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Abstract

In this paper, we obtain explicit forms of the sum of entries, the maximum column sum matrix norm, the maximum
row sum matrix norm, Euclidean norm, eigenvalues and the determinant of a k-circulant matrix with the generalized
3-primes numbers. We also study the spectral norm of this k-circulant matrix.
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1 Introduction

In this section, we recall definitions and some properties of the generalized 3-primes sequence. A generalized
3-primes sequence {V, }n>0 = {Vi(Vo, V1, V2) }n>0 is defined by the third-order recurrence relations

Vi =2Vy_1 4+ 3Vy—o+5V,_3 (1.1)

with the initial values Vi = cg, V1 = ¢1, Vo = ¢2 not all being zero.
The sequence {V;,},>0 can be extended to negative subscripts by defining
1

Voo
FV-(n-3)

3 2
-n — — 2 V—-(n-1) — Vo n—
v Vot~ Voo

for n =1,2,3,.... Therefore, recurrence (|1.1)) holds for all integers n.

Binet formula of generalized 3-primes numbers (Grahaml numbers) can be given as

bia™ be 37 byy™
v, =
@=Bla—7  B-a)B-7)  (G-a)0-5)
where
by =Vo — (B+7)Vi+ Vo, by = Vo — (a+7)Vi + ayVy, bz = Vo — (a4 B)V1 + aBVh. (1.2)
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Here, a, 3 and v are the roots of the cubic equation 3 — 222 — 3z — 5 = 0. Moreover
1/3 1/3
o = 2,.(20, [121 (205 /1281
T3 54 108 54 108 ’
1/3 1/3
5 2, (205 [1231 (20 1231
379\ 5 108 “ {51 V108 :
1/3 1/3
_o2, o205, [1331 L (2 1281
R 108 “\ 52~ V108 :

where
I
w= %\/g = exp(27i/3).
Note that
atft+y = 2
af+ay+py = -3,
afy = 5.

Now we define two special cases of the sequence {V,}. 3-primes sequence {G,},>0 and 3-primes-Lucas sequence
{H,}n>0 are defined, respectively, by the third-order recurrence relations

Gn+3 = 2Gn+2 + 3Gn+1 + 5Gn, Go = 0, Gy = 1, Gy = 2,
Hn+3 = 2Hn+2 + 3Hn+1 +5H,, Hy=3,H =2,H, =10.

The sequences {G,, }n>0 and {H, },>0 can be extended to negative subscripts by defining

3 2 1

G.n = _EG—(n—l) - gG—(n—z) + gG—(n—z),),
3 2 1

Hon = —gH -y = gH (-2t g H-(n-3

for n =1,2,3, ... respectively.

G, (the sequence A335718) and H,, (the sequence A335719) are given in [2]. For more details for the generalized
3-primes numbers, see Soykan [2].

The following theorem presents sum formula of generalized 3-primes numbers.

Theorem 1.1. Let z be a nonzero real or complex number. For n > 0, we have the following formula: If 523 + 322 +
2x — 1 # 0, then

= T 91(33>
27 Vi= g

where
O1(x) = 23V, 13 — (22 — 1)a" 2V, 10 — (322 + 22 — 1)a" ™V, 11 — 22Vo + 222 — 1)V} + (322 + 22 — 1)V},
O(z) = 523 + 322 + 22 — 1.

Proof. The desired result can be obtained by taking » = 2,s = 3,¢t =5 in [2| Theorem 2.1. (a)]. O

The following theorem presents sum formulas of generalized 3-primes numbers.
Theorem 1.2. For n > 0, we have the following formulas:

(@) i oVi=$(Vass — Vo1 — Vigo — Vo + 4V + V).
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(b) YiiVi= g ((n+ Vi — (9n+13)Vygo — 4(9n + 4)Vyqr + 5Va + 4V1 — 20Vj).

(c) X, V2= 2= (37V2 +3+253Vf+2+430V,§+1f182Vn+2Vn+3f170Vn+1Vn+3+260Vn+1Vn+2+182V1V2+170V0V2f
260V, V; — 37VZ — 253V — 430V2).

(d) 37 iV2 = 5y (183150 — 26674) V2, + 11(11385n — 20951)V2,, + 50(4257n — 9080)V,2, | — 2(45045n —
73042)V,y 4 3Vigo — 10(84150 — 11279)V,, 4 5Viui1 + 10(12870n — 10757) V1 Vigo — 236174V4Va — 196940V, V5 +
236270V, V3 + 44989V + 355696V + 666850V2).

Proof.

(a) Take z =1,r =2, s =3,t =5 in [2, Theorem 2.1 (a)] or take r = 2, s = 3,t =5 in [2] Theorem 2.1 (a)].
(b) Take z =1,r =2, s=3,t=>5in [2| Theorem 2.1 (a)] or take r =2, s = 3,¢ =5 in [2] Theorem 2.1 (a)].
(c) Takex =1, r =2, s =3,t =5 in [2| Theorem 3.1 (a)]. See also [2, Theorem 2.1].

(d) Take z =1,r =2, s =3,t =5 in [2] Theorem 2.1 (a)] or take r =2, s = 3,t =5 in [2| Theorem 2.1 (a)]. O

Note that, using the recurrence relation V13 = 2V, 12 + 3V, 11 + 5V,,, we can write the above theorem as follows.

Theorem 1.3. For n > 0, we have the following formulas:

n )
(@) S Vi=L(Viso — Vi1 +5V, = Vo +4Vp + V1) = —.

T
(b) S0 iVi= & (97— 5)Viso — (90 + 4) Vi1 + 5(9n + 4)V,, +5Vo + 4V, — 201p) = —-.

(€) S0, V2 = A (3TV2, + 253V2,, + 925V — 182V, 1 Voo — 170V, Voo + 260V, Vi1 + 182Vi Vs + 170V, Vs —

A
260VpV; — 37V3 — 253V — 430V) = Xl'

(d) S0 VP = gymos (183150 — 44989)V,2,, + 11(11385n — 32336)V;2,, + 25(18315n — 26674)V,2 — 2(45045n —
118087) Vo Vi1 — 10(8415n — 19694) Vi, oV, + 10(12870n — 23627) Vi1V, — 236174Vi Vo — 196940V, Vs +

Q
236270V V3 4 44989V2 + 355696V + 666850V2) = ﬁl

From the last theorem, we have the following corollary which gives sum formulas of 3-primes numbers (take V,, = G,
with Go = O,Gl == I,GQ = 2)

Corollary 1.4. For n > 0, 3-primes numbers have the following properties:

(a) Z?:o G = %( nt2 — Gny1 +5G, — 1).

(b) 1 giGi = (97 = 5)Gria — (90 + 4)Grp1 +5(9n + 4)Gyy + 14).

C " G? = L 37G2  , + 253G? 11+ 925G2 — 182G, 1Gpio — 170G, G in + 260G, Gy — 37).
1=0 "1 495 +

(d) Y1 iG? = 5 (183150 — 44989)G2 ., + 11(11385n — 32336)G2,, + 25(18315n — 26674)G2 — 2(45045n —
118087) G2 Gy1 — 10(8415n — 19694)G 2 Gy + 10(12870n — 23627) Gy 1 Gy + 63304).

Taking V,, = H,, with Hy = 3, H; = 2, H, = 10 in the last theorem, we have the following corollary which presents
sum formulas of Lucas 3-primes numbers.

Corollary 1.5. For n > 0, Lucas 3-primes numbers have the following properties:

(a) Yig Hi = §(Hnyo — Hyy1 + 5H, 4 4).
(b) ZZ‘L:O iH; = SL((gn —5)Hpy2 — (In+4)H, 1 + 5090+ 4)H, — 2).
(c) i o H? = 15=(3TH2,, +253H2 | +925H2 — 182H,, 1 Hypo — 170H, Hyo + 260H,, H, 1 — 1402).

(d) Y iH? = 5= ((18315n — 44989)H2 , + 11(11385n — 32336)H2, | + 25(18315n — 26674)H2 — 2(45045n —
118087) Hy o Hpy 1 — 10(8415n — 19694) H,, o H,, + 10(12870n — 23627) H, 41 H,, + 2709274).
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2 Main results

Next, we recall some information on k-circulant matrix and Frobenius norm, spectral norm, maximum column
length norm and maximum row length norm. Let n > 2 be an integer and k& be any real or complex number. Ann xXn
matrix Cy = (¢i;) € Myxn(C) is called a k-circulant matrix if it is of the form

Co C1 C2 T Cp—2 Cp—1
kcn—1 o €C1 ' Cp—3  Cp—2
ken—o ken1 co 0 Cna Cpo3

Cy =

k‘Cg kng kC4 ce Co C1

k?Cl ]{382 kCg ce kCn_l Co

nxn

k-circulant matrix Cy is denoted by Cy = Circg(co, €1,y Cn—1).

If k = 1 then 1-circulant matrix is called as circulant matrix and denoted by C = Circ(co, ¢1, ..., ¢n—1). Circulant
matrix was first proposed by Davis in .

The Frobenius (or Euclidean) norm and spectral norm of an m x n matrix A = (a;j)mxn € Mmxn(C) are defined
respectively as follows:

1/2

m n 1/2
f— A.2 f— . *
4= (SN lol | ond Ll = (uax Incara))

i=1j=1

where \;(A*A) ’s are the eigenvalues of the matrix A*A and A* is the conjugate of transpose of the matrix A. The
following inequality holds for any matrix A = (a;j)mxn € Mpxn(C) (see [2, Theorem 1 and Table 1]):

f 1Al < [[Ally < 1Al 5 - (2.1)

It follows that
[All, < Allp < VrllAl, -

In literature there are other types of norms of matrices. The maximum column sum matrix norm of n x n matrix
n
A = (aiy) is |A|l; = lréljax >, laij| and the maximum row sum matrix norm is ||A]| = = max >_j=1laij|. The

maximum column length norm ¢; (A) and the maximum row length norm r1(A) of m X n matrix A = (a;;) are defined

as follows:
1/2

1/2
= s, (Sel!) i =, (St

There is a relation between ||.||,, ¢1(.) and ri(.) norms:

Lemma 2.1. [2] For any matrices A = (a;;)mxn € Mmxn(C) and B = (b;j)mxn € Mmxn(C), we have
Ao Bl, <ri(A)ei(B)

and
[AoBll, < [|All IBll, -

Furthermore, we have

[A® Blly = [l Ally | Bl
where A o B is the Hadamard product which is defined by

AoB= (aijbij),
and A ® B is the Kronecker product which is defined by

A ® B = (aijB).
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For more details on norm of matrices, see for example . In the following Table 1, we present a few special study
on the Frobenius norm, spectral norm, maximum column length norm and maximum row length norm of circulant (k-
circulant, geometric circulant, semicirculant) matrices with the generalized m-step Fibonacci sequences which require
sum formulas of second powers of numbers in m-step Fibonacci sequences (m = 2, 3,4).

Table 1. Papers on the norms.

Name of sequence Papers
second order), second order]
Fibonacci, Lucas 22112
Pell, Pell-Lucas 212
Jacobsthal, Jacobsthal-Lucas ﬂ‘) 2112 ?ﬂ
third order] thlrd orderi
Tribonacci, Tribonacci-Lucas \L\
Padovan, Perrin [2202]
fourth order] fourth order]
Tetranacci, Tetranacci-Lucas H

We need the following two lemmas for our calculations.

Lemma 2.2. Lemma 4] Let Cy = Cireg(co,c1, ..., cn—1) be an n x n k-circulant matrix. Then we have

n—1 n—1
Cy) = Zk%w_jpcp = Z (kznw j)pcp
p=0 p=0

where w = exp(2mi/n) = e’ ,j=0,1,2,..,n — 1. Moreover, in this case

iz::()( ) A(CR), p=0,1,2,....n—1.

Lemma 2.3. . | Let A be an n X n matrix with elgenvalues A1, A2, A3, ..., Ap. Then, A is a normal matrix if and only
if the eigenvalues of AA* are |A1|?,|X2|”, |As]?, ..., |[An|” where A* is the conjugate of transpose of the matrix A.

Next, we define k-circulant matrix with generalized 3-primes numbers entries. Throughout this paper, the k-
circulant matrix, whose entries are the generalized 3-primes numbers, will be denoted by C,, (V') = Cirex(Vo, Vi, ..., V1)

Definition 2.4. An n X n k-circulant matrix with generalized 3-primes numbers entries is defined by

Vo W1 Vooorir Vo Vi
Vit W Vi Vag Vioa
Cn(V)k: = C’i?"Ck(VQ, ‘/1, ceny Vn71> = kVn—Q k"VTL—l % e ‘/n—4 Vn—3 X (22)
kVi kVs kVs -+ kV,_4 Vo

nxn

We call this matrix as generalized 3-primes k-circulant matrix. We consider two special cases of generalized 3-
primes k-circulant matrix, namely 3-primes k-circulant matrix: C,,(G); = Circg(Go, G1, ..., Gn—1) and Lucas 3-primes
k-circulant matrix:

Cn(H)k = Ci?"Ck(Ho, Hl, ceny Hn71)~

We denote the sum of entries of C,,(V)i as S(Cy,(V)k).

Lemma 2.5. The sum of entries of C, (V) is

S(Cu(V)k) = & ((9kn — 5k +5)Viya — (9kn + 4k — 4)Vyy 1 — 4(9kn — 5k + 5)V;, + (5k — 9n — 5)Va + (9n + 4k —
DV} +4(9n — 5k + 5)Vp).
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Proof . From the definition of C,,(V ), using Theorem we obtain

SC,(V)i) = nVo+((n=1)+E)Vi+((n—=2)+2k)Va+ ...+ 1+ (n—1)k)Vsy
= Ti(n—i)Vi%—kiiVi
=0 =1

n—1

n—1
- Svre-nTw
=0

=1
1
o7 (Okn — 5k 4 5)Vii o — (9kn + 4k — 4) Vo1 — 4(9%kn — 5k + 5)V,
+(5k — 9n — 5)Va + (9n + 4k — 4)Vi + 4(9n — 5k + 5)Vp).

O

Taking V,, = G, with Gg =0,G; =1,Gy =2 and V,, = H,, with Hy = 3, H; = 2, Hy = 10, respectively in the last
lemma, we obtain the following corollary.

Corollary 2.6. We have the following results:

(a) The sum of entries of Cy,(G)y, is

S(Cn(G)i) = g ((9kn — 5k + 5)Grio — (9kn + 4k — 4)Gpy1 — 4(9%kn — 5k + 5)G,, + (14k — 9n — 14)).
(b) The sum of entries of C,,(H)y, is

S(Cn(H)i) = &5 ((9kn — 5k + 5)Hp o — (9kn + 4k — 4)Hyy iy — 4(9%kn — 5k + 5)H,, + (36n — 2k + 2)).

Next, we present the maximum column sum matrix norm ||C,(V)x||; and the maximum row sum matrix norm
|Cn (V)| of the matrix Cp,(V)r = (ci;) under certain condition on the generalized 3-primes sequence V,, and k.

Theorem 2.7. Suppose that V,, > 0 for all the nonnegative integers p. Then we have the following formulas: If £ > 1
then

1C(V)illy = [ICn (V)]

1
co = g(kKVasz = KVayr —4kVi — KV + kV1 + (9 - 5K)V0),
and if £ < 1 then

1
1€ (V)klly = 1Ca(V)lloo = g (Vasz = Vasr — 4V = Vo + 4V0 + 1),

Proof . Suppose that k& > 1. Then from the definition of the matrix C,, (V)i = (¢;5) , using Theorem we can write

n

éljagnz; |eiz| = @agn{\cm + [e2i] + leajl + o+ lensl}
1=

= |eur] + lean] + leai| + .. + |ena
Vo+kVa1+kVp_o+ ... +EV3+EVo + EVy

1Cn (V) lly

= Vo—kVo—kVo)+kD Vi

1=0
k
= (Vo= kVo = kVa) + 5 (Vasa = Var + 5V = Vo +4V0 + VA)
k
= (Vo= kVo = kVa) + 5 (Vasa = Vo + 5V = Vo +4V0 + V)

(
1
g (FVisz = Vs — 4RV, — KV + KVi + (9 — 5K)V0)

Similarly, we have

1Cn (V)i

o0

1
= 5 (Vara = KVir — 4RV, — kVa + KVi + (9 = 5K)V0).
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Suppose now that k < 1. Then from the definition of the matrix C,, (V) = (c;;) , using Theorem we can write

n
IC.(V)kll, = lféljagnzycij\:gjagxn{\clﬂ+|C2j|+|03j|+~~+|0nj|}
=

= Jein| + |e2n] + lezn| + o + |ennl
= Vor4Viot+ ..+ Va+Voat+tWVi+V,

= —Vat Y Vi
=0
1
= _Vn+§(Vn+2_Vn+1+5Vn_‘/2+4VO+‘/1)
1
= §(Vn+2 - Vn+1 — 4V, — Vo +4Vy + ‘/1)

Similarly, we have
1
”C”(V)k”oo = §(Vn+2 - Vn+1 -4V, — Vo + 4V + Vl)

O

Taking V,, = G, with Gg =0,G1 =1,Gy =2 and V,, = H,, with Hy = 3, H; = 2, Hy = 10, respectively in the last
theorem, we obtain the following corollary.

Corollary 2.8. We have the following results:

(a) If k£ > 1 then
1
1€ (G)elly = 1Cn(Grlloc = G (kGnt2 = kGni1 — 4kGrn — k),

and if £ < 1 then )
”Cn(G)kHl = ”Cn(G)kHoo = §(Gn+2 - Gn+1 — 4G, — 1)'

(b) If k > 1 then
1
1Ch(H)illy = Cn(H)illoo = g (kHnro = kHupr — 4kHy + (27 = 23K)),

and if £ < 1 then )
I1C (H)illy = 1Ca(H)klloo = §(Hnt2 = Hnyy — 4Hp +4).

Now, we determine the Euclidean (Frobenius) norm of k-circulant matrix C, (V).

Theorem 2.9. The Euclidean (Frobenius) norm of k-circulant matrix Cy, (V) is:

IC(V)illp = v (91(V)) + @2(V)

where

©1(V) = 5= (3TV,2 5 +253V,2 | +430V,2 — 182V}, 11 Vg2 — 170V, Vypgo + 260V, Vi +182V4 Vo + 170V Vo — 260V Vi —
37TV — 253V — 430V2),

0a(V) = sz (|K|* — 1)((18315n — 44989)V,2,, + 11(11385n — 32336)V;2, | + 50(4257n — 13337)V,2 — 2(45045n —
118087) V2 Vi1 — 10(8415n — 19694)V;, 5V, + 10(12870n — 23627) V11 Vi, — 236174V1 Vo — 196940V, Va + 236270V, Vi +
44989V2 + 355696V2 + 666850V2).
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Proof . From the definition of the Euclidean norm of a matrix, using Theorem we obtain

n

(ICaVllp)® = Y eyl

i=1,j=1
n—1 n—1

= D (n—i)VZ+ kD iv?
=0 =1

n—1

= ni VE+ (K7 = 1) Y iv?
i=0 1=1
= n(p(V) +ea2(V)

where 1(V) and @2(V) are as in the statement of the theorem. Now, it follows that

IC.(V)illp = V1 (01(V) + 02(V).

O
Note that
n—1
pr(V)=> V7
i=0
and )
ea(V) = (k[P = 1)) iV
i=1

Taking V,, = G,, with Gog = 0,G; = 1,G2 = 2 and V,, = H,, with Hy = 3, H; = 2, Hy = 10, respectively in the last
theorem, we obtain the following corollary.

Corollary 2.10. We have the following results:

(a) The Euclidean (Frobenius) norm of k-circulant matrix C,, (G)y, is:

ICw(Gillr = V1 (1(G)) + 92(G)

where

©1(G) = 555 (37TG2 5 +253G2 | +430G?% — 182G, 41Gny2 — 170G, Grga 4 260G, Grp1 + 182G1 G2 + 170G Ga —
260GG1 — 37G% — 253G% — 430G}),

02(G) = gym (|k[* = 1)((18315n — 44989)G2 , , + 11(11385n — 32336)G2 , | +50(4257n — 13337) G2 — 2(45045n —
118087)G s 2Gry1 — 10(8415n — 19694) G, oG, + 10(12870n — 23627)G 11 Gy — 236174G1 G — 196940G (G +
236270Go G + 44989G3 + 355696G7 + 666850G3).

(b) The Euclidean (Frobenius) norm of k-circulant matrix C, (H)j is:

ICw(H)kll = v/n (o1 (H)) + w2(H)
where
©1(H) = 55 (3TH2 5 + 253H2 | + 430H?2 — 182H,, 11 Hy 0 — 17T0H, Hy, 42 + 260H, H,, oy — 1402),

0o (H) = spase (k> — 1) (183150 — 44989) H2 , , +11(11385n — 32336) H2,, ; +50(4257n — 13337) H2 — 2(45045n —
118087) Hyy 40 Hypo 1 — 10(8415n — 19694) H,, o H,, + 10(12870n — 23627) H,, 41 H,, + 2709274).

The following theorem gives us the eigenvalues of the matrix in ([2.2)).

Theorem 2.11. The eigenvalues of C,, (V) are
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where
(V) = kVy, — Vo — kn (—kVig1 + 2KV + Vi = 2Vo)w ™ 4 kit (kViya — 2kVig1 — 3kV,, — Va4 2V1 4 3V )w ™%
and

w = exp(2mi/n) = e,

i o= 0,1,2,3,...,n—1.

Proof . By using Lemma[2.2] we obtain
n—1 )
Vv = St
p=0

= —kw "W, + > krw TPV,
p=0
= —kw "V, + > (kTw )PV,

p=0

Now using Theorem (by putting = = leLw_j) and recurrence relation V43 = 2V, 4o + 3V,,41 + 5V,,, we obtain
required result. [

Taking V,, = G,, with Gg =0,G; =1,Gy =2 and V,, = H,, with Hy = 3, H; = 2, Hy = 10, respectively in the last
theorem, we obtain the following corollary.

Corollary 2.12. We have the following results:

(a) The eigenvalues of C,(G)y are

?;(G)

M) = T T T 3w )2 1 2 ) 1

(b) The eigenvalues of Cy,(H)j, are

M (Co(H)) = 2l
s 5(kww 1) + (kww )2 + 2(krw ) — 1

where
1

®;(G) = kG — kn (—kGny1 + 2kGy, + Dw ™ + k7t (kG — 2kGry1 — 3kG,)w™ 2,
®,(H) = kH, — 3 — k= (—kH, 41 + 2kH,, — 4)w ™ + k= (kHp o — 2kH, 1 — 3kH,, + 3)w =27,

27

w=exp(2mi/n)=ew ,j=0,1,2,3,....,.n— 1.

The following theorem presents the upper and lower bounds of the spectral norm of C,, (V).

Theorem 2.13. Let C,, (V)i = Circex(Vo, Vi, ..., Vu—1) be a k-circulant matrix. Then if |k| > 1 then

Vor) < [Cu(V)illy < Vg + 6 (V3 + (V)1 - V¢ +ea(V),

and if |k| < 1 then
K Ver(V) < [[Ca(V)rlly < vV (er(V))
where 1(V) is as in Theorem [2.9
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Proof . Note that we can write 1(V) as in the following forms.

o(V) = EVf

= —(3TV2, +253V,2,; +430V,2 — 182V, 41 Vg — 170V, Vigo + 260V, Vi g1

495
+182V1 Vy + 170V Va — 260V 1y — 37V — 253V — 430V3),
n—1 n—
pi(V) = o+ V= -Vi+e(V) =) V7
=1 L

From Theorem we know that the Euclidean (Frobenius) norm of k-circulant matrix C,, (V) is

n—1
(ICa (W)l p)* = Z(H—Z)V2+\k| szz
=0 i=1
- + (k> = 1) ZW?
=0

If |k| > 1, then we get, using Theorem [L.3]

(|Cr(V >anzV2+ZzV27nZV2fn w1(V)).

=0
That is,
1Cn(V)kllp = V1 (01 (V).

WVl > 77,

1C(V)klly = V1 (V).

It follows that

Then by (2.1]), we obtain

Similarly, if |k| < 1, then we obtain

n—1 n—1
GVl = S (= )V2+ k> v
1=0 1=1
n—1 n—1 n—1
> > (=) kP V2[R iV =nlk* D VP
=0 i=1 i=0

= nlk* (p1(V)).
That is,

1Ca(V )kl = A/ |E” (21 (V).

It follows that

|O<ﬁF>|,€|ﬁ

1Cn(V)klly = K[ v/ (00 (V

Then by considering ([2.1]), we get

Soykan, Go6cen

Now, for |k| > 1, we give the upper bound for the spectral norm of the matrix C,, (V) as follows. Let the matrices

B and C be as
Vo 1 1 - 1
kV,_1 ) 1 .- 1
B = kVi_o kViag Vo t 1
kV; kVy  kVa - EV,_4

Vo

nxn
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and
I i W Ve Vi
1 1 V1 Vn 3 Vn—2
o |1 1 1 Vs Vs
1 1 1 1 1 .
such that C,, (V) = B o C. Then we obtain
1/2
2
n(B) = max (Yo lbl?) = | Ve Ik ZW VWG + K (V8 + V),

1+ V2= 11+ (V).

1/2
(0=, (Z e ) -

By Lemma we have

1Ca(V)illy < i (B)er(©) = V@ + [k (Vi + (V)1 - Ve + e (V).

For |k| < 1, we give the upper bound for the spectral norm of the matrix C,, (V) as follows. We define the matrices
D and E as

1 1 1 1 1
k1 1 1 1
po| & k1 11
E k k k1
nXxn
and
Vo i Vo oo Vo Vo
Vet Vo Viooo Vg Vo
FE = Vn—2 Vn—l ‘/0 T Vn—4 Vn—3
W Voo V3o oo Voo W nxn
such that C,,(V)r = D o E. Then we obtain
1/2
2
ri(D) = Jpax, 21 |dsj| =/n,
j:

and

By Lemma we have

1C(V)illy < ri(D)er(E) = Vn(er(V)).

This completes the proof. [

We consider two special cases of the above theorem: the upper and lower bounds of the spectral norm of 3-primes
k-circulant matrix: C,,(G)r = Circg(Go, G, ..., Go—1) and the upper and lower bounds of the spectral norm of Lucas
3-primes k-circulant matrix: C, (H), = Circy(Ho, Hy, ..., Hp—1).

Firstly, the following corollary gives the upper and lower bounds of the spectral norm of C,,(G).
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Corollary 2.14. Let C,,(G)x = Circi(Go, G, ..., Gn—1) be 3-primes k-circulant matrix. Then if |k| > 1 then

V(@) < ICu(@illy < V/GE + K2 (G341 (@)1 - G + 1),

and if |k| < 1 then
[V @1(G) < ICh(Glly < v (@1(G))

where ¢1(G) is as in Corollary

Proof . The proof is complete by considering V,, = G, Go = 0,G; = 1,G2 = 2 in Theorem 2.13] O

Secondly, the following corollary gives the upper and lower bounds of the spectral norm of C,(H).

Corollary 2.15. Let C,,(H), = Circy(Hy, Hy, ..., Hp—1) be Lucas 3-primes k-circulant matrix. Then if |k| > 1 then

Vi) < | CulH)elly < \/HE + kP (~HE + o1 (H)\/1 — HE + o1 (H),

and if |k| < 1 then
Vi (H) <[|Cr(H)klly < V(@1 (H))
where ¢1(H) is as in Corollary

Proof. The desired result can be obtained by getting V,, = H,,, Hy = 3, Hy = 2, Hy = 10 in Theorem 2:13] [J
Next, we present the determinant of Cy, (V).

Theorem 2.16. The determinant of C,, (V) is given by

An (1 B (Az,/A§4A1A3)n B (A2+1/A§4A1A3>n N (AS)”>
1

21\1 2/\1 A1
det(Cp (V) =
et(Ca(V)) ()" (kH, + (k — H_,)k? x 5" — 1)
where
Al - kvn - Vba
Ny = kn(=kVi1+2kV, + Vi —2Vp),
Ay = ki (kViys —2kViy1 — 3KV, — Vo + 2V; + 314).

Proof . By considering identities

2x x

Tl + 202y — o <1<y—y2—4x2> <y+ W) +<Z>”>

and
(50kFe™)? 4 3R W) 4 2w ) 1) = (k™ ~ DBk~ 1)k W 1),

we see that
n—1
11 (5(k%w*j)3 +3(knw )2 4+ 2(kvw ) — 1) = (=) (kH,, + (k — H_,)k* x 5" — 1)
j=0

and

2A1 2A1 Al

ﬁ@-(V)ZA? (1— (Ar\/m) - <A2+\/m> i (A:;)”)
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where
w = exp(2mi/n),
(V) = KV, —Vy—kn(—kVpi1 +2kV, + Vi — 2Vp)w ™
hk® (kVits — 2kViir — 35V, — Vo +2V; + 3Vp)w ™%

and

A = KV, =V,

Ny = kn(=kVui1 +2kV, + Vi — 2Vp),

Ay = ko (kViys —2kViyy — 3KV, — Vo + 2V; + 314).

From Theorem [2.11} we have

det(C,(V)r) = 1:[
. m 2;(V)
N H knw 7) +3(k%w_j)2—|—2(k;%w—j)—1
71:[1 ®;(V)
7=0

n—1
T 5(knw=)3 + 3(knw—)2 + 2(knw—7) — 1
j=0

A (1 _ (W)” B (szA—m) (A)n>

2A4

(—1)" L (kH, + (k — H_n)k2 x 5" — 1)

which completes the proof. [J

We consider two special cases of the above theorem: the determinant of 3-primes k-circulant matrix: C,(G); =
Cirek(Go, Gy, ..., Gp—1) and the determinant of Lucas 3-primes k-circulant matrix: C,,(H ), = Circg(Ho, Hyy ooy Hpp—1).

Firstly, the following corollary gives the determinant of C,,(G)y.

Corollary 2.17. The determinant of C,,(G) is given by

(- () () (1))

2A4
det(Ch(G)i) = (—1)n+1(kH, + (k — H_,)k? x 5" — 1)
where
A = kG,
Ny = kv (—kGny1 +2kGy, + 1),
Ay = kn(kGpyo — 2kGry1 — 3kG).

Proof. The proof is complete by taking V;, = G,,, Go = 0,G; = 1,G> = 2 in Theorem 2.16] O

Secondly, the following corollary gives the determinant of C,,(H ).

Corollary 2.18. The determinant of C,,(H)y is given by

ey M () (AT (1))

2A4

(1) (kH, + (k — H_,)k? x 5" — 1)
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where
Ay = kH, -3,
Ny = kv(—kH,i1 +2kH, —4),
Ay = kn(kHpyo — 2kHpq — 3kH, + 3).

Proof . The results can be obtained by taking V,, = H,,, Hy = 3, H; = 2, H, = 10 in Theorem O
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