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Abstract

The problem of determining the zeros of regular polynomials of a quaternionic variable with quaternionic coefficients is
addressed in this study. We derive new bounds of the Enestrom-Kakeya type for the zeros of these polynomials by virtue
of a maximum modulus theorem and the structure of the zero sets in the newly developed theory of regular functions
and polynomials of a quaternionic variable. Our findings generalise several newly proven conclusions concerning the
distribution of zeros of a quaternionic polynomial.
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1 Introduction

Polynomial zeros have a long and storied history in mathematics. This study has been the inspiration for many
theoretical research (including being the original reason for contemporary algebra) and has a wide range of applications.
Limiting polynomials is a good concept since reaching the zeros of a polynomial can be difficult using algebraic and
analytic approaches. The fields first contributors were Gauss and Cauchy, and the subject dates back to approximately
the time when the geometric representation of complex numbers was introduced into mathematics. Cauchy’s [3] classic
result on the distribution of zeros of a polynomial can be phrased as follows:

Theorem 1.1. If p(z) = > ayz” is a polynomial of degree n, then all the zeros of p lie in

a?)
2| <1+ max |—|.
1<v<n-1la,

Although there are other results in the literature about the bounds for polynomial zeros (see [12], [13]), the striking
property of the bound in Theorem that distinguishes it from other such bounds is its ease of computation. This
simplicity, however, comes at the expense of precision. The following elegant result on the location of zeros of a
polynomial with restricted coefficients is known as Enestrom-Kakeya Theorem (see [5], [12], [13]) which states that:

Theorem 1.2. If p(z) = ZZ:O a,z" is a polynomial of degree n such that 0 < ag < a; < ... < a,, then all the zeros
of p liein |z < 1.

Email address: malikadil6909@gmail.com (Adil Hussain Malik)

Received: March 2022  Accepted: October 2022


http://dx.doi.org/10.22075/ijnaa.2022.26707.3393

1810 Hussain Malik

G. Enestrom appears to have been the first to obtain a finding of this sort while researching a problem in pension fund
theory. S. Kakeya [II] presented a paper in the Téhoku Mathematical Journal in 1912 that featured the following
more comprehensive result:

Theorem 1.3. If p(z) = ZZ:O a,2z" is a polynomial of degree n with real and positive coefficients, then all the zeros
of p lie in the annulus Ry < |z| < Ry, where Ry = ming<y<n—1 ay/ap+1 and Ry = maxo<y<n—1 Gp/0ypt1-

The Enestrom-Kakeya Theorem gives an upper bound on the modulus of the zeros of polynomials in a certain class
(namely, those polynomials with real, non-negative, monotone increasing coefficients). We can easily obtain a zero
free region for a related class of polynomials in the sense that we can get a lower bound on the modulus of the zeros.
In the literature, for example see ([, [9], [10], [12], [13]), there exist various extensions and generalizations of En-
estrom-Kakeya Theorem. In 1967, Joyal, Labelle, and Rahman [I0] published a result which might be considered the
foundation of the studies which we are currently studying. The Enestrom-Kakeya Theorem, as stated in Theorem B,
deals with polynomials with non-negative coefficients which form a monotone sequence. Joyal, Labelle, and Rahman
generalized Theorem [I.2] by dropping the condition of non-negativity and maintaining the condition of monotonicity.
Namely, they proved:

Theorem 1.4. If p(z) = ZZ:O a,z" is a polynomial of degree n such that ag < a1 < ... < a,, then all the zeros of p
1

lie in |z] < m(\ao\ + a, — ag).
Of course, when ag > 0, then Theorem [I.4] reduces to Theorem [I.2]
In this paper, we will prove some extensions and generalizations of above results for the class of polynomials with

quaternionic variable and quaternionic coefficients.

2 Background

This section contains some preliminaries on regular functions of a quaternionic variable which will be useful in the
sequel. In the recent study (for example, see [2], [6]-[8]), a new theory of regularity for functions, particularly for
polynomials of a quaternionic variable was developed, and is extremely useful in replicating many important properties
of holomorphic functions. One of the basic properties of holomorphic functions of a complex variable is the discreteness
of their zero sets (except when the function vanishes identically). Given a regular function of a quaternionic variable,
all its restrictions to complex lines are holomorphic and hence either have a discrete zero set or vanishes identically. In
the preliminary steps, the structure of the zero sets of a quaternionic regular function and the factorization property of
zeros was described. In this regard, Gentili and Stoppato [6] gave a necessary and sufficient condition for a quaternionic
regular function to have a zero at a point in terms of the coefficients of the power series expansion of the function.
Before we state our results, we need to introduce some preliminaries on quaternions and quaternionic polynomials.

Quaternions are the extension of complex numbers to four dimensions, introduced by William Rowan Hamilton in
1843. The set of all quaternions are denoted by H in honour of Sir Hamilton and are generally represented in the
form ¢ = a + i + jy + ké € H, where a,3,7v,6 € R and 1, j, k are the fundamental quaternion units, such that
i2 = j? = k? = ijk = —1. Each quaternion ¢ has a conjugate. The conjuate of a quaternion ¢ = o + i3 + jy + k¢ is
denoted by ¢* and is defined as ¢* = a — i3 — jy — kJ. Morever, the norm (or length) of a quaternion ¢ is given by

lgll = Vg™ = Va2 + B2+ 42 + 52

The quaternions are the standard example of a noncommutative division ring and also forms a four dimensional vector
space over R with {17 1,7, k} as a basis.

In 2020, Carney et al. [2] proved the following extension of Theorem for the quaternionic polynomial p(q). More
prescisely they proved the following result:

Theorem 2.1. If p(q) = >_I'_, q”a, is a quaternionic polynomial of degree n with real coefficients satisfying 0 < ag <
ay < ... < ay, then all the zeros of p lie in |¢| < 1.

They also proved by using Lemma [4.2] the following result:
n
Theorem 2.2. If p(q) = > ¢"a, is a polynomial of degree n with quaternionic coefficients and quaternionic variable.
v=0

Let b be a non-zero quaternion and suppose Z(a,,b) < 6 < 7/2 for some 6 and v =0,1,2,...,n. Assume

lan| > lan—1| > ... > |ao],
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then all the zeros of p lie in

_ 2sin 6 e
lg] < cos@ +sinf + Z|av|.
|an‘ v=0

We state our main results about quaternionic polynomials with restricted coefficients and the location of their zeros.
We start with the following generalization of Theorem

3 Main Results

Theorem 3.1. If p(q) = i q"a, is a polynomial of degree n with quaternionic coefficients and quaternionic variable.
Let b be a non-zero quatezr:lioon and suppose Z(a,,b) < 0 < 7/2 for some 0, v =0,1,2,...,n. Assume
lan| < lan—1] < ... <laria] < Aar| = far—1] > ... > |as| > aol,
where 0 < r <n and X > 1, then all the zeros of p lie in
1 n—1
lg] < {|an|(sin6‘ —cos0) + 2\ |a,| cos O 4+ 2(A — 1)|a,|sinf + 2sin§ Z lay] + 2|1 — )\||ar}.

‘an‘ v=0

If we take r = n in Theorem we get the following result:

n
Corollary 3.2. If p(q¢) = >_ ¢"a, is a polynomial of degree n with quaternionic coefficients and quaternionic variable.
v=0
Let b be a non-zero quaternion and suppose Z(a,,b) < 6 < /2 for some 0, v =0,1,2,...,n. Assume
Man| > |an—1] > ... > |a1]| > |ao],

where A > 1, then all the zeros of p lie in

. n—1
2sind
lg] < (sin€ —cos ) + 2Xcosh 4+ 2(A — 1)sin6 + % E lay] + 2|1 — Al
29
v=0

By taking A = 1 in above corollary, we get Theorem Similarly by taking » = 0 and A = 1 in Theorem [3.1} we
get the following result:

n
Corollary 3.3. If p(¢) = >_ ¢a, is a polynomial of degree n with quaternionic coefficients and quaternionic variable.
v=0
Let b be a non-zero quaternion and suppose Z(a,,b) < 6 < /2 for some 0, v =0, 1,2,...,n. Assume
lan| < lan—1] < ... <lax| < aol,

then all the zeros of p lie in

lg| < (sin@ — cos @) + 2 f
an

0+ 251n97§| |
COS Ay |-
|an‘ v=0 ’

n
Theorem 3.4. If p(q) = > ¢“a, is a quaternionic polynomial of degree n with quaternionic coeflicients a, =

v=0
Qy 18y + 7 + Ky, v=10,1,2,....n and for some k1, ko, k3, ks >1,0<p<1,0<A<n, 0<pu<n,0<¢<nand
0 <[ < n satisfying

kian > an_1 2> ... 2 pay <ax_1 <. < ap < a,
kaBrn = Bn-1 2> ... 2 pBu < Bu—1 < ... < P1 < Po,

k3Yn = Yn—1 = . 2 pye <ve—1 < oo <1 <0,



1812 Hussain Malik

k46n > 671—1 > > p51 < 5l_1 <...<h < 507
then all the zeros of p lie in
1
lg| < |a|{(|f¥0| +ag — |an|) + (|Bol + Bo — |Bnl) + (|70l + 0 = [vnl) + (I60] + o — [nl)
+ k1(an + lan|) + k2(Bn + 1Bnl) + k3(vn + [nl) + ka(6n + |0n]) — plax + By +ve + 1)

# L= p)llosl + 18,1+ bl + 15}
Applying Theoremto the polynomial p(q) having real coefficients, i.e., 8 = v = ¢ = 0, we have the following result:

n
Corollary 3.5. If p(q) = >_ ¢"a, is a quaternionic polynomial of degree n with real coefficients a,, v =0,1,2,...,n

v=0
and for some k1 > 1,0 < p <1 and 0 < X\ < n satisfying

kian > an_1 > ... 2 pay <ax_1 < ... <ap < ag,
then all the zeros of p lie in

1
al < |a|{(|ao| T a0 — anl) + ki(an + an]) — pax + (1 p)an}.

4 Lemmas

We need the following lemmas for the proofs of the main results. The first lemma is due to Gentili and Stoppato

[6].

o0 o0
Lemma 4.1. If f(q) = > ¢"a, and g(q) = > ¢"b, be two given quaternionic power series with radii of convergence
v=0 v=0

greater than R. The regular product of f(q) and g(q) is defined as (f x g)(¢) = >_ ¢”cy, where ¢, = > apb,_j. Let
v=0 k=0

lgo| < R, then (f x g)(qo) = 0 if and only if either f(go) =0 or f(qo) # 0 implies g(f(q0) ‘qo0f(q0)) = 0.
The following lemma is due to Carney et al. [2].

Lemma 4.2. Let qi, g2 € H, where ¢ = ay + i1 + jy1 + kdy and go = az +ifB2 + jvy2 + kda, £(q1,q2) = 20" < 20,
and |q1]| < |gz], then

lg2 — a1] < (lg2] — [q1]) cos 0 + (|g2| + [q1|) sin 0.

5 Proofs of the Theorems

Proof of Theorem 3.1. Consider the polynomial

n

flg) = qu(% —ay-1) + ao.

v=1

Let p(q) = (1 —q) = f(q) — ¢""ta,, therefore by Lemma p(q)* (1 —¢q) = 0 if and only if either p(q) = 0 or p(q) # 0
implies p(q) "*gp(q) — 1 = 0, that is, p(q) "*gp(q) = 1. If p(q) # 0, then ¢ = 1. Therefore, the only zeros of p(q)x (1 —q)
are ¢ = 1 and the zeros of p(q). For |g| = 1, we have

1F(@)] = lao+>_(ay — ay_1)]

n
é ‘a0| +Z|av - av71|

v=1
=laol + |an — apn_1|+ ... + |ary1 — ar| + |ap — ar_1| + ... + a1 — ag]
= lag| + |an — an—1| + .. + |ar11 — Aar + Aa, — ar| + |lar — Aar + Aay — ap_1| + ... + |a; — ag
<lao| + |an — an—1| + ... + |ar1 — Aar| + |Aar — ar—1| + 2|1 = Nar| + ... + a1 — aol-
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Now using Lemma [£.2] it follows that

[F(@)] <211 = Alar| + (Jan—1| = [an]) cos 0 + (Jan—1] + [an]) sin 6

+ (|an—2| — |an—1])cos @ + ... + (|Jan—2| + |an—1|) sin b + (A|a,| — |a,+1]|) cos

+ (Mar| + |lars1]) sin@ + (Mar| — |ar—1]) cos 8 + (Ma,| + |ar—1]) sin 6

+ ... + (laz] — |a1]|) cos @ + (Jag| + |a1]) sin @ + (Jai| — |ao|) cos 8 + (|a1| + |ao|) sin & + |ao|
= |ap|(sin @ — cos B) + 2\ |a,| cos 6 4+ 2(A — 1)]a,|siné

n—1
+2s,in6‘2|av\f|a0|(cos0+sin971)+2|17/\||ar|
v=0
n—1
< |ay|(sin @ — cos 0) + 2\ |a,.| cos O + 2(\ — 1)|ar|sin0+QSin02 lay| + 2|1 — Al|ar|.
v=0
Since
o+ ()] = e (2] = ey 70
max — )| = max|f( - )| = max )
|q|:1q q lal=1 q la|=1 !

therefore, g™ x f(%) has the same bound on |¢g| =1 as f(q), that is

1
q"*f(a)‘ < |an|(sin@ — cos ) + 2A|a,| cos @ + 2(X — 1)]a,|sind

n—1
—|—2sin92 lay] 421 = Al[a,| for [q| =1.
v=0

Applying maximum modulus theorem (7], Theorem 3.4), it follows that

1
q"*f<a)‘ < |an|(sin@ — cos0) + 2A|a,| cos 6 + 2(A — 1)|a,|sin @

n—1
+2sin60 ) " ay| +2/1 = Ala,| for g <1.
v=0
Replacing ¢ by %, we get for |g| > 1
£ (a)]
n—1
< {|an|(sin9 —cos )+ 2\|a,| cos @ + 2(\ — 1)|a,|sinf + 2sin b Z lay] + 2|1 — )‘|ar}|q|"- (5.1)

v=0

But [p(g) x (1 = q)| = |f(q) — ¢" " an| > anllg|" " — |f(q)]-
Using (5.1]), we have for |g| > 1

Ip(q) * (1 = q)| > |an|lq/"*"

n—1
- {|an|(sin9 —cosf) + 2\|a,| cos O + 2(A — 1)|a,|sin 6 + 2sin92 lay| + 2|1 — >\||a,«|}|q|".
v=0
This implies that [p(q) x (1 — ¢)| > 0, i.e., p(q) * (1 —q) # 0 if

n—1
1
lg| > {|an|(sin9 —cos0) + 2\|a,| cos O 4+ 2(A — 1)|ar|sin9+2sin92 lay] + 2|1 — )\||ar}.

|an| v=0

Since the only zeros of p(q) * (1 — ¢) are ¢ = 1 and the zeros of p(q). Therefore, p(q) # 0 for

n—1
1
lg] > {|an|(sin0 —cos )+ 2\|ay| cos 0 + 2(A — 1)|a,|siné + ZSinﬁz lay| + 2|1 — )\||ar}.

‘Cln‘ v=0
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Hence all the zeros of p(q) lie in

n—1
1
lq| < {|an|(sin9 — c0s0) + 2X|ay| cos 0 + 2(\ — 1)[a,|sin 0 + 2sin 0 Y _ [ay| + 2|1 — /\||ar}.

‘an‘ v=0
This completes the proof of Theorem

Proof of Theorem 3.4. Consider the polynomial

n

f(Q) = qu(aﬂu - av—l) + agp.

v=1

Let p(q)* (1 —q) = f(q) — ¢"ta,, therefore by Lemma p(q) *x (1 —¢) = 0 if and only if either p(q) = 0 or p(q) # 0
implies p(q) "1qp(q) — 1 = 0, that is, p(q)"tqp(q) = 1. If p(q) # 0, then g = 1. Therefore the only zeros of p(q) x (1 — q)
are ¢ = 1 and the zeros of p(q). For |¢| = 1, we have

1F(@)] < laol + D lay — ay 1]
v=1

n
< ool + 8ol + ol + 10| + Z{av ool 180 — Boca | + P — o] + 160 — 5v_1|}

v=1

= |ao| + |Bol + |70l + [do] + |an — 1] + |art1 — x|

A n—1
+Z|O‘v7av—l|+ Z |av7av—1|+|ﬂn76n—1|+|ﬂu+l75u|
v=1 V=A+2
o n—1
+ 3 1B = Bocal+ D 1Bo — Bo—tl + In — Yot | + Irear — x|
v=1 v=p+2
¢ n—1
+ Z |’Y11 - ’Yv—l| + Z h/v - ’Yv—l| + |6n - 6n—1| + |5l+1 - 5l|
v=1 v=C+2

l n—1
+Z|6v_6v71|+ Z |5v_6v71|
v=1

v=I+2

= |ao| + [Bol + [0l + [do] + [k1an + an — k1o — an_1] + [pax + axp1 — pay — ay|

A n—1
+ Z |av - av71| + Z |04v - 041171| + |k2ﬁn + ﬁn - k2ﬂn - ﬁn71| + |p6u + 5p,+1 - pﬁu - Bu|
v=1 v=A+2
" n—1
+ Z |5v - ﬁv71| + Z |6v - Bv71| + |k37n + Tn — k37n - 7n71| + ‘P’YC + Y41 — PYC — 7{'
v=1 v=p+2
¢ n—1
) e = vomtl+ D e = Yol F [Eaby + 0 — kadn — | + [0 + G141 — pdi — 6]
v=1 v=C+2

l n—1
+3 100 = dual + Y 16— duri
v=1

v=I[+4+2
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< Jao| + |Bol + [vol + 00| + [kr10 — an—1] + (k1 — D]an| + |axt1 — pax| + (1 — p)|ay]

A n—1

+ Z |av—1 - av' + Z |av - O‘U—l‘ + |k26n - 6n—1| + (k2 - 1)|/8n| + |Bu+1 - pﬁu' + (1 - P)|6u|
v=1 v=A+2
1% n—1

+ Z |/8'U—1 - ﬁv| + Z ‘ﬁv - /Bv—1| + |k‘37n - ’Yn—1| + (k3 - 1)‘7’ﬂ| + |7C+1 - prC| + (1 - p)h/d
v=1 v=p+2

¢ n—1
) et =Yl + D0 e = Yootl + [kabn — S| + (ks — 1)[0n] + 1011 — pdi] + (1= p)|di]
v=1 v=_(+2

l n—1
+Z |5v71 - 6v| + Z |5v - 5v71|

v=1 v=l+2
= laol + 1Bol + Ivol + [0 + [kram — an—1| + (k1 = Dfam| + [axts — pax| + (1 = p)lon|
+ |k2Bn = Bn—1| + (k2 = 1)[Bnl + [But1 — pBul + (1 = p)|Bul + k370 — Yn—1] + (k3 — 1) ||
+ et = pyel + (1 = p)lvel + [kadn — dn1| + (ks = 1)]0n| + |0141 — pdi] + (1 = p)|di]|
Fog—op o —apt . oy — a1 Fax—1 — o) Fange —axgl FQxp3 — Qag2
tootap1—an o+ Bo—Bi+B1—Bat ..+ Bu2—Bu-1+Bu-1— Byt Bus2
—Bur1 + B3 —Burz+ .+ Bt —Ba2t+0 -t —r2+ .+ Y2 — Y1
+ Y1 = Ve Ver2 = Ver1 — V3 — Ver2 o F Y1 — Yn—2 + 00 — 61 + 01 — 2
+oF 02 =01+ 01— 6+ 2 — g1 — 0143 —Oi42 + . F 01 — Op—2
= (o] + ao = |ew]) + (1Bol + Bo — [Bnl) + (70| + 70 = [7al) + ([60] + o — [6n)
+ ki(am + [an|) + k2(Bn + |Bnl) + k3(yn + [nl) + ka(0n + [0n]) — plax + By + v¢ + 61)

+ (L= p)(arl + [Bul + el +1ail)-

Since

ma o £ (2| = max| £ (2)| = max (0.

lg|=1 lg|=1 lg|=1

therefore, ¢™ * f(%) has the same bound on |¢| =1 as f(q), that is

" £(5 )] < (ol + a0 = aal) + (1ol + Bo = |3ul) + (1ol + 70 = [3a]) + (10l + = 6.

+k1(an + |an|) + k2(Bn + [Bal) + Ek3(vn + [vnl) + k(6 + [0n]) — p(ax + Bu + ¢+ 1)

+ (L= p)(larl + [Bul + [yel +|a])  for |gf = 1.
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After few steps as in the proof of Theorem we conclude that all the zeros of p(q) lie in

g < 1{(IO«)I + ao = [am]) + (180] + Bo = [Bnl) + (10l + 70 = |7nl) + (1] + o — [dn])

= an|

+ kl(an + |anD + k2(ﬁn + wnl) + k3(ym + |’7n|) + k4 (0 + ‘5n|) - p(a,\ + 5# + ¢+ 6l)
(1= p)(loal + 18l + el + |al|>}.

This completes the proof of Theorem [3.4]

6 Conclusions

Some fresh findings on Enestrom-Kakeya Theorem for quaternionic polynomials has been discovered that are useful
in determining the regions containing all the zeros of a polynomial.
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