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Abstract

The aims of this work are first solving set-valued functional inequalities involving additive and quadratic set-valued
mappings, and second investigations of their stability by using the fixed point method.
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1 Introduction

One of the well-known and elementary functional equations are equations of the following forms:

f@+y) = fl=)+ ), (1.1)
21 (154 = 1)+ 1) (1.2
Flet o)+ F—9) = 26(2) + 260, (1)

These equations are known ([, Chapter 1, 4]), respectively, as additive, Jensen’s and quadratic functional equations.
The mappings satisfying the functional equations (1.1), (1.2) and (1.3) are called additive, Jensen, and quadratic
mappings, respectively.

In the article [9], Park treated the functional inequalities of the following forms:
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where p is a fixed non—Archimedean number with |p| < 1. These above inequalities were generalized to

k k k k
e ) =S s < ol (20| - S ran ]|, (16)
j=1 j=1 j=1 Jj=1
1 k k k k
B2 Do | =D i@l < o | £ DXa | =D f@) || (1.7)
j=1 j=1 j=1 j=1

where k > 2 is a fixed integer and p is a fixed nonzero complex number with |p| < 1, in 2015 [10]. The stabilities of
functional inequalities (L.4)), (1.5)), (1.6]), (1.7) are also established.

In another direction, there are many mathematicians have studied the stability theory of set—valued functional
equations in various types. For all closed convex subsets A, B in a Banach space, we here denoted by

A®B=4A+B (1.8)

a closure of the set A+ B :={a+b:a € Ab e B}. In 2019, Park et al. [II] introduced and solved the functional
inequalities, which respective are the set—valued equation forms of (1.4]) and (1.5)), as follows:

wF@+ ). @ o FG) < oo (F(T5Y ) o r@ e ). (19)

" (F <$-2H/> @F(x)@F(y)> < p WP ty) Fl) @ Fy), (1.10)

where p < 1 is a positive real number and h(A, B) is a Hausdorff distance between A and B. An analysis of their
stability was also investigated. In 2017, Lee et al. [7] introduced the set—valued functional equation of the following
form

fla+y) @ flz—y)=2f(z) ®2f(y). (1.11)
They also proved the stability of this set—valued functional equation (1.11)).

In the present work, we treat the following set—valued functional inequalities:

MGz +y) &Gz —y),2G(x)) < k- h(G(z+y),G(x)® Gly)), (1.13)

h(F(z+y),F(z)® F(y) < ki-hF(x+y)® F(x—y),2F(x)), (1.12)
)

hMH(z+y)® H(x —vy),2H(z) ® 2H(y))
< ks-hH@x+y+2)@Hax+y—2)@Hy+z—2)®H(z+z—y),

A[H(z) ® H(y) ® H(2)]), (1.14)
MLz+y+2)0L(x+y—2)@®Lly+2—2)® Lz +x —y),4[L(z) &4 L(y) ® L(2)])
< ky-h(L(z+y)® Lz —y),2L(x) ® 2L(y)), (1.15)

where ki, ko, k3, and k4 are fixed positive real numbers with & < ?,kz < 1l,k3 < %, and k4 < 2. The first two

functional inequalities ([1.12)), (1.13)) are related to addtive mappings, while the remaining inequalities ([1.14)), (1.15)
are involved to quadratic mappings. By using fixed point method, moreover, an analysis of their stability is also
demonstrated.

As witnessed above inequalities (1.12)), (1.13), (1.14)), (1.15|) are associated with the fixed constants k1, k2, k3 and kq,
we shall refer collectively to functional inequalities like (|1.12)) or (1.13]) as an additive set-valued k—functional inequality,
and also call the functional inequalities like (1.14) or (1.15) as a quadratic set-valued k—functional inequality.

2 Preliminaries

In this section, we gather some elementary properties involving the set—valued functional equations as well as the
fundamental theorem in fixed point theory, which are needed in our main results.

Throughout this paper, let X be a real vector space, and Y a real Banach space. Let ki, ko, k3, and k4 be fixed
positive real numbers subjecting to k; < g, ko < 1,k3 < %, and k4 < 2. Denote generically, unless otherwise specified,
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by 2V, Cy(Y), C.(Y), and C(Y) the set of all subsets of Y, the set of all closed bounded subsets of Y, the set of all
closed convex subsets of Y, and the set of all closed convex bounded subsets of Y, respectively. Define the addition
and the scalar multiplication on 2Y as follows:

A+B:={r+y: x€AyeB} and M:={\z: zeA}, (2.1)
where A, B € 2¥ and A € R. Using the same notation as (1.8)), it is easily checks that
MAAB=XNA+B) and A+p)ACAIA+puA (2.2)

for all A, B € 2Y and all A\, € R. Furthermore, we have
(1) If C € 2Y is convex, then

A+ p)C = \C + uC (2.3)
for all A\, u € RT.
(2) U, V,W € Cu(Y), then

UeW=VeW implies U=V (2.4)

For any pair F,G € Cy(Y), define the Hausdorff distance between F' and G by
h(F,G):=if{ A\>0 : FCG+ABy, GC F+ By}, (2.5)

where By is the unit closed ball in Y.

Since Y is a Banach space, it is proved that (Cu(Y),®,h) is a complete metric semigroup ([I, Chapter IIJ).
Moreover, (Cep(Y),®,h) is isometrically embedded in a Banach space ([2]). Some properties, which are directly
obtained from the Hausdorff distance, are revealed as follows.

Proposition 2.1 ([I]]). For every A, B,C,D,FE € C,(Y) and A > 0, we have

(i) h(A® B,C @ D) < h(A,C) + h(B, D);
(ii) h(MA,AB) = Ah(A, B);
(i) h(A,B)=h(A® E,B®E).

We next give the definition of a generalized metric space as well as the fundamental theorem in the fixed point
theory which is related to the present work.

Definition 2.2 ([8]). Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on X if d satisfies
the following conditions:

(D1) d(xz,y) =0 if and only if x =y;
(D2) d(z,y) =d(y,z) forall z,y € X;
(D3) d(z,z) < d(z,y) +d(y,z) forall z,y,z € X.

The ordered pair (X, d) is also called a generalized metric space.

Note that the distinction between the generalized metric and the metric is that the range of the former is permitted
to include the infinity. Let (X, d) be a generalized metric space. An operator T': X — X satisfies a Lipschitz condition
with a Lipschitz constant L if there exists a constant L > 0 such that

d(Tz,Ty) < L d(z,y) (2.6)
for all x,y € X. If the Lipschitz constant L < 1, then the operator T is called a strictly contractive mapping.

The following result is the well-known fundamental theorem in the fixed point theory.

Theorem 2.3 ([3]). Let (X,d) be a complete generalized metric space and let J : X — X be a strictly contractive
mapping with a Lipschitz constant o < 1. Then for each given element x € X, either

d(J"z, J" M r) = 0o

for all nonnegative integers n, or there exists a positive integer ng such that the following assertions hold:



1050 Suriyacharoen, Sintunavarat

(1) d(J "z, J"z) < 00 Vn > ng;
(2) the sequence {J™z} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in theset Y ={y € X : d(J™x,y) < oo};

(4) d(y,y*) < (ﬁ) d(y, Jy) forally € Y .

3 Additive and Quadratic Set—Valued k—Functional Inequalities

In this section, the function solutions satisfying the functional inequalities (1.12)), (1.13]), (1.14)), and (1.15) are
determined. Our results are involved the use of additive and quadratic set—valued mappings which are defined as
follows.

Definition 3.1. Let f,g: X = (Ce(Y), ®) be set-valued mappings.
(i) ([6], [I1]) The additive set-valued functional equation is defined by

flz+y) = f(x) & fy) (3.1)

for all z,y € X. Every solution of (3.1) is called a additive set—valued mapping.
(ii) ([7]) The quadratic set-valued functional equation is defined by

g(x +y) @ glr —y) = 29(x) © 29(y) (3.2)

for all z,y € X. Every solution of (3.2)) is called a quadratic set-valued mapping.

Theorem 3.2. Let F,G : X — (Cu(Y),®) be set—valued mappings with G(0) = {0}. Then F and G satisfy the
following functional inequalities

WF(x+y), F(z)® F(y)) < kih(F(z+y)® F(x —y),2F(z)), (3.3)
h(G(z+y) @ G(r —y),2G(x)) < kh(G(z+y),G(z)®G(y)) (3.4)

for all z,y € X, where k1 < % and ko < 1 are fixed positive real numbers, if and only if F' and G are additive
set—valued mappings.

Proof . To solve (3.3)), putting x = y = 0 into (3.3]), we have
h(F(0),2F(0)) < k1h(2F(0),2F(0)) =0 (3.5)
since F'(0) is convex, yielding that F'(0) = {0}. Next, setting z = y in (3.3)), we get

(1 — k)h(F(22), 2F (z)) < 0. (3.6)

Since k1 < ?, we must have h(F(2z),2F(x)) =0, and so

for all z € X.
Letting ¢t = x + y and s = & — y, the inequality (3.3]) becomes

h (F(t), %F(t +s)@ %F(t - 5)) < kb (F(t) & F(s), F(t + 5)) (3.8)

by using (3.7), so that
h(2F (L), F(t+ 8) & F(t — 8)) < 2k1h (F(£) & F(s), F(t + 5)) (3.9)
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for all t,s € X. Using and (3.9), we see that
h(F(z +y), F(z) ® F(y)) < 2k{h(F () ® F(y), F(z + y)), (3.10)
and so
(1 —2k)h(F(z +y), F(z)® F(y)) <0 (3.11)
for all z,y € X. Since k1 < g, we get
h(F(x+vy), F(x)® F(y)) =0, (3.12)
yielding that
F(x+y) = F(z) ® F(y) (3.13)

for all z,y € X, as desired.
To solve (3.4)), setting t = x + y and s = z — y in (3.4]), we obtain

h (G(t) @ G(s),2G <t;8>) < koh (G(t),G (“;5) ®G <t 3 s)) (3.14)

for all t,s € X. Putting s =0 in ), by using G(0) = {0} and the convexity of range of G, we have

() o fon (3)
(o)) o

G(t) = 2G (2> (3.17)
for all t € X, since ko < 1. Taking (3.17) back into (3.14) and using (3.4)), we see that
h(G(t) ® G(s),G(t + s)) < kah (G(t),

@h(gg( t),G(t+s)d Gt —s))

k2

and so

giving that

%[G(t +5) @Gt — s)])

h (G(t+s),G(t) ® G(s)),
so that
k3
— 5 hG()® G(s),G(t+5)) <0 (3.18)
for all ¢t,s € X. Since ko < 1, the inequality (3.18) yields
hG(t) ® G(s),G(t+ s)) =0, (3.19)
and the additivity of G henceforth follows immediately. The converse is obviously holds. [

Theorem 3.3. Let H,L : X — (Ce(Y), ®) be set—valued mappings with H(0) = {0} and L(0) = {0}. Then H and
L satisfy the following functional inequalities

h(H(z +y) © H(x —y),2H (v) © 2H (y))

< ksh(Hz4+y+z2)@H@a+y—2)@Hy+z—z) e HEz+z—vy),

A[H(z) ® H(y) © H(2)]), (3.20)
MLz+y+2)@Lx+y—2)@Lly+z—x)® Lz +x—y),4[L(z) & L(y) ® L(2)])
< ksh(L(z +y) ® L(z —y),2L(z) ® 2L(y)) (3.21)

for all z,y,z € X, where kg < % and k4 < 2 are fixed positive real numbers, if and only if H and L are quadratic
set—valued mappings.
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Proof . If H and L are quadratic mappings, then the inequalities (3.20) and (3.21) clearly hold.

Conversely, to solve (3.20)), taking x = z = 0 in (3.20)) and using the convexity of range of H, we have

h(H(y) ® H(-y),2H(y)) < ksh(3H (y) ® H(~y),4Hy))
which equivalent to
h(H(y) ® H(=y), H(y) © H(y)) < ksh(3H (y) ® H(—y),3H(y) © H(y))
for all y € X. By virtue of Proposition (iii), the inequality goes over into
h(H(=y), H(y)) < ksh(H(=y), H(y)),
and so (1 — ks)h(H(—y),H(y)) < 0. Since k3 < 3, we must have
H(y) = H(-y)
for all y € X. Putting z =0 in and using , one obtains

h(H(z +y)® H(z —y),2H(z) ® 2H(y)) < ksh(2H(z +y) ® H(y — ) & H(z — y),4[H (z) & H(y)])

[
= ksh(2H (x4 y) ® 2H (x — y),4[H (x) ® H(y)])
=2ksh(H(z+y) ® H(x — y),2H (z) ® 2H(y))

so that
(1 —2k3)h(H(z+y)® H(z —y),2H(z) ® 2H(y)) <0
for all z,y € X. Since k3 < %, we get
hMH(x+y)® H(x —y),2H(z) ®2H(y)) =0
and the result follows.
To solve (3.21)), taking y = z = 0 in (3.21)), we get
h(2L(x) ® L(—x) @& L(z),4L(x)) < ksh(2Lz),2L(z)) =0
giving that A(L(—x), L(x)) = 0. Thus,
L(z) = L(-x)
for all x € X. Letting z =0 in and using , we see that
2h(L(z +y) ® L(x —y),2L(x) ® 2L(y)) < ksh(L(z +y) & L(z — y),2L(z) ® 2L(y))
so that
(2 = ka)h(L(z +y) & L(x — y),2L(x) & 2L(y)) <0
for all z,y € X. Since k4 < 2, we have
h(L(z +y) ® L(x —y),2L(x) & 2L(y)) =0
and hence
Lz +vy)® L(z — y) = 2L(z) © 2L(y)

for all z,y € X, proving that L is a quadratic. [J

4 Stability

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

In this section, we investigate first the stability of the additive set—valued k—functional inequalities (1.12]) and

(1.13), and second of the quadratic set—valued k—functional inequalities (1.14]) and (1.15)).
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4.1 Stability of Additive Set—Valued k—Functional Inequalities
Theorem 4.1. Let ¢ : X? — [0,00) be a fixed function for which there exists L < 1 such that

xry
forall z,y € X. If f: X — (Cp(Y), ®, h) is a mapping satisfying f(0) = {0} and
MG+ 0). 1) © F0) < h(F(a+9) & flo —).20 () + o(2.0) (4.2
for all z,y € X, then there exists a unique additive set-valued mapping F : X — (Cp(Y), ®, h) such that
1
<|— 4.
P F @) < (5o ) o (4.3

for all x € X. Moreover, if there exists positive real numbers r < 1 and M such that
diam f(z) < M |z||'y
for all x € X, then F'(z) is a singleton set.
Proof . Putting y = z into (4.2) and using the convexity of range of f with f(0) = {0}, we have

h(f(2z),2f(x)) < k1h(f(22),2f(z)) + ¢(z, x) (4.4)
for all x € X, and so

(1) 3500) < (55 ) wlo) (45)

Si={g: X = Ca(Y) | 9(0) = {0}}

for all x € X. Constructing the set

with the generalized metric

d(g,h) := inf{p € (0,00) | h(g(z), f(z)) < p-p(x,x) Ve X},

where, as usual, inf ) = +oo. Then it is easily shows that the pair (S, d) is a complete generalized metric space; see
also [4]. Define a linear mapping J : S — S by

1

Jgl@) = 59 (20) (16)

for all z € X and for each g € S. Then for given g, f € G with d(g, f) = €, we have
h(g(x), f(x)) < ep(z, )

and so

(Tale). 7 £e)) = h (3o (20) 3120)) = 5h(a(20). (20)) < 5p(20,20) < eLplz. )

| ™

yielding that d(Jg, Jf) < eL, and we arrived at
d(Jg,Jf) < Ld(g, f) (4.7)

for all g, f € S. This means that J is a contractive mapping with a contractive constant L < 1. Moreover, the

inequalities and give
B T1@) = (5 ) elna) (4.9

and so

1
a(f,Jf) < m

Theorem henceforth now applicable and implies that there exists a mapping F : X — (C,(Y), @, h) satisfying the
following assertions:

(4.9)
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(i) Fis a fixed point of J, i.e., F(z) = JF(z) = $F(2z) and so
F(2z) = 2F(x)
for all x € X. Moreover, the mapping F' is unique in the set
K:={geS : d(fg) <oc}.
This means that F' is a unique mapping satisfying and
h(f(2), F(@)) < Cipla, )
for some C € (0,00) and all z € X

(ii) d(J™f,F) — 0 as n — oco. This gives

for all x € X;

(i) d(f,F) < (ﬁ) d(f,Jf). This implies that

1
d(f(z), F(x)) < 20— k)1 -1L)

for all z € X, and the desired (4.3)) follows.

Suriyacharoen, Sintunavarat

(4.10)

(4.11)

(4.12)

(4.13)

To show that a mapping F' is an additive set—valued mapping, using (4.1)), (4.2), (4.12), and Proposition we

obtain

n—o00 2

WF(z +y), F(z) ® Fy)) = h ( lim %f@"(w +y)), lim 2%]”(2%) @ lim ;nf(?”y))

n—o0

= lim o h((2" 2, f(2) © f(2')

n—oo 2N

< lim L (20 + 2') @ F(2M — 2M), 2£(2"0) + p(2"x + 2)]

1 1 1
< 1 — n n 3 _ Ny _ ON : - n
< kih <nlgrl an(2 x+2 y)@nlgrgo 2nf(? x —2 y),2nlgrl an(Q x))

1
+ lim 27@(2":5, 2"y)

n— oo

1
<k h(F(z +y) @ F(z — y),2F(z)) + lim 2—”-2"~L"-<p(x y)

n— oo

and so
hE(z +y), F(z)® F(y)) < kih(F(z +y) & F(z —y), 2F(2))
for all z € X. Theorem hence now implies that F' is an additive.
Moreover, let r, M € RT with r < 1 and diam f(z) < M ||z|s. Then
. 1 n 1 n,_.|r —n(1-r) T
diam 2—nf(2 x)) < 2—nl\4||2 zly =2 M|z -

Since 21— < 1,

. . 1 " . Cn(l—r r
lim diam <2nf(2 a:)) < nIEEOQ @ )M”xHx =0

n—oo

showing that F(z) = lim,—,oc 57 f (2") is a singleton set, and Theorem is proved. [

272
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Corollary 4.2. Let 0 < p < 1 and € > 0 be real numbers. If f : X — (Cu(Y),®,h) is a mapping satisfying
f(0) = {0} and

h(f(@+y). f@) @ ) <kb(f@+y) @ fl@—y).2f(@) +0 (% + lvI%) (4.14)

for all x,y € X, then there exists a unique additive set—valued mapping F : X — (Cx(Y), @, h) such that

D) Fe) < (o= ) Il (1.15)

for all x € X. Moreover, if there exists positive real numbers p and M such that
diam f(z) < M ||zl

for all x € X, then F(x) is a singleton set.

Proof . Define ¢(z,y) := 6 (||z||% + ||y|’%)- Then
T T T
20
“0(2 2) 2

T x T x
s :217 (—,—):2.21771. (7’7).
p(z,z) Y535 35

py 1
) = g,

+[3
2

p
b'e
and so

Choosing L = 2P~!, then

1 20 p
h(f(z), F(z)) < (2(1—l<:1)(1—L)> p(z,z) = <(1—k1)(2—2p)) [Edi
for all x € X, as desired. O

Theorem 4.3. Let ¢ : X? — [0,00) be a fixed function for which there exists L < 1 such that

L
plwy) < o (22, 2y) (4.16)
forallz,y e X. If f: X = (Cp(Y), ®, h) is a mapping satisfying f(0) = {0} and

h(f(xz+y), f(z)® f(y) < kih(f(z+y) @ flz—y),2f(x)) + p(z,y) (4.17)

for all z,y € X, then there exists a unique additive set-valued mapping F : X — (Cp(Y), ®, h) such that

h(f(z), F(z)) < <2(1k1L)(1L)) o(x, ) (4.18)

for all x € X. Moreover, if there exists positive real numbers r < 1 and M such that
diam f(z) < M o]}
for all x € X, then F'(z) is a singleton set.
Proof . Setting y = x in , we obtain
h(f(2x),2f(x)) < k1h(f(22),2f(x)) + o (z, ),

since range of f is convex, and so

rr@2r (3) = (75 ) e (5:3) (419

for all x € X. Using the same arguments as in the proof of Theorem [} constructing the set

Si={g: X = Co(Y) | 9(0) = {0}}
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with its generalized metric

d(g,h) == inf{u € (0,00) | h(g(z), f(z)) < p- p(z,x) Vo€ X},

where, as usual, jnf () = +0o. Then the pair (S,d) is a complete generalized metric space; see also [4]. Also, define a
linear mapping J : S — S by

Jg(z) =2g (g) (4.20)

for all z € X and for each g € S. Then it is easily verify that J is a contractive mapping; indeed, if d(g, f) = €, then
one can show that d(Jg, Jf) < Ld(g, f) by using (4.16) and (4.20). Moreover, the inequalities (4.16) and (4.19) give

d(f.Jf) <~

< ST E (4.21)

The rest of the proof of the theorem is similar to that of Theorem [4.1] O

Corollary 4.4. Let p > 1 and 6 > 0 be real numbers. If f: X — (Cp(Y),®, h) is a mapping satisfying f(0) = {0}
and

h(f(z+y), f(z) @ fy) < kh(f(z+y) & fx—y),2f (@) + 0 (=[5 + lyll%) (4.22)
for all z,y € X, then there exists a unique additive set—valued mapping F : X — (Cep(Y), ®, h) such that

D F @) < (g ) ol (4.23)

for all x € X. Moreover, if there exists positive real numbers p and M such that
diam f(z) < M ||=||%

for all x € X, then F'(z) is a singleton set.

Proof . Taking ¢(z,y) := 0 (||z|% + |ly|l%) and choosing L = 2'P, we have

L 20 )
h(f(z), F(z)) < (2(1—]‘31)(1—L)> Pz, x) = <(1—k1)(2p—2)) =l

for all x € X, as desired.

Using the same arguments as in the proofs of Theorems and and using Theorem [3.2] it is easily verify that
the following results hold whose analogous proofs are omitted.

Theorem 4.5. Let ¢ : X? — [0,00) be a fixed function for which there exists L < 1 such that

ry
< -, = .
e(x,y) _2L<p(2,2) (4.24)
forall z,ye X. If g: X — (Cu(Y),®, h) is a mapping satisfying ¢g(0) = {0} and

hg(z+y) &gz —y),29(x)) < k2h(g(x +y),9(x) ® 9(y)) + ¢(z,y) (4.25)
for all x,y € X, then there exists a unique additive set—valued mapping G : X — (Cs(Y), B, h) such that

b6, 66 < (5= ) ¥l (4.26)

for all x € X. Moreover, if there exists positive real numbers r < 1 and M such that
diam g(z) < M |||y

for all z € X, then G(z) is a singleton set.
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Corollary 4.6. Let 0 < p < 1 and 8 > 0 be real numbers. If g : X — (Cu(Y),®,h) is a mapping satisfying
9(0) = {0} and

h(g(z+y) © gz —y),29(x)) < k2h(g(z +y),9(x) ® 9(y)) + 0 (=l + lyll%) (4.27)
for all z,y € X, then there exists a unique additive set—valued mapping G : X — (Cep(Y), ®, h) such that

20

06(0).60) < (g ) 14 (1.25)
for all x € X. Moreover, if there exists positive real numbers p and M such that
diam g(z) < M |||
for all € X, then G(z) is a singleton set.
Theorem 4.7. Let ¢ : X? — [0,00) be a fixed function for which there exists L < 1 such that
p(z,y) < gw (22, 2y) (4.29)
forall z,y € X. If g: X — (Cp(Y), ®, h) is a mapping satisfying ¢(0) = {0} and
h(g(x+y) @ gz —y),29(x)) < k2h(g(z +y), 9(x) © g(y)) + @(x,y) (4.30)
for all z,y € X, then there exists a unique additive set—valued mapping G : X — (Cp(Y), ®, h) such that
M0 66 < (g ) ¢l (1.31)
2(1 = k2)(1 = L)

for all x € X. Moreover, if there exists positive real numbers r < 1 and M such that
diam g(z) < M |||y

for all x € X, then G(z) is a singleton set.

Corollary 4.8. Let p > 1 and 6 > 0 be real numbers. If g : X — (Ce(Y), B, h) is a mapping satisfying ¢g(0) = {0}
and

h(g(z +y) @ glz —y),29(x)) < k2h(g(z +y), g(x) ® g(y)) + 0 ([lz]% + llyll) (4.32)
for all x,y € X, then there exists a unique additive set—valued mapping G : X — (Cx(Y), B, h) such that

h00).66) < (o ) Il (433

for all x € X. Moreover, if there exists positive real numbers p and M such that
diam g(z) < M |||

for all z € X, then G(z) is a singleton set.

4.2 Stability of Quadratic Set—Valued k—Functional Inequalities
We now arrive at the investigations of the stability of inequalities (1.14)), (1.15)) involving the quadratic mappings.

Theorem 4.9. Let ¢ : X? — [0,00) be a fixed function for which there exists L < 1 such that

T Yy z
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for all z,y,z € X. If n: X — (Cp(Y), ®, h) is a mapping satisfying n(0) = {0} and

h(n(z +y) ®n(z —y),2n(z) © 2n(y))

< ksh(n(z +y+2) & n(z+y— 2) & nly + 2 — ) Sz + 2 — y), dln(x) @ nly) Sn(2)) + p(z,y,2)  (4.35)
for all z,y,z € X, then there exists a unique quadratic set—valued mapping H : X — (C(Y), @, h) such that

h(n(z), H(z)) < (4(1 — 2];)(1 — L)> o(z,z,0) (4.36)

for all x € X. Moreover, if there exists positive real numbers r < 2 and M such that
diam n(z) < M ||z’

for all x € X, then H(z) is a singleton set.

Proof . Letting y = x and z = 0 in (4.35)), by the convexity of range of n and n(0) = {0}, we have

h (n(2z),4n(z)) < ksh(2n(2z),8n(z)) + ¢(z, z,0), (4.37)
and so
(1 = 2k3)h(n(2z),4n(x)) < p(z,z,0) (4.38)
for all z € X. That is,
h (n(22), 4n(z)) < (1 _1%3) (3,7, 0) (4.39)

for all x € X. Constructing the set
Si={g: X = Ca(Y) | 9(0) = {0}}

with its generalized metric
d(g,h) == inf{u € (0,00) | hlg(a), (@) < - pla,2,0) Vo € X},

where, as usual, inf ) = +00. Then it is easy to show that the pair (S, d) is a complete generalized metric space; see
also [4]. Next, define a linear mapping J : S — S by

To(x) = 19(27) (4.40)

for all z € X and for each g € S. Then for given g, f € S with d(g, f) = €, we have
h(g(x), f(z)) < ep(x, ,0)

and so

¢(2z,22,0) < eLy(z, z,0)

1o

o), 7)) =1 (G0 20). §F(20) ) = {ho(20), 20) <

yielding that d(Jg, Jf) < eL. We now arrived at

d(Jg,Jf) < Ld(g, f) (4.41)
for all g, f € S, showing that J is a contractive mapping with a contractive constant L < 1. Moreover, the inequalities
[£39) and (TA0) give

1
h J < | 0 4.42
(1) 11(0) = (g ) ¥l (142)
and so
1
d < 4.4
(. I0) < G5 (4.43)

Theorem thus now ensures that there exists a mapping H : X — (Ce(Y), ®, h) satisfying the following assertions:



Additive and quadratic set-valued k-functional inequalities and their stability 1059

(i) His a fixed point of J, i.e., H(z) = JH(z) = +H(2z) and so
H(2z) = 4H(x) (4.44)
for all x € X. Moreover, the mapping H is unique in the set
K:={geS : d(f,g) < oo} (4.45)
This means that H is a unique mapping, which satisfies (4.44)), in which there exists C' € (0, 00) such that
h(n(z), H(z)) < Co(x,z,0)
for all x € X;

(ii) d(J*n, H) — 0 as k — oco. This gives

1 k
H(z) = lim <4) n (2z) (4.46)
for all x € X;

(iii) d(n,H) < (ﬁ) d(n,Jn). This implies that

(4.47)

for all z € X, and the desired (4.36]) follows.

The rest of the proof of the theorem is similar to that of Theorem O
Corollary 4.10. Let 0 < p < 2 and 6 > 0 be real numbers. If n : X — (Cup(Y), P, k) is a mapping satisfying
n(0) = {0} and

h(n(z +y) ®n(z —y),2n(z) © 2n(y))
Sksh(n(z+y+z)®n(z+y—2) @n(y+z—x)dn(z+2—y),4n(x) ®n(y) ®n(2)])
+0 (=l + llylx + 120%) (4.48)
for all z,y, z € X, then there exists a unique quadratic set—valued mapping H : X — (C(Y), @, h) such that

), 10 < (g ) Il (1.49)

for all x € X. Moreover, if there exists positive real numbers p and M such that
diam n(z) < M ||z|/%

for all x € X, then H(z) is a singleton set.
Proof . Taking ¢(z,y,2) == 0 (|z|% + [[y|l% + |z]%) and choosing L = 2P~2, the assertion follows immediately. [J
Theorem 4.11. Let ¢ : X3 — [0,00) be a fixed function for which there exists L < 1 such that

L

forall z,y,z2 € X. If n: X — (Cep(Y), ®, h) is a mapping satisfying n(0) = {0} and

h(n(z +y) @ n(z —y),2n(z) & 2n(y))
<kh(n(zr+y+z)@n(z+y—2z)@nly+z—z)dn(zr+2z—y),4n(x) ®nly) ®n(z)])
+ ¢(z,y,2) (4.51)
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for all z,y,z € X, then there exists a unique quadratic set—valued mapping H : X — (Cx(Y), ®, h) such that

e, 1) < (gr—gi—g ) #oe0 (152)

for all x € X. Moreover, if there exists positive real numbers r < 2 and M such that
diam n(x) < M ||z||

for all x € X, then H(x) is a singleton set.

Proof . Putting y = « and z = 0 into (4.51)), we obtain

h (n(w).n (1)) < (11%) o (L. 20) (4.53)

for all x € X. Using the same arguments as in the proof of Theorem constructing the set
Si={g: X = Ca(Y) | 9(0) = {0}}
with its generalized metric

d(g,h) == int{p € (0,50) | hlg(a), (&) < - plw,,0) Vo € X},

where, as usual, jnf () = +00. Then the pair (S,d) is a complete generalized metric space; see also [4]. Also, define a
linear mapping J : S — S by

Jg(z) = 4g (g) (4.54)

for all x € X and for each g € S. Then it is easily show that J is a contractive mapping with the contractive constant
L < 1; indeed, if d(g, f) = €, then one can show that d(Jg,Jf) < Ld(g, f). Moreover, the inequalities (4.50) and
([T53) give

- L
d(n,Jn) <

< m (4.55)

The rest of the proof of the theorem is similar to that of Theorem [4.1] O

Corollary 4.12. Let p > 2 and 6 > 0 be real numbers. If n: X — (Cu(Y),®, h) is a mapping satisfying

h(n(a + 1) (e — ). 20(2) © 2n(y))
<ksh(n(z4+y+z)@n(z+y—2)Pnly+z—2z)dnlx+2z—y),4nx) ®nly) &n(z)])
+0 (2l + Iyl + 1I=11%) (4.56)
for all z,y,z € X, then there exists a unique quadratic set—valued mapping H : X — (Cx(Y), @, h) such that

), 10) < (g ) Il (@57)

for all z € X. Moreover, if there exists positive real numbers p and M such that
diam n(x) < M ||z|/%
for all x € X, then H(z) is a singleton set.

Proof . Taking ¢(z,y, 2) == 0 (|z|% + [[v|l% + |z]%) and choosing L = 2277, the assertion follows immediately. OJ

Using the same arguments as in the proofs of Theorems and and using Theorem [3.3] it is easily verify
that the following results clearly hold whose analogous proofs are omitted.
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Theorem 4.13. Let ¢ : X3 — [0,00) be a fixed function for which there exists L < 1 such that

Ty z
< —_ =, = .
@(x,yvz)_4L¢(2,2,2) (4.58)
for all x,y,z € X. If £: X — (Cep(Y), D, h) is a mapping satisfying £(0) = {0} and

hllx+y+z2)0lz+y—2)@Ly+z—2)DLl(z+z—y),4{l(z) s l(y) ® L(2)])
< kah(U(z +y) @ Lz —y),20(z) ® 2L(y)) + (2, Y, 2) (4.59)

for all z,y,z € X, then there exists a unique quadratic set—valued mapping L : X — (C(Y), ®, h) such that

h(f(z), L(z)) < (m) o, 2,0) (4.60)

for all x € X. Moreover, if there exists positive real numbers r < 2 and M such that
diam ¢(z) < M ||z||’y

for all x € X, then L(z) is a singleton set.

Corollary 4.14. Let p < 2 and 6 > 0 be real numbers. If f: X — (Cp(Y), ®, h) is a mapping satisfying £(0) = {0}
and

h(b(z+y+2) @z +y—2) @y +2z—x) @z +z—y),4l(x) B4 L(y) & £(2)])
< kah(l(z +y) @ Uz — y), 20(z) @ 20(y)) + 60 (=]l + vl + 21%) (4.61)

for all z,y, z € X, then there exists a unique additive set—valued mapping L : X — (Cp(Y), ®, h) such that
he@ L) < (=g ) Il (4.62)
(2 — ka)(4 = 27)
for all x € X. Moreover, if there exists positive real numbers p and M such that
diam £(z) < M |l2][%

for all x € X, then L(z) is a singleton set.

Theorem 4.15. Let ¢ : X3 — [0,00) be a fixed function for which there exists L < 1 such that

|

o(z,y,2) < —¢(22,2y,22) (4.63)

forall z,y,z € X. If £: X — (Ce(Y), P, h) is a mapping satisfying £(0) = {0} and

hlz+y+z2)0llz+y—2)Bly+z—x)®l(z+x—1y),4[l(x) B4 L(y) & £(2)])
< kah(U(z +y) @ L(z —y), 20(z) & 20(y)) + (2, Y, 2) (4.64)

for all ,y,z € X, then there exists a unique quadratic set—valued mapping L : X — (C(Y), @, h) such that

nE@.10) < (= ) #@a0 (4.65)

for all x € X. Moreover, if there exists positive real numbers r < 2 and M such that
diam £(z) < M ||z||’y

for all x € X, then L(x) is a singleton set.
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Corollary 4.16. Let p > 2 and 6 > 0 be real numbers. If £: X — (Cy(Y), D, h) is a mapping satisfying ¢(0) = {0}
and

hllx+y+z)0lz+y—2)0Lly+z—2)DLlz+z—1y),4{(z) s lly) ® L(2)])
< kah((x +y) © Uz —y), 20(x) © 20(y)) + 0 (lz )% + lyll% + 12I%) (4.66)

for all z,y, 2z € X, then there exists a unique additive set—valued mapping F' : X — (Cp(Y), ®, k) such that

(e, 20 < (G = ) Il (4.67)

for all x € X. Moreover, if there exists positive real numbers p and M such that
diam ¢(z) < M ||z||%

for all x € X, then L(z) is a singleton set.
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