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Abstract

The analytic description of holomorphic mappings is coupled with the functions which map the unit disk to the
right half plane. Also, a natural extension of the idea of inequalities between real-valued functions is the concept
of subordination between functions of a complex variable. In this study, we make use of some first-order differential
subordination and superordination conditions on functions associated with 2j, k-symmetrical points, and determine
some already known classes of analytic functions. We're also come up with some sandwich theorems based on specific
assumptions about the parameters that are involved in our major findings.
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1 Introduction

Let E : E={z€C:|z| <1} contained in C and let H(E) be the family of all mappings holomorphic in E. A
natural extension of the idea of inequalities between functions of a real variable is the concept of subordination between
functions of a complex variable. This concept dates back to Lindel6f, but Littlewood and Rogosinski originally used this
term of subordination instead or as an analogue of inequalities and defined its several properties, for the recent work,
see [I4]. For holomorphic mappings f,g € H(E), f < g, if for a Schwarz mapping w, we write that f(z) = g(w(z)),
for every z € E. If g € S, then f < g <= ¢(0) = f(0) and g(E) D f(E). The analytic description of holomorphic
mappings is coupled with the functions which map to the right half plane or have positive real part. Assume that P
contains the family of holomorphic or analytic mappings p, in such a way that p € H(E) : p(0) = 1, R (p(z)) > 0 and

p(z)=1+ci2t +...,2 €E.

For —1 < ap < a3 < 1, we define that a mapping p € P [a1, 2] : p(0) = 1 and p(z) < ﬁ%; We refer to [9] for more
information. Consider that A denote the family or class of holomorphic or analytic mappings defined in E and meet

the assumption that f(0) =0 and f’(0) = 1. A mapping f € A considers the following illustration:

f(2)=z+4+ax2* + ...,z € E. (1.1)
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A mapping f € A is considered to be univalent, if it is one-to-one in E. This family is abbreviated by S. A mapping
f € S8* in E is said to be starlike assuming that
/
R (Zf (Z)> > 0.

f(2)

This condition is due to Nevalinna, see [8]. A mapping f is convex, iff zf’ € S*. This condition was studied by Study.
Lowner and many others also studied these families at breadth. In addition, Ma and Minda, see [13] also defined the
following:

2f'(2)

f(2)

S*(gp):{f:fESand

For detail, see [8, [I8] with reference therein.

< p(2),where p € P,z € IE} .

Definition 1.1. A mapping f € Sgp in E iff, it meets the condition:

2f'(2) )
R{———1]>0.
(f@)f(Z)
Stankiewicz defined the related family Csp of convex mappings.

Definition 1.2. A mapping f € Sgcp iff, it observes the condition:

f(z) = f(=2)

For detail see [7]. Also, f € Cscp iff, zf" € Sscp. For more detail, see [10].

Definition 1.3. A mapping f € Sscp(p), If we have
2f'(2)
f(z) = f(=2)
Also a mapping f € Cscp(p), iff, 2f" € Sscp(p). These families were first studied by Ravichandran [I7] in 2004.
The families S§P and C§P, investigated by Wang and Gao [22] are defined as:
2f'(2)
fr(2)

< ¢(z), where z € E and ¢ € P.

Shop(p) = {f es,

and f € Clgcp(ap) iff zf" € Sé“cp(gp).

< ¢(z),where p € P,k # 1, k€ Z", 2 € ]E}

Chpl(p) = {fES,(Zf/(Z)) <go(z),wherecpGP,k#LkGZ"’,zEIE},

A mapping f € Sgép, iff it meets the condition:
zf'(z)
for(2)
where k # 1 and k € Z*. Also, f € S2kp(¢), iff it meets the condition:
2f'(2)
< ¢z
f2k(z) ¢( )

where ¢ € P. Also, f € C2Ep(0), iff, 2f' € S35p(0). The families S35 (¢) and C2Ep(4) were investigated by Wang
and Gao. See [22].

Let k € N, j =0,1,...k — 1. A mapping f is a j, k-symmetrical if for each z € E, f(ez) = &’ f(2), where
e = exp2t. For detail, see [I1]. Observe that f; is defined by:

R

>0,z €E.

8"72

1 k—
Tl EZ 5772]

This mappings were first studied by Liczberski and Polubinski in [12].
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Definition 1.4. A mapping f € Sggp in [, iff it meets the condition:

(715

Similarly, a mapping f € Cg’écp, iff, zf' € Ségp. Also, we define the family Ségp(gi)) as follows:

Definition 1.5. A mapping f € Sg’gp (¢) in E, iff it satisfy the condition:

" (ffk(<)>> <92

Similarly, f € Cé’gp(gb) iff, zf' € Sg’gp(gb), see [12]. In 2013, Karthikeyan [I1] investigated the classes Sééjf,k) (¢)
and Cé%]f)k) (¢) of starlike and convex functions with respect to (27, k)-symmetric conjugate points, respectively, which
are defined as follows.

Definition 1.6. A function f is said to be in the class SéQij,k) (¢) iff, we have

2f'(2)
f2j.(2)

< ¢(2) (z €E; ¢ €P).

This class is related with the class C;gg (¢) by a known Alexander type relation, as seen in [§], that is a function
fe Céé{i (¢) if and only if zf’ Sé%]f,k) (¢). For fixed j and k, fa; 1 is defined by
k=1 2mi

Faikle) = g 5 [VFE2) + )|, e = (1.2)

n=0

From (1.2]), we obtain the following identities:

1 k=1 , o
féjvk(z) =2 Zo [5*ny+nf/(€nz) + 577%77]0(5775)} ,
=
1 k=1 ‘ ,
Finz) = g T [ (ENe) + )
-
fojk(€"2) = €™ fa; 1(2), fojk(2) = fo51(2)

and

fojp(€"2) = 5nj7nféj,k(z) and foin(Z) = f2.6(2)-
Let : C3> xE — C and p € S in E. If h holomorphic in E in such a way that
U (h,zh', 1" 2) < p(z), (1.3)

then h is the solution of (1.3)) and the univalent function ¢ is called a dominant of the solutions of the differential
subordination, or more simply a dominant, if h(z) < #(z) for all h satisfying (1.3). A dominant ¢ that satisfies

{(z) < £(z), for every ¢ satisfying is called the best dominant of (L.3). For detail, see [I4]. On the other side, we
also have

p(z) < U (h, 2k h"; 2) (1.4)
then £ is again a solution of (1.4). A mapping ¢ is subordinant to h, if £(z) < h(z) for h satisfying (1.4). A subordinant
{ in such a way that 0z) < Z(z) for every subordinant ¢ satisfying is best subordinant of (I.4). For more detailed
information, see [15].

Using similar results of Bulboaca [6], Aouf et al.[T] proved that
2f'(2)
f(2)

where ¢1 : £1(0) = 1,05 : £5(0) = 1 are in S. In 2006, Shanmugam et.al [20, 2I] further extended these results. See
[2, 13, 4 5] [16], [19] for further information on these and other relevant families.

él(z) =< < 52(2’),

The main goal of this research is to look at certain analogues of differential inequalities for mappings to 2j, k-
symmetric points and come up with some sandwich results for these mappings.
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2 Preliminary Results

Lemma 2.1. [I4] For ¢ € S in the domain E, and 6 and % are holomorphic or analytic in D : /(E) C D and for
w € L(RE), ¥(w) # 0. We define and establish that

Q(2) = 29 [£(2)] £'(2),

along with

h(z) = 0[6(2)] + Q(2)
zh'

and further note that h € C or Q € §* in E in such a way that R (
p(E) C D and we have the subordination given by

2 ()¢ [p(2)] + 0 [p(2)] < 2l ()¢ [€(2)] + 0 [(2)] = h(2), (2.1)

Q((ZZ))> > 0. If p is holomorphic in E : p(0) = £(0),
then p(z) < £(2).

Let Q be the family of holomorphic or analytic and injective mappings f on E \ dE(f), where
OE(f) = {C € OE such that limcf(z) =00, f/({) #0 and ¢ € 9E \ 8]E(f)}.
z—

Lemma 2.2. [I4] For ¢ € S in the domain E, and 6 and v are holomorphic or analytic in a domain D : ¢(E) C D with
P(w) # 0,w € {(E). Assume that
/
R <9 WZ”) >0,z€E

¢ (=)

and
h(z) = 20/ (2) [0(2)] € S*.

If p € H[¢(0),1] N Q with p(E) C D,
zp ()Y [p(2)] + 0 [p(2)] € S

and
2 (2)1 [0(2)] + 0 [£(2)] < 0(p(2)) + 20 (2)¥ [p(2)] (2.2)
then £(z) < (p(z), and £ is the best subordinant of (2.2).

Lemma 2.3. [§] The mapping
1

K(Z) = m

€ES<—=1|2abt1| <1
3 Subordination Results

Theorem 3.1. Assume that a mapping £ € S : £(0) = 1 defined in E and fulfills the inequality

If for f € A, the non-linear differential equation given by
2f' () 2P EfG) | 2R
KA e BT E) e e

then fo/k((zz)) < {(z),z € E and / is the best dominant of (3.2).

< nl(z) + pzt'(2) (z € E), (3.2)
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Proof . In order to acquire the appropriate proof, we define and examine the following functional /& in such a way
that
_ 2f'(z)
fajn(2)’
where h : h(0) = 1 is holomorphic in E. On taking derivative of (3.2)), we can write

_ —2f"(2) foyk(2) + faj k() (2) + 21"(2)}
(f2j,k(z))2 7

h(z) (3.3)

z€eE,

h'(z)
which further implies that

oy 2 1(2) of'(2) () f4(2)
nh(z) +vzh (Z)—vifm(z) +(n+v)f2jwk(z) (TP (3.4)

In view of (3.2), from (3.4)) it is observed that

Wh(z) + 72l (2) < ne(z) + 720 (2).

For the sack of the completeness of the condition of the Lemma we set O(w) = nw and ¥(w) = v which are
holomorphic or analytic in C* in such a way that ¢(E) C C*. Also, if we assume that

Q(2) = ¢ [£(2)] 2 (2) = v2L'(2)

alongwith
p(z) = Q(2) + 0 [((2)] = nl(z) + yz'(2),
so that Q(0) = 0 and Q’(0) = v¢'(0) # 0, then from (3.1)), it is clear that the mapping @ € §* in E and
Zp'(2)> ( U Zf”(2)>
R =R(1+-+ >0 zeE).
(55 2 ) =8
Making use of (3.2) alongwith Lemma [2.1] we find that h(z) < £(z). This leads to the proof. [J

Remark 3.2. If we consider /(z) = 1212 in Theorem where —1 < a3 < a; < 1, then from the condition (3.1),

14asz
we can write )
3?< _a22>>max{0;§)?<n)} (z€E).
14+ agz ol
1—2

Also the mapping w(z) = 7= € C for [2] < |az| in E and also w(Z) = w (2) for all |z| < [az|. It implies that w(E) is
convex as well as symmetric about the real axis. Hence

1-— 1-—
inf ¢ R a2z , z€Ep = 2] > 0.
1+ sz 1+ |as]

Thus, we have & (1) > le2l=1
’ ¥ [az|+1

In view of the Theorem we may derive:

Corollary 3.3. Suppose that 7,7 € C:v #0and —1 < as < a1 <1 so that 1;}3;‘ > max {O; —R (%) } If for the

mapping f € A, we note the following condition
Z2f” >

y (2)

2 k(2)

then fok((ZZ)) € Plag,az],z € E.

zf'(2) _ fo/(z)féj,k(Z) 1+ oz . (1 — )z
fa2jk(2) K (f25,1(2))? Mtone "I +a2)?

+(m+7) z € E,

For oy = 1 and as = —1, we may derive a related results as a special case.
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Theorem 3.4. Suppose that a mapping ¢ € S defined in E in such a way that £(0) = 1 and we further assume that
¢(z) # 0. Consider that the condition

2"(z)  2l(z)
(2) £(z)

holds for £. Assume that for the mapping f given by (1.1) and n € C* and 11,72 € C with n; + 12 # 0, we have
(m +m2)2f"(2)

§R<1+ ) >0 (z€E). (3.5)

el D) t @) T 0 B (3.6)
If we see the subordination given by
2f"(2)  mz(f5;4(2) + m2zf3; 4 (2) 20 (z) .
ST R s ey s R R e MGl (3.7

. (m+n2)zf'(2) 5
holds, then we get 7]1Zféj1k(z)2+ﬁ2f2j,k(z) =< [l(z)]7.

Proof . In order to acquire the appropriate proof, we examine the functional A in such a way that

n

B 7712f£j,k(2) + n2 faj,6(2) (z € E), (3.8)

where the power is assumed as the principal one. According to the supposition (3.6)), the multivalued power mapping
h has an holomorphic or analytic branch in E, with h(0) = 1, and from (3.8, we can write that

(2 mAl D) el () ()

2+ = +1 z€eE). 3.9
PG mefyue) Fmlae) k) (k) (39
In view of (3.7) and , we observe that
/ U
P AR g 2@ gy

(=) " i)
When it comes to Lemma we assume that §(w) = 1 and ¢(w) = 1/nw are holomorphic or analytic in E. These
are holomorphic mappings in C* containing ¢(E). Furthermore, if we assume that

2l (2)

nt(2)

Q(z) =2l ()¢ [U(2)] =

and
2l (z)
nt(z)

with Q(0) = 0 and Q'(0) = %g((g)) # 0, then from our assumption (3.5)), it is proved that @ € S* in E and

R (Zpl(z)> =R <1 _#E) ZW(Z)) >0 (z:€E).

p(=) == 016(2)] + Q(z) = 1 +

Q(2) t(z)  l(2)
Lemma and the assumption given by (3.7), prove that h (2) < £(z). O
As a particular case, if we choose 71 = 0,72 = 1 and £(z) = ﬁ%; in the above theorem, then clearly the inequality

(3.7) holds whenever —1 < a; < ag < 1. Hence, we can derive the following corollaries:

Corollary 3.5. Let —1 < a3 < az <1 and n € C*. Furthermore, consider that a holomorphic mapping f € A meets
the condition

zf'(z)
0 z€eE). 3.10
o (2] # ( ) (3.10)
If we write 1)
z2f"(z) 2l k(2 1 (1 —an)z
2+ - ’ <1+ - ze k), 3.11
& @ i raitan  C€P (311
then we obtain ;2{:(22)) =< {7113;2} !
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Corollary 3.6. Let —1 < oy < as < 1 with as # 0 and suppose that |2=F| < ; or \O‘alﬁof\ < % where n € C*.
Furthermore, consider that a holomorphic mapping f € A meets the condltlon in in such a way that the

subordination given by

2f"(z)  2fak(2) L L [m(ar — az) +az]2
f'(z) f2j.k(2) 1+ sz

2f'(2) (a3 —eg)
holds, then we observe that £ < (14 agz) °z .

1+n|1+ (z €E), (3.12)

Using 11 =0, 72 = 1 with a,b € C*, n = ab and £(z) = W in the above Theorem together with application

of the Lemma [2:3] we arrive at the following conclusion as a corollary:

Corollary 3.7. Let a,b € C* in such a way that [2ab — 1] < 1 or |2ab+ 1| < 1. Furthermore, consider that a
holomorphic mapping f € A meets the condition in (3.10)) in such a way that

zf"(2) _ Zfé]k(z) - 1+2
f'(2) Jojk(z) 11—z

2+

then we see that

zf'(z) 1
. 3.13
Fon(s) -2 (349)
By putting n; =0, o =1, n = bs;:)\, a,be C* [N\ < 7, and {(z) = W in the above Theorem we

obtain the following;:

Corollary 3.8. Assume that a,b € C* and |A\| < T, and suppose that
|2abe™*cos\ — 1| < 1 or |2abe = cos\ + 1] < 1.

Furthermore, consider that a holomorphic mapping f € A meets the condition in (3.10)), and

oL Zf”(Z) Zféj,k:(z) 1+2
T+ bcosA fiz) f2.6(%) = 1-2
then,
) 1

fajp(z) (L= 2)2a>
Theorem 3.9. Suppose that the mapping ¢ € S : £(0) = 1 and it meets the condition

R (1 + Zf&) > max {o; R (2) } , (3.14)

where 7,y € C* and 711,12 € C with 1y 4+ 12 # 0. Furthermore, consider that a holomorphic mapping f € A meets the
condition in (1.1) and is in such a way that

(m +n2)2/"(2)

E
Mz f3;0(2) + n2f2,k(2) #0 (=<E),
and if the subordination relation given by
G+myp) ] 2 () + 2 () 0(2)
! 1+6 — . 4 3.15
@+ 2@ | YOV T @ B ) O (315

3=

(m+n2)zf'(2)
holds, then Zf27:1k(z)2+nzfzj 6 =< [0(2)]
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Proof . In order to acquire the appropriate proof, we examine the functional h as in (3.8), where h : h(0) = 1 is
holomorphic or analytic in E. From (3.8)), we can see that

n

[ (m +m)f'(2) -

nlzféj,k@f) + 772f2j,k(z)

2f"(2)  mz(fayu(2) +mezfan(2) | 2(2)
f'(z) Mmzfa; 1 (2) + m2fo5k(2) Ul

or we can write

l (m +m2)zf'(2) r [1 + 6 — mz(2f3;,6(2) + 12254 (2)

1
=4 Zz2h (2).
mzf35(2) + n2fa50(2) Mmzf3;5(2) + n2.f25k(2) ] iz + UZh )

On application of (3.15)), we can also write
1 !/ 1 !
Oh(z) + —zh'(2) < 6l(2) + =zl (2).
n n
We let 6(w) = dw and ¥(w) = % which are holomorphic or analytic on C containing ¢(E). We also let

Q) = 2 (20 [0(2)] = %w%z) (2 €E)

and

p(z) =0[0(2)] + Q(z) = dl(z) + %zf’(z) (z€E).

Since, Q(0) = 0 and Q’(0) = %6’(0) # 0. From the assumption given in (3.11)), we observe that @) € S* in E and also
we note that

R (Zg((j))) . <1+ % + zﬁ;g) >0 (2€E).

Thus, Lemma [2.1] leads to the implication h(z) < £(z). O

Taking ¢(z) = %;g;i in the above Theorem E where —1 < as < a3 < 1,79 =0 and n; = 1, we arrived at the

following conclusion:

Corollary 3.10. Let —1 < as < a3 < 1 and g € C* and § € C with maX{O;—?R (%)} < 1;}32! Furthermore,

consider that a holomorphic mapping f € A meets the condition in (3.14]) and also the subordination results given by

zf'(2)
féj,k(z)

z € E.

zf"(2) (Zféjk(z)),] - 61 + a1z (o — )z

1
1+6+ — = ,
f'(z) f356(2) T+azz 7 (1+agz2)?

’ n
holds, then we obtain [ 25 (Z))} < 1oz

féjyk(z l—aoz"’

Taking 72 =y =1, 1 = 0 and #(z) = 12 in the above Theorem then we get the following corollary:

1—=

Corollary 3.11. Assume that § € C with % () > 0. Furthermore, consider that a holomorphic mapping f € A meets
the condition in (3.10)), and moreover the subordination condition given by

3] oot - ] <

-z (1-2)72

holds, then we have

] <
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4 Superordination Results

Theorem 4.1. Suppose that £ : £(0) = 1 is convex in E, and v € C with R (g) > 0. Furthermore, consider that a
holomorphic mapping f € A meets the condition
zf'(z)
23,1 (2)

€Q

and the mapping ¢ in such a way that

Lo ) o

If the subordination result given by

, zf’(z) Zf//(Z) B Zfég,k(z)
W) +25(:) < 20 o (10 5 - )| (4

holds, then £(z) < fif/k((zz))

Proof . In order to acquire the appropriate proof, we examine the following functional:

_z2f(2)
ilz) = f256(2)

where h is holomorphic or analytic in E with h(0) = 1. Based on the simple calculations of the above result, we may

have
o A o) 22
mh(z) +yzh(z) = f2j.5(2) [77 o (1 * f(z)  fay(2) )} '

(z€E),

This assumption (5.1)) is similar to

nl(z) + vzl (z) < nh(z) +vzh'(2).

The mappings 0 : §(w) = nw and 1 : P(w) = 7 are holomorphic or analytic in C. Set p(z) = 2¢/(2)y [((z)] = vz¢'(2) :
p(0) = 0 and p'(0) = ¢ (0) # 0 for £ € C. As a result of some calculation, we observe that p € §* in E and also we

note that
0" ¢
m( “Z”) :m<”> >0,z €E.
P [e(z)] gl
The above condition and our deduction from Lemma along with the assumption laid down in (5.1) implies that
Uz) < p(z). O
Setting £(z) = 12222 in the above Theorem where —1 < ag < a1 < 1, we may have

1+azz

Corollary 4.2. Assume a holomorphic mapping ¢ € C : £(0) = 1 in E, and v € C with R (%) > 0. In addition,
consider that a holomorphic mapping f € A meets the condition given by
/
TG
23k (2)

and moreover suppose that the functional

2f'(2) [77 +v (1 2 Zféj’k(z)ﬂ €Ss.

fo5.k(2) () foiu(z)
! ( ) f'(z) f(z)  2f2;.(2)
1—oz o — 09z zf!'(z zf"(z _Zéj’kz
M ase " (T Ha2)? ~ fayul2) {77+7 <1+ f(z)  fan(2) H
then izauz o 2'(z)

14+azz foik(2)”
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Theorem 4.3. For the complex number n € C* and §,n;,7m2 € C with 71 + 72 # 0 and R (én) > 0, suppose that
£eC:£(0)=11in E. Furthermore, consider that a holomorphic mapping f € A meets the condition

(m +m2)2f'(2)
Mmzf3;(2) + n2f25k(2)

#0,z€E

and also assume that .
m+m:=r) ],
Mmzf3;(2) + 022,k (2)

If the mapping ¢ is given in such a way that

d(z)=0++

zf“(z)mz(zf;j,k(z))'+n2zféj,k<z>l m+m)=f() | s

f'(2) Mmzf35(2) + n2fo50(2) Mmzf35(2) + n2fo50(2)

and we have 1
66(z) + 523/@) =< #(2),

(mtn2)=f'(z) 1"
thena é(z)'< nlzféj’k(2)+7]2fk)(z):| ’

5 Sandwich Results
Theorem 5.1. Suppose that ¢ : £(0) = 1 is convex in E, and v € C with 3?( ) > 0. Furthermore, consider that a

n
Bt
holomorphic mapping f € A meets the condition

2f'(2)
Forn(®) © <
and the mapping ¢ in such a way that
2f'(2) { ( 2f"(z) zféj,k<z>)]
Fan@ "\ P T Rk )] ©F
If the subordination result given by
() { ( () zfsj,az)ﬂ
né(z) +v2t'(z) < e 17 ST Foin) )] (5.1)

holds, then £(z) < fo,,f(ZQY

Proof . In order to acquire the appropriate proof, we examine the following functional:

ey =L (em),

 faik(2)

where h is holomorphic or analytic in E with h(0) = 1. Based on the simple calculations of the above result, we may

have
o 2() 1) 2l
M) +reh () = 25 [n+v<1+ e e )}

This assumption (5.1)) is similar to

nl(2) + vzl (2) < nh(z) +vzh'(2).

The mappings 0 : §(w) = nw and 1 : P(w) = 7 are holomorphic or analytic in C. Set p(z) = 2¢'(2)¢ [£(z)] = v2¥'(2) :
p(0) = 0 and p'(0) = v¢'(0) # 0 for £ € C. As a result of some calculation, we observe that p € $* in E and also we
note that
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/
R4 (9 WZ)]) =R (77> >0,z €E.
P 1e(z)] gl
The above condition and our deduction from Lemma along with the assumption laid down in (5.1)) implies that
(z) < p(z). O

Setting ¢(z) = i;g; in the above Theorem where —1 < as < a7 < 1, we may have

Corollary 5.2. Assume a holomorphic mapping £ € C : /(0) = 1 in E, and v € C with (%) > 0. In addition,

consider that a holomorphic mapping f € A meets the condition given by

zf'(2)
f255(2)

€Q

and moreover suppose that the functional

G (14 20 Y]

If

1—ayz (1 — )z 2f'(2) zf"(2) B Zféjk(z)
Mo " (T 0227~ Fole) {”” (1 TR ) ﬂ

l1—ayz zf'(z)
then 1+oz;z T ()

Theorem 5.3. For the complex number n € C* and §,n1,7m2 € C with 71 + 72 # 0 and R (én) > 0, suppose that
£eC:4(0)=1in E. Furthermore, consider that a holomorphic mapping f € A meets the condition

(1 +m2)2f"(2)
Mmzfa;(2) + n2f256(2)

#0,z€E

and also assume that ,
(m +m2)2f'(2) co
Mmzfa; 1 (2) + m2fosk(2)

If the mapping ¢ is given in such a way that

dp(z)=1+5+

2f"(z)  mz(2f5;,(2) + 1225 4(2) [ (m + n2)zf'(2) ! cs

f'(2) Mmzf31(2) + n2fo50(2) Mmzf3;1(2) + n2fo5.(2)

and we have 1
0l(z) + Hzﬁ/(z) < ¢(z),

(m+n)zf'(z) 17
then, £(z) < mzf;j,,c(z>+n2fk)<z)} :

6 Sandwich Results
Combining the results describe in the Theorem [3.1] with Theorem [5.1] yields the sandwich results seen below.

Theorem 6.1. Assume that ¢; : £,(0) = 1 and ¢3 : {2(0) = 1 are convex mappings with v € C* and d6,7;,1m2 € C :
11 + 12 # 0. Further consider that a holomorphic mapping f € A meets the condition

2f'(z)
o () #0,z € E.
and,

f255(2)
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If the functional ¢ defined by

o= Gl e (1 - )] e

then, we may write that
v201(2) + 0t (2) < 9(2) < 72la(2) + 1l (2) -
Combining the results describe in the Theorem with Theorem [5.3| yields the sandwich results seen below.

Theorem 6.2. Consider that ¢; : £;(0) = 1 and ¢5 : ¢5(0) = 1 are convex mappings with n € C* and §,7;,7m2 € C :
n1 4+ n2 # 0. Further consider that a holomorphic mapping f € A meets the condition

(2 +m)zf'(2)

%0,z €E.
M2 fo; 1 (2) +m2f25,6(2)

and,

o +n)zf'(2) |
[nlzféj,k(z) + 772f2j,k(2)] €

If the mapping ¢ defined by

zf"(z) M22 fo; 1(2) +mz(2f3;,(2))
f'(z) Mmzf3; . (2) + n2fojk(2)

o(z) = [ el ) Lot

mzfa;(2) + n2fo56(2)

is such that ¢ € S in E, and
1 1
5%'1(2) +0l1(2) < ¢(2) < 526’2(2) + 00y (2) .

7 Concluding Remarks

In this research, by making use of first order differential subordination and superordination conditions, we deter-
mined some previously known families of mappings associated with 2j, k-symmetrical points. We also proved some
sandwich theorems based on specific assumptions about the parameters that are involved in our major findings. From
our discussion, it is obvious that the research is related with the existing literature of the subject. It may be kept
updated with the classical and emerging trends of geometric functions theory
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