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Abstract

Let R, be the set of rational functions with prescribed poles. It is known that if r € R,,, such that r(z) # 0in |2| < 1,
then

/ B (z
sup [r (2)] < | 2( N sup r(2)]
|z|=1 |z|=1

and in case r(z) = 0 in |2| < 1, then

, B (z
sup ' () = B qup 12,
|z|=1 2 =1

where B(z) is the Blashke product. The main aim of this paper is to relax the condition that all poles of r(z) lie
outside the unit circle and instead assume their location anywhere off the unit circle in the complex plane C. The
results so obtained besides the above inequalities generalize some other well-known estimates for the derivative of
rational functions r € R,, with prescribed poles and restricted zeros.
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1 Introduction

Let P, be the class of all polynomials p(z) := chzj of degree at most n. Let D~ denote the region inside U := {z :

j=0
|z] = 1} and DT the region outside U. For a; € C, j = 1,2,...,n, we write
" A
we)=[lc-a) 5 B0 =I](12F)
j=1 j=1 J
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and

Rn = Rn(al,ag,...,an) = {p(z> :
w

pE ’Pn}.

Thus R, is the set of all rational functions with poles ai,as,...,a, at most and with finite limit at co. We observe
that B(z) € R,,.
A famous result due to Bernstien [4] states that if p € P,,, then

/
< .
max |p'(z)| < nmax|[p(2)|
In case p(z) # 0 for z € D, then it was conjectured by Erdds and latter proved by Lax [2] that

’ n
< —
max [p'(z)| < 5 max|p(2)],

whereas if p(z) # 0 for z € DT, then Turdn [6] proved that

’ n
> = .
max [p'(z)| 2 3 max |p(z)]

In the literature [I 3l [5] [7], there exist several improvements and generalisations of the above results. Li, Mohapatra
and Rodriguez [3] extended these inequalities to rational functions r € R,, with prescribed poles ay, as, . .., a, replac-
ing z™ by Blashke product B(z). Among other things they proved the following results for rational functions with
restricted poles.

Theorem A. Suppose r € R,, and all the zeros of r lie in U UD™. Then for z € U,
1
[7'(2)] < 51B'(2)] sup [r(2)].
zeU

Theorem B. Suppose r € R,,, where r has exactly n poles at a1, as,...,a, and all the zeros of r lie in U UD~, then
for z € U,

1
Ir'(2)| > §{|B’(z)| — (n=m)}r(2)l,
where m is the number of zeros of r.

In the proofs of the above theorems and related results, it is assumed that either all the poles lie in D~ or in DT.
However, in this paper we relax this condition and assume that the poles of r € R,, lie anywhere off the unit circle in
the complex plane.

Assume that a = {a;}7_;, n > 1,]a;| #1,j = 1,2,...,n is an arbitrary finite sequence. w(z) = w1 (z)wz(z), where
wi(z) =[],,ep- (2 — a;) and wa(z) =[], ep+ (2 — a;). Here we note that

wy(z) =1, if acD"

and
wa(z) =1 it aCD.

Bi(z):= [] (Z_ZZ) and Ba(2) = [] (12_2];)

a; €D~ aj€D+

Also

are the Blaskhe products whose poles with multiplicity counted are the enteries of the sequence inside or outside the
unit circle.

2 Main results
Theorem 2.1. If r € R,, has exactly n poles in C/U and all zeros of r lie in U U D, then for z € U
’ 1 ’ ’
(@) = 3{]1Ba=) = B ()| = (n = ) }r(2)], (2.1)
where s is the number of zeros of r(z). The result is sharp and equality holds for

r(z) = B1(2)Ba(z) + A, AeUl.
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In particular, if 7(2) has exactly n zeros in U U D™, then we have the following result.

Corollary 2.2. Suppose r € R, be such that 7(z) # 0 for z € DT, having all poles off the unit circle, then for z € U
’ 1 / ’
(@) = 3{[1Ba) = 1B (). (2.2)

Remark 2.3. If r € R, has all its poles in DY, then B;(z) = 1 and By(z) = B(z). Therefore, in this case Theorem
reduces to a result due to Li, Mohapatra and Rodriguez [3, Theorem 4].

As an improvement of Theorem [2.1] we next prove the following result.

Theorem 2.4. If r € R,, has exactly n poles in C/U and all zeros of r lie in U U D, then for z € U

’ 1 ’ ’ |Cs|7|Co|
I (2)] = 2{||Bz(z)l —|Bi(2)l| +s—n+ |CS|+|CO|}|7’(Z% (2:3)

where s is the number of zeros of r(z). The result is sharp and equality holds for
r(z) = B1(2)Ba(z) + A, AeU.
In particular, if 7(2) has exactly n zeros in U U D™, then we have the following result.

Corollary 2.5. Suppose r € R, is such that r(z) # 0 for 2 € D*, then for z € U

() ;{HB;(z) 1B @]+ |C”||C°|}Ir(z)l~ (24

len| + [col

Remark 2.6. If r € R,,, has all its poles in DT, then inequality (2.4) reduces to a result due to Wali and Shah |7,
Corollary 2].

Theorem 2.7. Suppose that r € R,, has exactly n poles in C/U and all zeros of r lie in DF, then for z € U

B — (s [ ol = el
{||62<z>| BLE) = (0= 5) <|60|+|Cs>},

where s is the number of zeros of r(z). The result is sharp and equality holds for

r(z) = B1(2)Ba(z) + A, AeUl.

In particular, if r(z) has exactly n zeros in D, then we have the following sharp result.

Corollary 2.8. Suppose that r € R,, and all zeros of 7 lie in DT, then for z € U

O\ 1 oy [ (1l
Re( () ) SQ{|BQ( )= 1By ( )|| <|CO+|C7}|>}'

The result due to Wali and Shah [7, Lemma 2] is a special case of Theorem if we assume that all poles lie in
DT, that is, B1(z) =1 and Ba(z) = B(z).

3 Lemmas

Lemma 3.1. Suppose that r € R,,, where r has exactly n poles all belong to C/U and all zeros of r lie in U UD™,
then for all points on U such that r(z) # 0,

o' (2)) _ 1B(2) = 1Bi(2)]] n-—s
Re( 7"(2;))Z 2 2

(3.1)

where s is the number of zeros of r(z).
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Proof . Since r € R,,, we can write

Let 21, 22,. .., zs be the zeros of r(z), therefore z;, j =1,2,...,s are also zeros of p(z) and as such, we have

chz]—cSH (z—25), ze€eUUD ,j=12,...,s
j=1

By assumption all poles of r(z) lie off the unit circle, therefore we can write (3.2) as

where wq(z) = H (z —a;) and wa(z) = H (z — ay).

a; €D~ a;€DF
Assume that n; poles with multiplicities counted lie inside U and remaining n — n; = na(say) poles lie outside U.
Also, we can write p(z) = p1(2)p2(z) such that degree of pi(z) < degree of wi(z) and degree of ps(z) < degree of
wa(2), so that

=r1(2)ra2(2),
where 1 € Ry, and 3 € Ry,.
Now
_ m(»)
ri(z) = 01 ()
= 511(2)81( ) , Ay eD
H(l —a;z)
j=1

Therefore, for z € U

1) _pe () g (B L e[
Re( ") ) _Re<p1(z) ) + R (Bl(z) ) +;R <z—aj>' (3.4)

Also we have

Therefore, for z € U

By(z) B | —@jz +ai? -1+ a2
& "=\ C-a)G-a)

Jj=

This further gives, for z € U

zBl laj|? — 1 B
g |z—aj|2’ a; e D™.

Since the right-hand side of above equation is a negative real number, therefore we can write for z € U

Bi(z) _
Bi(z)

= —|By(2)]. (3.5)
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This after using in equation (3.4)), gives

SO NI 10 ) W
() () st ()

p(z)\  Biz) m
- <p1(2)> 2 2] 0
Again
ro(2) = P2(2)
2( ) ’U}Q(Z)
= nQ(Z)BQ(Z) , a; €D
H (1—a;z)
j=ni1+1
This gives

2ra(2) | _ po [ 2P2(2) [ #Ba2) S
Re<r2(z) ) =R (m(z) > +R (Bz(z) ) + ,_Z R (Z_aj) (3.7)

Also we have

This gives, for z € U

By(z) 4= 2=
Therefore,
2By(2) 2B,(2) /
= = fi R .
Ba(2) By(2) |By(2)| for z e U. (3.8)

This after using in equation (3.7)), gives

ary(2)\ 2py(2) : - a;
Re( () ) —Re<p2(2) ) +|By(2)| + Z Re(z—aj>'

j=ni1+1
—R(ﬁgv+|xn—“2m)
+ J§:+1Re<z fja] + ;)
pa(2) | | 1Be(2)]  (n—ma)
Re( pj(z) > + 22 - 5
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From equation (3.6) and (3.9)), we get

zri(2) 3(2) | _ ge 2. (2) o 2p3(2)
Re(rlw ) +Re(rm ) - (mw ) o (,W))

By(2)| _ |Bi(2)] _n
+ 5 5 5 (3.10)
Equivalently,
ar'(2) (), B -1Bi(z)] n
R =R - —. 3.11
e(ma) e(ma N 2 (311
Now for z; e UUD™,j =1,2,...,5, we have for all z € U, such that z #2; j =1,2,...,s
z > =4
z — Zj z Zj
Therefore,
1
Re< : ) > j=1,2...,s
Z—zj 2
This in particular gives for those points z € U, such that p(z) #0 and z # 2z;,5 =1,2,...,s
Re<zp’<2>> - §R6< : )
p(z) =O\FE
°. 1
> —
=23
j=1
s
=_. 3.12
. (312)
Combining (3.11)) and (3.12)), we get for r(z) # 0 and z € U

m<”<> 1B3(2) = Bi(2)l| _m—s

r(z) 2 2

4 Proofs of Theorems
Proof of Theorem Suppose r(z) # 0 for z € U, therefore it follows from Lemma

M(igvzi&w»;awm_n2;

Using the fact that

we get for z € U,

{“82 )| = 1B ( )I!—(n—S)}IT(2)|~ (4.1)

~
A
m\»—u
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In case r(z) = 0, for z € U, inequality (4.1)) is trivially satisfied. Hence the result holds for all z € U. To show equality
in (4.1), we consider the rational function r(z) = By (2)Bz(z) + A, A € U. So that

Therefore, it can be easily seen that equality in (2.1]) holds for such type of rational functions. This completes the
proof of Theorem
O

Proof of Theorem Suppose r(z) # 0 for z € U. Let 21, 22, ..., z5s be the zeros of 7(z), so that z;,j =1,2,...,s
are also zeros of p(z) and we can write

S S
p(2) zz:cjzj zcsH(z—zj), zjeD7,j=1,2,...,s.
j=0

J=1

Therefore from (3.11)), we have for z € U

o o e R 42

Now for z; € D™, we have for z € U

i
zZ—zj e? — |z;let

e cos 6 + isin 6
N (cosf +isin®) — |z;|(cos @ + isin D)

~ Re cosf +isind

B (cosf — |z;| cos ®) + i(sinf — |z;| sin @)
B 1 —|zj| cos(6 — @)

14 |25]2 = 2]24] cos(0 — @)

1

> P

14 |Z]‘
if

L4 |2;](1 — |zj] cos(8 — ®)) > 1+ |z;|* — 2|z, cos(6 — ).

That is, if

(I25] = 12*)(1 + cos(6 — @)) > 0.
Equivalently

|Zj‘ <1,

which is true.
Therefore, for z; € U UD™
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This gives from (4.2))

2 @) o~ 1 B - B n
M(ra>22§+M| > -3

_ 1— |z HBz = 1B(2)]] (n—5s)
Z (1+ [21) 2 B 2

Using the fact that, if (x;){° is a sequence of real numbers, such that 0 < x; <1, i=1,2,...,

n
1-— Hl‘l
=1
n )
=1

" 1—:L‘i
> 1. 2
1+ x;

i=1

we get by using Vitali’s rule

S

T E

Re[ G S L=t gy B ) - (- s)
r(2) 2
1+H|ZJ|
i=1

Finally, using the fact that

we get for z € U and r(z) # 0

/ 1 / / |cs| — |co
Ir ()] = 2{“32(2)| — B2l = (n—s) + |CS+|CO|}|T(Z)|~

Ahanger, Shah, Wali

n, then

(4.4)

(4.5)

In case r(z) = 0, for z € U, inequality (4.5)) is trivially satisfied. Hence the result holds for all z € U. This completes

the proof of Theorem

Proof of Theorem Since r € R,,, therefore

r(z) = p(2)
w(2)
Let 21,22, ..., 2s be the zeros of r(z), therefore z;,j =1,2,...,s are also zeros of p(z) and we can write

chzj = CSH z—2zj),2, €D, j=1,2,...,s.
Jj=1
Proceeding as in Lemma and noting that z; € DT, we have
w70 g (2@, B - BE
r(2) p(2) 2 2

~ 1 1By(2)| = By(2)]|  m

< — _ =
2Tt 2 2

_1 ° 1—|Zj‘ ’ ’
_2{;1+|Zj+||82(z) |Bl(z)|‘+s n}

O
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Using the fact that, if (z;)$° is a sequence of real numbers, such that x; > 1, then

n ].—ﬁl’z
1—x; i=1
Z_Zzl—i—:mgl no

we get

1- ][]l
{TT+HBx@rwBﬂ@H+s—n}
j=1

1CS—C ’ ’
=2{||°+¢Wﬂ@-—Wﬂd|+s—n}

[es] + ol

=
@
VN
E
—~ ~
—
KN oW
N—
\/
IN
DO =

This completes the proof of Theorem [2.7]
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