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Abstract

The primary motivation of the paper is to give necessary and sufficient condition for the power series distribution
(Pascal model) to be in the subclasses VS, (9,7, k) and VC,(9,~, k) of analytic functions. Further, to obtain certain
connections between the Pascal distribution series and subclasses of normalized analytic functions whose coefficients
are probabilities of the Pascal distribution.
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1 Introduction

Let A denote the class of functions of the form:
fR) =24 a;2, (1.1)
j=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Also, let V be the subclasses of A consisting of
functions which are univalent in U, and with positive coefficients given by (see [11])

f(z):z+Zajzj,aj >0 (1.2)
j=2

respectively. We denote by SV(v) (1 < v < %) a subset of V consisting of all functions starlike of order +, i.e. such
that R (zf'(2)/f(2)) < (z € U), subclasses studied in [I1]. By S,(v, k) we denote the class of k— starlike functions
of order 7, 0 < v < 1, that is a class of function f, which satisfy the condition
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for details see [5]. Motivated by the above definitions and earlier work of Murugusundaramoorthy [6] we define the
following new subclasses of A.

Definition 1.1. For 1 <~ < dtr <9 <1,k >0 we let

1S, (0,7,5) = {feA:éR(iunei")(l_0);{;)(’2192]”@ ne“’> <7,ZEU}

and

oy I (2) + 2" (2) ;
2. Cp (¢ = (R (1 + ket — ke U..
G m:5) {fEA %(( TR Ty v oar () ") S EE
Also let VS, (9,7,k) =S, (¥,7,k) NV and VC, (9,7, k) = C, (9,7, k) N V.
By fixing ¥ = 0 we get the following subclasses studied in [9]

Example 1.2. For 1 <~ < AH'T“’H > 0, we let

() S, (y,5) = {f EAR ((1 + Heie)Zj:,(S) - /ﬂei9> <y ze U}
and

"
(i) Cply, k) = {f eA: §R(1+ (1+liew)zfl(i§)> <7,z € U}.
Also by fixing k = 0 we get the subclasses studied in [T1].

Further from Definition by assuming x = 0 we get the subclasses studied by Murugusundaramoorthy [6].

Example 1.3. Let 1 <y < %,0 <Y <1 welet

w0 = {1 evir (i) <veev)
vo,00) = {revir(FEELE) vl

Now, we determine the following necessary and sufficient conditions for f € VS, (9,7, k) and f € VC,(¥9,7, k).

Theorem 1.4. A function f € V given by (1.2) is in the class VS, (9, v, ) if and only if
DA +r) = (v+r) (1450 —D)]a; <y —1. (1.3)
=2

Proof . Let f be of the form (1.2). To show that f € VS,(¥,7, k), it suffices to prove that

i0 zf'(2) .
(1 + re) [4(1779),0(,2)%9#'@) 1}

<1.
20y — 1) — (1 + kei®) [WMM‘() _ 1} N
We have -
fllz) =1+ jaz"""
j=2
and -
(L= f(2) +02f'(2) = 2+ Y _(1+ 9 — D)a;z’.
j=2

Substituting these values we get

(14 re®) [ — (1+ 50 = 9)]az2/ !
=2 <1

2y — DL+ 32 (1449 — Dagzi=1] — (1 + kei®) 321 — (1 + ji - d)]ayzi-"

Jj=2 Jj=2
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and simple computation yields the desired result.
Conversely, we need only to prove the if f € VS, (9,7, k) and z is real then

i zf’(z) i
" ((1 M Ty (e e 9) =7

that is,

! (“ + e [(1 D T 1D <7oh

Thus, for proper # € R, z =7 <1 and a; >0, j € N, we get

i(lm{j— (9 — 9+ 1)}a;

) <v-1
1+ > (9 -9+ 1)a,
j=2

This completes the proof of case(i). O

Theorem 1.5. Let f € V be of the form (1.2), then f € VC, (9,7, ) if and only if
Dl +r) = () (1 +j0 - )] a; <y -1 (1.4)
j=2

Let f € VC, (9,7, k) be of the form (1.2). Then by definition we have

[ EVC, (0,7, k) <= zf € VS, (9,7, k)

thus we have f(z) = | 2+ >_ (ja;)z? | € VS,(9,, ). Hence by proceeding on lines similar to Theorem we
j=2

easily get (1.4). The main purpose of this paper is to survey the power series distribution for the analytic function

classes VS, (9,7, k) and VC, (9,7, k). We note that VS, (9,v,k) = M (19, %) [6] and VC,(0,v,k) =N (19, 11:) [@].

In the following sections, we obtain certain connections between the Pascal distribution series and subclasses of
normalized analytic functions whose coeflicients are probabilities of the Pascal distribution.

2 Necessary and sufficient conditions

The power series distribution is very useful in multivariate data research fields. This family of distributions,
particularly is used in survival and reliability studies. However, nowadays, the elementary distributions such as the
Poisson, the Pascal, the Logarithmic, the Binomial, the Burr-Weibull have been partially studied in the Geometric
Function Theory from a theoretical point of view (see [1], [2], [3], [4], [7], [8]). In this paper, we focus on the Pascal
power series distribution.

In this study we consider a non-negative discrete random variable X with a Pascal probability generating function

j+t—1
t—1

P(X])< >pj(1p)tv j6{07172’3a"'}7

where p, t are called the parameters.

Now, based upon the Pascal distribution, consider the following power series:
P(t,p,z) = I (1 — p)t o, 2.1
(t.p,2) z+;2(t1:)? (I—p)= (2.1)

where t > 1,0 < p <1,z € U. Note that, by using ratio test we conclude that the radius of convergence of the above
power series is infinity.
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We considered the linear operator

I;; A— A
defined by Hadamard product

I;f(z):P(t,pz Z<‘7+t > jfl(lfp)tajzj,ZEU.

=2

By considering above definitions and lemmas, we have the following necessary and sufficient conditions for the function

P.

Theorem 2.1. For p # 1, a necessary and sufficient condition for the function P given by (2.1) to be in the class
VS, (9,7, k) is
(I-9v+rk(1-9))tp

T, —(1=y)(1-p)f<2y-1). (2.2)

Proof . According to Theorem we must show that

zzcii12)UO+H%—W+RM1+ﬂ%ﬂMPj1O—PVS7—L

Therefore, by combining the relation (1.3)) and the implication (2.1)) , we let the equality

01(j, 07 k) = Z(Ht‘z)[j<1+~>—<v+ﬁ><1+w—0>1pj-l<1—p>t

‘ t—1
Jj=2

(j:E12> (L= dy+ k1 =9)(G=1)+1=]p" " (1=p)",

j=2

. ~[(j+t—2 -
©01(j.9,v.k) = (A=dy+r(1-7 Z(jt_l ) G-1p (1=-p)
=2

+ (-7 i(j:tl )j_l(l—p)t

J=

_ (1—197+m(1—19))tp(1—p)tz(j+t_2)pj‘2

+ 1-7d —p)ti (j :f; Z)pj‘l

=2

= -vss-nua-nt (77

+ (1= 0-p°) (j +_tI1>Pj —(1-7)(1-p)°

PN

(I-9vy+rK(1—-9))tp
_|_
L=p

But ©1(4,9, 7, k) is bounded above by v—1 if and only if (2.2)) holds. Thus the proof of Theoremis now completed.
O
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Theorem 2.2. For p # 1, a necessary and sufficient condition for the function P given by (2.1) to be in the class

ch(ﬂa 7> H) is

u—yﬁ+na—ﬁﬂt&+1nﬂ+j3—v+2n—mﬂy+nﬂm

1—p

—1-y1-pf<2y-1).

Proof . To prove that P € VC, (9,7, k), we must show that

j+t—2

) - G W= ) <

From the relation (1.4) and the implication (2.1)), we let

@2(j7197’>/7 ’Q)

Z<j+t2>j[j(1_|_,€)_(7+,€)(1+j19—19)]pj1(1—p)t

o\ b1

t - j+t*2 - - j—1
t-or-ola-pt S (TTEY) G- 0o
-2l a-nt S (T7 ) -0
==ty (FTE )

j=2

tx (JHt—2 -
D ) (S HE

B+ 25— 20 (7 + ) (1—p>tz(j“‘2)tpﬂ'2p

t
j=2
(=pa-p' (jffIZ))pj_l
[1—wm(l—ﬁ)]t(t+1)P2(1_p)tj:o (j:ﬂl> J

B—v+2ﬁ—%ﬂv+ﬁhpﬂ—pf§:<j+vpj

t
j=0
M (A R I
M=y +r(1—-9)]t(t+1)p? N [B—7v+2k—29(y+r)tp
(1-p)° lL=p

+ 1-7)-(1-701-p'<y-1

Thus, according to Theorem we conclude that P € VC, (9,7, k). O

3 Inclusion Properties

(2.3)

A function f € A is said to be in the class R™(u, 9), (7 € C\{0}, 0 < u < 1;p0 < 1), if it satisfies the inequality

(1= w2 4 puf(z) -1
2r(1— ) + (1 — L + uf/(z) -1

<1l, (z€U).
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The class R7(p, o) was introduced earlier by Swaminathan [I0](for special cases see the references cited there in)
and obtained the following estimate.

Lemma 3.1. [10] If f € R"(u, o) is of form (L.2)), then

_2kl0-0)

ol < TGy JENV) (3.1)

The bounds given in (3.1)) is sharp.

Making use of the Lemma we will study the action of the Pascal distribution series on the class VC,(9,~, )
in the following theorem.

Theorem 3.2. If p # 1 and f € R7(y, o), if the inequality

[(1—197+K(1—19))tp

= +(L—w-%1—vﬂl—pf]<uw_1) (3.2)

~2|r[(1—-o)

is satisfied, then Z%f(z) € VC,(¥,,K).

Proof . Let f be of the form (1.2) belong to the class R (u, 0). By virtue of Theorem [I.5]it suffices to show that

S lin) = (e @t io =0y 1) (T e a1

Since f € R (u, 0) then by Lemma [3.1] we have

_ 2019

ol < TG ey J N

|+t —2 :
Let ©3(0,7. %) }ja en =m0 (U1 a -t

t-1

@3(19773 ‘V‘:) < 2 |T‘ (1 - Q)

Dﬁg

JUA+R) - +R) A+ -] [+t -2\ ; ¢
1+ p(j— 1) < n—1>p (1=p)

[
¥

J

Since 1+ u(j — 1) > ju, we get

217 (1 — o) — i+t —2\ .
0a0. 7o) = OIS - amarg-o (V10 ) a-n)
j=2

Proceeding as in Theorem [T.5] we get

2v<r—m[u—ﬁw+nu—ﬂ»w

<
93(197’73 K:) U 1 —p

HL-9) ===
But ©3(¢,, k) bounded above by v — 1 if and only if (3.2]) holds. Thus the proof is complete. [J

Theorem 3.3. Let p # 1, then L(t,2) = [, L

»(0,7, k) if and only if

I-9y+k(1-9)tp
1—p

~(1-71-pt<2y-1). (3.3)
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Proof . Since ]
Jj+t— _— 2

t =z 4+ E J 1
) =2 ( t—1 ) ( P) j

then by Theorem we need only to show that

. 1/j+t—2\ . .
Zy )= e go -0 (T T ) pr <y,
That is, let
Out ) = S lia+m-Grmari-o) (710 -
< hon

Now by writing j = (5 — 1) + 1 and Proceeding as in Theorem we get

1-9y+rK(1—-9))tp
I-p

94@9,%):[ Ty - (- (1 p)

which is bounded above by v — 1 if and only if (3.3]) holds. [J

Concluding Remark: By taking x = 0 and specializing ¥ = 0 one can deduce above analogues results for various
subclasses given in Examples and and studied in [6] [0 [TT] with positive coefficients.
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