbitrary integer, we have

(e+2)? _(e+0)?  (0+2)°
b(tJrs)S r e

That is
’ (e+2)? (e40)2 (042)2
e b(t+s) S e 3 .e s .

Since e® is an increasing function, for e > 0, we have

2
B R
>

Myi(e, z,b(t + s)) My (e, 0,t) x My (0, 2, 5)

(o+2)2

for all e,0,z € X, t,s > 0. Hence (v) holds.

Since
(e+2)* > max{(e + 0)?, (0 + 2)*},
(e +2)? (e+0)* (0+2)
m < max{ ) S 1

where b is an arbitrary integer. Since e® is an increasing function, for e > 0, we have

(e+2)? (e+0)?  (o0t2)?
et ) < max{e *t ,e =

1.

; ST 2 maxfe ) [T,
That is,

1— [e%]*1 < max{1l — [eﬂ}fl, 1- [e%]fl}.
Hence

Nyi(e, z,b(t + s)) < Nyi(e,0,t) o Nyi(o, z, 8)
for all e,0,z € X, t,s > 0. This implies that (x) holds.
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Now, we have to prove that (X, My, Ny, x, 0) is not an IFBMS. For this purpose, we investigate the self-distance.

Since
(ete)?
t

B 1
Mbl(eveat) = [6 ] t= (ete)2 7& 1
e ¢t

and
(ete)?
t

_ 1
Nbl(e7e,t):1_[e ] 1:1_W#0
e ¢

for all t > 0,e € X. Hence (X, My, Ny, %, 0) is not an IFBMS. O

Remark 3.2. The above example shows that IFBMLS need not be an IFBMS. Also every IFBMS must be an

IFBMLS.

The following example shows that an IFBMLS need not be continuous.

o(e,0) o (e,0)

Example 3.3. Let X = [0,00), My (e,0,t) = (e~ ¢ ) and My(e,0,t) =1— (e~ ¢ ) forall e,o € X,t >0 and

0, ife=o0
o(e,0) ={ 2(e+0)*, ife,0€[0,1]
2(e+ 0)?, otherwise.

Define a CTN as gxh = gh and a CTCN as goh = max{g, h}. Then (X, My, Ny, *, 0) is an IFBMLS with a coefficient

b = 4. To illustrate the discontinuity, we have

1
Jim M (0,1~ 1) = lim e2073% = ¢72 = My (0,1, 1)

n—oo
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and

n— oo

1
A Ny (0,1 -, ¢) =1 — lim e 207" =1 —e72 = Ny (0,1,1).

However, since

1
Hm My(1,1— —,¢) = lim e 2273 =78 £ 1 = My (1,1,¢)
n

n—00 n—00
and )
Hm Ny(1,1——,t) =1— lim e 22 %) =1—¢e8£0= Ny(1,1,1),
n— oo n

n— oo

My (e, 0,t) and Ny (e,o0,t) are not continuous.

Proposition 3.4. Let (X,0) be a BMLS. If we take CTN and CTCN as in Example then (X, My;, Ny, *,0) is
an [IFBMLS defined as

—o(e,0)

My(e,0,t) =e "

and

—o(e,0)

Ny(e,0,t) =1 —e "

forall t > 0 and all e,0 € X,n € N.

Proof . (i) — (i), (vi) — (ix) and (xi) are obvious.

Now, we prove (v) and (z). Since
ole,2) < blo(e,0) + (o, )]

blo(e,0) + o0, 2)]

ole, z) <

(t+s)m — (t+s)m
e () _ ole,0) _o(0,2)

oe,z o(e,o oo,z

b(t + s)" = T e
That is,

e I S

Hence

Mbl(e, Z, b(t + 8)) > Mbl(e, o, t) * Mbl(o, 2, S)
This says that (v) holds.

Since

a(e, z) > max{o(e,0),0(0,2)},
o(e, z) o(e,0) o(e,z)
b(t+s) — max{ t s b

where b is an arbitrary integer. Since e® is an increasing function, for e > 1, we have

o(e,2)| o (e,0) a(0,2)

et <max{e *t ,e = }.

Thus
_olez) _o(e,0)  _o(0.2)
e Fs) >max{e” * ,e” & }.
That is,
_olez) _o(e,0) _ole,2)
1—e %) <max{l—e "¢ ,1—e” = }.
Hence

Nyi(e, z,b(t + 8)) < Nyi(e,0,t) o Nyi(o, 2, 8)
for all e,0,2z € X and t,s > 0. This says that (x) holds. Hence (X, My, Ny, *,0) is an IFBMLS. O

Remark 3.3. Note that the above proposition also holds for g x h = min{g, h} and g o h = max{g, h}.
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Proposition 3.5. Let (X, o) be a BMLS. Then a five triple (X, My;, Ny, *,0) is an IFBMLS, where * is defined by
g*h = gh and o is defined by g o h = max{g, h} and fuzzy sets My and Ny, are given by

t'n.
My (e o0,t) = % forall e,oe X, t>0
ot™ + mao (e, 0)
and
Nyi(e,o,t) = mo(e, o) for all e,0 € X, t > 0.

ot™ + mo (e, 0)
Here 0 € RT,m >0 and n > 1.
Remark 3.4. Note that the above proposition also holds for CTN g x h = min{g, h} and g o h = max{g, h}.

Remark 3.5. Proposition |3.5|shows that every BMLS induces an IFBMLS. For o = n = m = 1 the induced IFBMLS
(X, My, Ny, %, 0) is called the standard IFBMLS, where o € R

t
My (e, 0,t) = % forall e,oe X, t>0
ot +o(e, o)
and
o(e, o)
Nyi(e,0,t) = —————for all e,0 € X,t > 0.
ot + o(e,0)

Example 3.6. Let X = R0 € RTand m > 0. Define x by gxh = gh and o by g o h = max{g, h} and FS M, and
Nbl in X x X x (0,00) by

t
My (e,0,t) = © for all e,0 € X,t >0
2
ot + m(max {e, 0}")

and
m(max{e, 0}?)

ot + m(max{e, 0}2)

Since (e, 0) = max{e,0}? for all ¢,0 € X is a BMLS on X, by Proposition (X, My, Ny, %, 0) is an IFBMLS, but
it is not an IFBMS, since

Nbl(e, o, t) =

for all e,0 € X,t > 0.

ot
Mbl(e,e,t) = m # 1 for all e,0 € X,t >0
and
me?
Ny(e, e, t) = P #0 for all e,0 € X,t > 0.

Remark 3.6. In IFBMLS, the limit of a convergent sequence may not be unique, for instance, for an IFBMLS
(X, My, Nyi,x,0) given in Proposition with o(e,0) = max{e,0}? and n = 1. Define a sequence {e,} in X by
en=1—2forallneN. If e > 1, then

— max Cn,CQ 2
lim My(en,e,t) = lim e @ =e 't = Myle,e,t) forall t >0
and
— max{en, e}? o2
lim Ny(en,e,t) = lim (1 —e g )=1—e"F = Ny(e,e,t) for all ¢ > 0.

Therefore, the sequence {e,} converge to all e € X with e > 1.

Remark 3.7. In an IFBMLS, a convergent sequence may not be Cauchy. Assume an IFBMLS (X, My, Ny, *,0) is
in Remark [3.6] Define a sequence {e,} in X by e, =1+ (—1)" for all n € N. If e > 2, then

—max€n7€2

lim My (en,e,t) = lim e ¢ =e
n—oo n—oo

o
+[%

= My(e, e, t),Vt >0
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and

M)

— max{en,e}? .
lim Ny(en,e,t) = lim (1 —e ¢ )=1—e"7 = Nyle,e,t),Vt > 0.

n—00 n— oo

Therefore, a sequence {e,, } converges to all e € X with e > 2, but it is not a Cauchy sequence, since lim,, _, oo Mp; (e, entp,t)
and lim, oo Npi(€n, €ntp,t) do not exist.

Definition 3.7. A sequence {e,} in an IFBMLS (X, M, N, x, o) is said to be convergent to e € X if lim,,_, oo Mpi(€n,e,t) =
My (e, e, t) for all t > 0 and lim, o Npi(en,e,t) = Ny(e,e,t) for all £ > 0.

Definition 3.8. A sequence {e, } in an IFBMLS (X, My, Ny, *, 0) is said to be a Cauchy sequence if lim,, oo Mp(€n; €ntp,t)
and limy, oo Npi(€n, €ntp, t) exist and are finite for all ¢ > 0,p > 1.

Definition 3.9. An IFBMLS (X, My, Ny, *, 0) is said to be complete if every Cauchy sequence {e,, } in X converges
to some e € X such that lim,_,oo My(en,e,t) = My(e,e,t) = lim,_0o Myi(€n, €ntp, t) for all ¢ > 0,p > 1 and
lim Ny(en,e,t) = Ny(e e t) = lim Ny(en,enip,t)
n—oo

n—oo

forall t > 0,p > 1.

Theorem 3.10. Let (X, My, Ny, *,0) be a complete IFBMLS such that lim;_, o, Mp(e,0,t) = 1 and lim;—, o, Nyi(e, 0,1) =
0 forall e,o € X,t >0and T : X — X be a mapping satisfying the conditions

My (Te,To,at) > My(e,o0,t) and Ny (Te,To,at) < Ny(e,o0,t) (3.1)

for all e,0 € X,t > 0, where « € (0,1). Then T has a unique fixed point w € X and My (w,w,t) =1, Ny (w,w,t) =0,
for all ¢ > 0.

Proof . Let (X, My, Npi, *,0) be a complete IFBMLS. For a given element ey € X, define a sequence {e,} in X by
e1=Teg,eo =T%g=Teq,...,en =T"ey =Te,_; for all n € N

If e, = e,,—1 for some n € N, then e, is a fixed point of T. We assume that e,, # e, _1 for all n € N. For ¢ > 0 and
n € N, we get from (3.1) that

Myi(en, ent1,t) > My(eng1,en,at) = My (Tey, Tep_1,0t) > M(epn,en—1,t)

and
Nbl(enz €n+1,t) < Nbl(en+17 €n, Oét) = Nbl(Ten,Ten—la Oét) < Nbl(en7 €n_1,t)

for all n € N and t > 0. Therefore, by applying the above expression, we can deduce that
My(ent1,en,t) > Mp(ent1,en,at) = My (Ten, Tep_1,at) > My(en, en—1,t) (3.2)
= My(Ten—1,Ten—o,t) > My(en—_1,€n—2, é) > ... > My/(ey,ep, %)
and
Nyi(ent1yen,t) < Ny(ent1,en,at) = Ny (Ten, Tep—1,at) < Ny(en, €n-1,t) (3.3)

t t
= Ny(Ten—1,Ten—2,t) < Ny(en—1,en—2, E> < ... < Ny(es,eq, J)

forallm € N, p > 1 and ¢t > 0. Thus we have

t t
Mbl(en7 en+p7 t) Z Mbl(ena €n+1, 6) * Mbl(en+1a ener; 5)

and ; ;
Nbl(eru en+p7t) S Nbl(en7en+17 5) o Nbl(en+1a €n+p, 5)



636

Continuing in this way, we get

t

t
Mbl(en7 en+p7t) 2 Mbl(en; €n+1, g) * Mbl(enJrla €n+2, biz) Ko

and
t

t
Nbl(ena en+p7t) S Nbl(enaenJrla E) o Nbl(en+1; €n+2, b72) o

Using (3.2)) and (3.3]) in the above inequality, we have
t

Ahmed, Javed, Uddin, Ishtiaq

t
*x Myi(€ntp—1, €ntp; = )

t

++ 0 Npi(€ntp—1,€ntp; 1 )-

t

t
Myi(en, entp,t) > Myi(eo, €1, 7 b ) * Myi(eo, €1, W) * -+ % My (eo, e1, W) (3.4)
and ; y
Nyi(en, enipst) < Nui(eo, €1, — bt )o Nbl(€07€1aW) ° "ONbl(fanelaW) (3.5)

Here b is an arbitrary positive integer.

We know that limy, 0o Mpi(e,0,t) =1 and lim, oo Mpy(e,0,t) =1 for all e,0 € X and t > 0, € (0,1). It follows

from (3.4) and (3.5) that

lim My (en,€nip,t) =1x1x---
n—oo
and

nh_)n;o Npi(€n, enyp,t) =0000 -

xl=1forallt>0,p>1

o0=0forallt>0,p>1.

Hence {e,} is a Cauchy sequence. The completeness of the IFBMLS (X, My, Ny, %, 0) ensures that there exists w € X

such that
h_)m Myi(en,w,t) = hm Mbl(en,enﬂ;, t) = Mp(w,w,t) =1forall t >0,p >1 (3.6)
and
lim Ny(en,w,t) = lIm Ny(en,entp,t) = Np(w,w,t) =1forallt >0, p>1 (3.7)
n— oo n— o0

Now, we show that w € X is a fixed point of T. We have

My (w, Tw,t) > My(w,eni1, Qb)*Mbl<en+17Tw7 %)
= My(w,ensit, 2b)*sz(T6n,Tw 2tb)
> Mbl(w7en+1,QLb)*sz(en,wﬁ)

and

Nypi(w, Tw,t) < Ny(w,eni1, 2b) o Npi(ent1, Tw, %)
= Ny(w,ent1, 2b)°Nbl(T€mTw 2tb)
< sz(w,enﬂ,%)Osz(en,%%)

for all ¢ > 0. Taking the limit as n — 400, and by (3.6) and (3.7), we get

Mbl(w,Tw,t) =1x1=1

and
Ny (w, Tw,t) =000 =0.

Therefore, w is a fixed point of T and My (w,w,t) = 1 and Ny(w,w,t) = 0 for all ¢ > 0. Now, we investigate the
uniqueness of fixed point. For this, assume that v and w are two fixed points of T'. Then by (3.1), we have

t
Mbl(w,v,t) = Mbl(Tw,T’U,t) > Mbl(w,v, 7)
«Q
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and
t
Nbl(w,v,t) = Nbl(T’w7T’U,t) < Nbl(w,v, a)

for all ¢ > 0. Thus we obtain .
My (w,v,t) > My (w,v, —) for all n € N
a

and ;
Npi(w,v,t) > Ny (w,v, —) for all n € N
o

Taking the limit as n — 400 and using lim; o, My(e,0,t) = 1 and lim;_,o0 Npi(e,0,t) = 0, we get w = v. Hence the
fixed point is unique. [

Example 3.11. Let X = [0,1] and the CTN and CTCN, respectively, be defined by gxh = gh and go h = max{a, b}.
Also, My; and Ny; are defined by

—(et0)?
t

Myi(e,0,t) =€

and
Nyi(e,o0,t) =1 e

Then (X, My, Ny, *,0) is a complete IFBMLS. Define T : X — X by

Te{ 8 ee[o,ﬂ,

5 € 6( 1.
Then )
hm My (e,o,t) = thm e%#yfo) =1 and hm My(e,0,t) = lgn (1-— e~ ) =0.
—»00 S

For a € [l 1), we have four cases:

Case 1) If e,0 € [0, 3], then Te = To = 0.

Case 2) If e € [0, 3] and o € (3,1], then Te = 0 and To = 2.

Case 3) If e,0 € (3,1], then Te = & and To = §.

Case 4) If e € (3,1] and 0 € [0, 5], then Te = £ and To = 0.
From all 4 cases, we obtain that
My (Te,To,at) > My(e,o,t)

and
Ny (Te, To,at) < Ny(e,o0,t).

Hence all the conditions of Theorem [3.10] are satisfied and 0 is the unique fixed point of T'. Also,

My (w,w,t) = My(0,0,t) = e =1 for all t >0

and
Ny (w,w,t) = Ny (0,0,¢) =1 — e =0 for all £ > 0.

Definition 3.12. Let (X, My, Ny, %,0) be an IFBMLS. A mapping T : X — X is said to be IFBML contractive if
there existsq € (0,1) such that

1 1

- - ——— — 1] and Ny (Te,To,t) < qNy(e,0,t 3.8
VnTeTod) LS op — 1 and Nu(Te, Tot) < gNule,0.1) (3:8)

for all e,0 € X and ¢ > 0. Here ¢ is called the IFBML contractive constant of T'.
Theorem 3.13. Let (X, My, Ny, *,0) be a complete IFBMLS and 7' : X — X be a IFBML contractive mapping

with an IFBML contractive constant g. Then 7 has a unique fixed point w € X such that My (w,w,t) = 1 and
Ny (w,w,t) =0 for all t > 0.
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Proof . Let (X, My, Npi, *,0) be a complete IFBMLS. For a given element ey € X, define a sequence {e,} in X by

e1=Teg,ea =T%g=Teq,...,en =T"ey =Te,_; for all n € N

If e,, = e,,—1 for some n € N, then e, is a fixed point of T. We assume that e,, # e,,_1 for all n € N. For ¢t > 0 and
n € N, we get from (3.8]) that

1 1 1

S —1<q—
My(en,ent1,t) My (Ten—1,Ten,t) [Mbl(en—lv en,t)

~1).

Then we have

1 < q
Mbl(enaen-‘rlyt) o Mbl(en—hermt
o q
© My(Tep—2,Ten_1,t)

q2

<
Myi(en—2,€n—1,1)

+(1-q)

+q(1—q)+(1-q)

for all ¢ > 0. Continuing in this way, we get

1 q" 1 -2
< PP — ) "2 —q) b b q(l—q) + (1
Ml enind) My(eoert) T (1-q)+q¢""(1-q) q1—q¢)+(1—q)
qn n—1 n—2
. L— YT A1) -
Vo(eoren d) (q q )(1—q)
q" n
< ———+(1-— .
My (eo,e1,1) (=)
Thus 1
. < My(en,ent1,t) forallt >0,n €N (3.9)
sz(go,el,t) + (1 - qn)
and
Ny(en,ent1,t) = Np(Ten—1,Ten,t) < qNyi(en—1,€n,t) = qNp(Ten—2,Ten_1,t)

N

P Npi(en—2,en—1,1) < -+ < q"Ny(eg, e1,1). (3.10)

Now, for p > 1 and n € N, we have

t t
Mbl(en76n+p7t) 2 Mbl(enaenJrla E) *Mbl(en+1;en+p; B)
t t t
Z Mbl(6n7 €n+1, B) * Mbl(en+17 €n+2, 672) * Mbl(en+2a €n+p, b72)
Continuing in this way, we get
t t t
Mbl(e'ru En+p; t) Z Mbl(en; €n+1, 5) * Mbl(en-l-la €n+2, b72) *oeeex Mbl(en-i-p—la En+p, bpfl)
and
t t
Nbl(ena Entps t) < Nbl(en7 €n+1, 5) © Nbl(en—i-la €n+tp 8)

t t t
< Nylen,ent1, 5) o Npi(ent1, €nt2, bj) o Nyi(ent2,€ntp, bj)

Continuing in this way, we get

t t t
Nyi(en, enip,t) < Nyi(en, ent, 5) o Npi(en+t1,€nt2s bj) 00 Np(entp—1,Cntps Mj)-
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Using (3.9) and (3.10)) in the above inequality, we have
1 1 1

q" +(1_qn)* g+t +(1- n+1)*.“*L+(l_ ntp—1)
My (eo,e1,%) Mbl(emel,bZ) q sz(60,€1,bpt_1) q

Mbl<enaen+p7t) 2

S 1 1 1
*ooe ek
G RS L. gttt
Mbl((’07€17b) + Mbl(eo,el,b%) +1 Mbl(eg,el,bp ) +1

and

00 g" P Ny (e, €1,

t t
o ¢" ' Nyi(e1, e, bpi—l)'

t
Nyi(en, €ntp,t) < ¢"Ny(eo, e, B) bj)

Here b is arbitrary positive integer and ¢ € (0,1). So we deduce from the above expression that

lim My(en,entp,t) = 1forallt>0,p>1,
n—oo

lim Ny(en,enip,t) = Oforallt>0,p>1.
n—oo

So {e,} is a Cauchy sequence in (X, My, Ny, %, 0). By the completeness of (X, My, Ny, +, 0), there is w € X such that

nh_>ngo Myi(en,w,t) = nh_}n;() My (en, entp,t) = nlgr;o My (w,w,t) =1, (3.11)
lm Ny(en,w,t) = hm Nbl(en,en+p, t) = lim Ny(w,w,t)=0 (3.12)
n—oo n—o0

forallt > 0,p > 1.
Now, we prove that w is a fixed point for T'. For this, we obtain from (3.8 that

1 1 < [; =%
My (Ten, Tw, ) =1 My (en,w,t) © My(en,w,t) ¢

1
Mbl (Ten, Tw, t).

sz(ﬁi,ywyt) tl-yq

Using the above inequality, we obtain

t t
My (w, Tw,t) > Mbl(w76n+1a%)*Mbl(en—&-laTw;%)
t t
= My(w,eni1, 27)) * My (Tey, Tw, 27))
t 1
> My(w,ent1, =) *
2b m +1-— q
and
t t
Nbl(’w,TU},t) S Nbl(w €n+1, 2()) [e] Nbl(en+1,Tw, 2b) Nbl(w €n+1, 2()) [e] Nbl(Ten,Tw, 271))
t
< Ny(w, ent1, 2b) 0 gNy(en, w, 27))

Taking the limit as n — oo and using (11) and (12) in the above expression, we get that My (w,Tw,t) = 1 and
Nyi(w, Tw,t) = 0, that is, Tw = w. Therefore, w is a fixed point of T' and My (w,w,t) = 1 and Ny (w,w,t) = 0 for all
t>0.
Now we show the uniqueness of the fixed point w of T'. Let v be another fixed point of 7" such that My (w,v,t) # 1
and Ny (w,v,t) # 0 for some t > 0. It follows from (3.1) that
1 1 1 1

_— 1 s — 1<y 1< — -1
Mbl(w,v,t) Mbl(T’w,TU,t) - Q[Mbl(w,v,t) ] Mbl(w,v,t)

and so
Nyi(w,v,t) = Ny (Tw, Tv, t) < gNp(w,v,t) < Ny (w,v,t),

which is a contradiction. Therefore, we have My (w,v,t) = 1 and Ny (w,v,t) = 0 for all ¢ > 0, and hence w =v. O
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Corollary 3.14. Let (X, My, Ny, *, 0) be a complete IFBMLS and T : X — X be a mapping satisfying

1 1

_— 1 <qg——1 d My (T"e, T"o,t) < qM,; t
My (T"e, Tmo,t) _q[Mbl(€707t) Jand My(T"e, T"0,1) < gMule, 0,1)

for some n € N and all e,0 € X,¢ > 0, where 0 < ¢ < 1. Then T has a unique fixed point w € X and My (w,w,t) =
1, Ny (w, w,t) = 0 for all ¢ > 0.

Proof . Let w € X be the unique fixed point of 7" given by Theorem and My (w,w,t) =1, Ny(w,w, t) =0 for
all t > 0. Then Tw is also a fixed point of T™ as T"(Tw) = Tw and by Theorem m Tw = w and so w is the unique
fixed point, since the unique fixed point of T is also the unique fixed point of 7. [

Example 3.15. Let X = [0, 2] and the CTN and CTCN, respectively, be defined by gxh = gh and goh = max{g, h}.
Consider My, and Ny, as

—(max{e,0})? —(max{e,0})?
t

My(e,0,t) =e g and Ny (e,0,t) =1—e
for all e,0 € X and ¢ > 0. Then (X, My, Ny, *,0) is a complete IFBMLS. Define T : X — X as
0, e=1

, e€[0,1)
ee(1,2].

o

Te=

INEYS

Then we have 9 cases:
Case 1) If e=0=1, then Te =To = 0.

Case 2) If e=1and o€ [0,1, then Te = 0 and T'o = §.
Case 3) If e =1 and o0 € (1,2], then Te =0 and T'o = §.
Case 4) If e € [0,1) and o € (1,2], then Te = § and To = §.
Case 5) If e € [0,1) and 0 € [0, 1), then Te = § and To = §.
Case 6) If e € [0,1) and 0 = 1, then Te = § and To = 0.
Case 7) If e € (1,2] and 0 = 1, then Te = § and To = 0.
Case 8) If e € (1,2] and o € (1,2], then Te = § and To = §.

All the above cases satisfy the IFBML contraction:

1 1
——  — 1 <¢q[~—+—— —1] and Ny (Te,To,t) < gqNy(e,0,t
Mbl(T@,TO, t) — q[Mbl(e,Oy t) ] an bl( 67 o ) —_ q bl(e o )
with the IFBML contractive constant q € [%, 1). Hence T is an IFBML contractive mapping with ¢ € [%, 1). All the
conditions of Theorem are satisfied. Also, 0 is the unique fixed point of 7" and My (0,0,t) = 1 and Ny (0,0,¢) =0
for all £ > 0.

4 Conclusion and future work

In this paper, we introduced the concept of IFBML and established fixed point theorem in order to study the
unique fixed point in the space. This work is the extended form of fuzzy b-metric like space [9]. This work provided
a new motivation to the researchers to the develop the area of fixed point theory in a new manner. It would a very
interesting topic for future to study this kind of work in soft set or rough set models and also to apply them in
multi-criteria group decision making.
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