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Abstract

We consider a fractional-order prey-predator model with Holling type I'V functional response and the effect of harvesting
on both populations. The sufficient condition for the existence, uniqueness, non-negativity and boundedness of the
solutions are discussed. Moreover, we found all possible equilibrium points and the local and global stability behavior
are investigated. Finally, numerical results are presented with some examples.
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1 Introduction

The study of dynamics of the prey-predator model gets more attention among researchers due to its global im-
portance and existence. Lotka and Volterra were the first to present this interaction mathematically [20, B34]. The
qualitative properties of the prey-predator model in population dynamics have been studied by many ecologists.
12, 2, 24 22]. Several factors impact the dynamics of prey-predator interactions: prey refuge, harvesting, disease,
delay, and many other factors. Among them, researchers are particularly interested in examining the impact of har-
vesting. Chakraborty et al. described the constant rate harvesting [0], Leard et al. and Lenzini et al. presented the
proportional harvesting [I7) [I8], Das et al. and Jana et al. discussed the nonlinear harvesting [8, [I3], which are the
three different types of harvesting have been investigated by several researchers. Some authors considered the case
that any one of the species is harvested, while others considered both the prey and predator species are harvested
[13, 211, 28].

In ecology, the functional response of a prey-predator system is significant. A model with functional response help
to describe two important parameters: handling time and attack rate. The population dynamics models with different
functional responses have been widely studied in the ecological literature, especially prey-predator models with Holling
types, which were extensively examined by several authors [6l 8, [13] 21| 28| 1T]. In 1968, Andrews [5] first derived a

function m
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The above function is said to be the Monod-Haldane function or Holling type IV function. This functional response
indicates the predator’s per capita predation rate decreasing due to the cooperative defense of prey species and high
prey densities. M. C. Kohnke et al. derived the prey-predator model with Holling type IV response with different
shapes [16]. In [32], J. Song et al. proposed the Leslie-Gower model with type IV functional response.

Researchers have become more interested in developing mathematical models involving fractional-order differential
equations in recent years [9, [7, 3, BI], 26 27, 23]. Many methods exist to solve the fractional-order differential equations,
for example, laplace transform method [27], homotopy perturbation method [35], fourier transformation method [30],
fourier sine transformation method [I] and many others. Furthermore, due to memory effects, fractional-order systems
are more realistic in biological modeling than integer-order systems. Fractional operators are nonlocal and so they
are more suitable for modeling the system with memory effect. In the literature, various studies have been done on
the stability analysis of fractional-order system. M. Das et al. [J] discussed the fractional-order modified Holling
type IV functional response. R. Chinnathambi et al. [7], studied the fractional-order time-delay with Holling type IV
functional response and many others [14] 29] [3] [4]. In [19], X. Liu et al. discussed the integer-order predator-prey
model with Holling type IV response and also they found at an equilibrium point, the system stabilizes by varying the
harvesting efforts and initial value. By the above motivation, we consider the fractional-order prey-predator model
with group defense and harvesting on both populations.

The rest of this article is organized as follows: In Section [2| we formulate the fractional-order system. Some
preliminary results have been given in Section The property of uniformly bounded of the system is shown in
Section [d In Section [f] existence and uniqueness conditions are proved. Section [6] provided the stability behavior of
all feasible equilibrium points. In Section [7] we analyzed the global behavior of predator-free equilibrium point and
coexisting equilibrium point. We present numerical examples in Section [§] to validate our theoretical findings.

2 Fractional-order model

The following is the prey-predator model with Holling type IV functional response:

du 1 u uv
—_— =T —_ — _—— — u
dt v K a + bu + u? n,

dv TUV J
—_— = — dv — Y9u.
dt  a+bu+u? V2

(2.1)

Here, u(t) is the prey density and v(t) is the predator density, r is the intrinsic growth rate of prey and K denotes
the environmental carrying capacity. Let d and 7 be the death rate and maximum predation rate respectively, y; > 0
and 72 > 0 decribes the harvesting efforts for both the species. We take these terms as Hyyiu and Havyov, where Hy
and Hs denotes the catchability coeflicients of the prey and predator respectively. For our convenience, we assume
that H; and Hy as unity. The term m gives the Holling functional response of type IV , where a denotes the

half-saturation constant and b > v/2a is the denominator of the functional response.

In this paper, we consider the fractional-order prey-predator system with harvesting as the following form:

CD(I t) = 1- ) -
wt) =rul = ) = o N -
cpy(t) = — gy 32
a4+ bu+u? 2

with the non-negative initial values u(0) = up and v(0) = vp, where 0 < a < 1 and r, K, a, b, d, T, y1, y2 are non-negative.

3 Preliminary results

Definition 3.1. [26] The Caputo differential operator for o > 0 is given by

[ aYe _ 1 tms _sm—a—ls
D7) = Fommay |, £ = s,

where T'(.) is the Euler’s gamma function. For « € (0,1)

°De f(t) = ﬁ / £ ()(t - 5)~ds.
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Definition 3.2. A point Z* is an equilibrium point of the following system
‘D*Z(t) = f(t, Z(t)), with Z(0)= Zy, (3.1)
if and only if, f(¢,Z*) = 0.

Lemma 3.3. [25] Assume 0 < o <1, f(t) and °D*f(t) € C|a,b]. For t € (a,b),

(a) If D™ f(t) > 0 is a non-decreasing function V a < ¢t < b.

(b) If D> f(t) < 0 is a non-increasing function V a < ¢ <b.

Lemma 3.4. [15] Let u(t) be a continuous function on (0,7] and also satisfy
‘D(t) < —au(t) +b, u(0)=up >0, 0<a<l,
where a, b € R%, a # 0. Then

u(t) < (uo - Z)Ea[ata] + g.

Lemma 3.5. [27] Consider the system (3.1), where f : R x (0,7] — R", X C R™. If f(¢,X) satisfies the locally
Lipschitz condition then there exist a unique solution of (3.1]) on X x (0, T7.

Theorem 3.6. [26] The equilibrtum points of the system (3.1) are locally asymptotically stable if all eigenvalues
Ai (i =1,...,n) of the jacobian matrix j = % which satisfy |arg(A;)| > aF and it is unstable if all eigenvalues A;
(i =1,...,n) satisfy |arg(\i)| < oF.

4 Non-negativity and boundedness of the solution

Here we show that the system (2.2)) solutions are non-negative. Assume that Ot = {(u,v) € Q: u,v € Ry }.

Theorem 4.1. All solutions of system 1) which initiates in Ri are non-negative and uniformly bounded.

Proof . For any solution u(t) € Ry we need to show that it is nonnegative. Assume ug > 0 and vy > 0 for ¢t = 0 and
for all t € RT. If u(t) > 0 is not true, then there exists ¢; be a real number satisfying 0 < ¢ < 1, we have u(t) > 0 for
0<t<ty, u(t1) =0and u(t) <0 for t >t;. According to the first equation of (2.2)),

¢D%u(t =0.
()u(h)

By Lemma u(t]) = 0, which contradicts our assumption u(t;") < 0. Therefore, for all t € (0, T], we obtain u(t) > 0.
Similarly, v(t) > 0V ¢ € (0,T]. Now, we formulate a function P(t) = u(t)—i—@ to show the boundedness of the solution.

w2 1
‘DP(t) = (r—y1)u— T T ;(d + y2)v
¢ o u? 1 U
DePt) +nP(t) = (r—mu—r— — —(d+y2)v+nu+ —v
K T T
2 d+
= (r+77—71)u—ru—+ (n—w>v
K T T
k _ 2
DP(t) + nP(t) < “+Z )
r
By using the Lemma |3.4] we have
k(r+n—m)* k(r+n—m)*  k(r+n—m)
Pit)< (PO - ————|FE,| —t° — t — .
(0= (o) - 2L [ i) 4 0 1= o5 oo
That is to say, every solutions of the system (2.2)) initiating in Q% are remains in 0 = {(u,v) € QT : u+ 2% <

horin-® e e > 0).00
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5 Existence and uniqueness of the solution

In this section, we investigate the existence of model (2.2) and also which is unique in X x (0,7], where R =
{(u,v) € R? : max { |u|, [v] } < &}.

Let V = (u,v) and V = (u1,v1) be two points in R. Consider the mapping x : X — R? defined by x(V) =
(x1(V), x2(V)), where

u uv
V = 1— _— _—_ — —
Xl( ) T’U( K) a+ bu 4 U2 mnu,

TUV
X2 (V) =

e o

For any V,V € X be arbitrary, it follows that
IX(V) = x(W)[ = xa (V) = x1 (V)| + [x2(V) = x2(V)]

=ru(1- %)~ o v (1= ) |
o K a+ bu + u? m ! K a+buy + u? N
TUV TULV1
N - T Ly ‘
+‘a+bu+u2 vy a+bU1+U%+ v
r uv(a + buy + u?) — uyv1(a + bu + u?)
< _ IR R N 1 _ _ ‘
_‘r(u w) K(u ) [ (a+ bu+u?)(a+ buy +u?) 7w =)
Tuv(a + buy + u?) — Tugvi(a + bu + u?)
—dlv —v;) — —
[ (a+bu+u?)(a+ buy + u?) | —d(v—v1) = 72(v —v1)
2kT k(1 +7)(a+ K?)
< |r—Z== FUTDATR) g _
ST R Tt (a+br + K?%)2 Fd+ |-
k(1 +7)(a + bk + K2)
* (a+ bk + k?)? [v =
2Kr 9
= r—i—?—i—ﬁ(l—}—T)(a—i—/{)—i—'}q |u — uq|
+ k(1 +7)(a+bk+ K +d+y||v—u
<K|V-V].

where K = maz {r + 2 + k(1 + 7)(a + £2) + 71, £(1 +7)(a + bk + %) + d + 72}. Thus, x(V) satisfies Lipschitz
condition, it follows from Lemma [3.5| with initial condition Vo = (ug,vo) has a unique solution V(t). As a result, the
following theorem is established:

Theorem 5.1. The fractional-order model (2.2) with any nonnegative initial value (ug,vg) has a unique solution
V() eR Vi>0.

6 Local stability of equilibria
By solving the following equation we can find the equilibrium points of the system (2.2))

cDu(t) =0,
0

cD*v(t) =0,
that is,
U uv
l— ) —— 0
TU( K) a+bu—|—u2 71U )
TUY
_— —dv — =0.
a + bu + u? v v

The equilibrium points are as follows:
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(1) E0(070)7
(i) B (K(l - 11),0> exist if y; < 7,

(i) Ef(uf,v}) (i= 1, 2), where (uf,v}) is given by the equation

i

(d 4 v2)u? + [(d + 72)b — T]u + (d + y2)a = 0. (6.1)

o 7= (d+2)bE /[[d+ )b =P —4(d+12)%a .
i 2(d + ) 2),

) (6.2)
vf = (a+buj +ul) [r(l - L;g) —71] (i=1,2).

E? (i= 1, 2) exists under the following conditions,

T ul u;
= — — = —_ - = 1-——=. .
= oare 4 oM r( K)’ P2 T( K) (6.3)

where py < p1.

Now, we have

(i) If 0 < 72 < & then, we have
(a) two coexisting equilibrium points for 0 < 1 < pa,
(b) unique coexisting equilibrium point for ps < v1 < p1,
(¢) no coexisting equilibrium point for v, > p;.

(ii) For 9 > £, we have no coexisting equilibrium point.

(iii) For 5 = &, we have unique coexisting equilibrium point if 0 < v; < & = r(l — %), where the special coexisting

equilibrium point is X* <\/E, (2a + by/a) [r(l - %) - 71}) )

Next, we check the local stability behavior of all feasible equilibrium points by using the standard linearization
method. The jacobian matrix of the model (2.2} is provided by

’r(l - 27“) + ll(u 7,L_a7,)bv _,}/1 - a 'ZI u
sy = (U R PR ) ”
(a+bu+u?)? (aF+butu?) — d— Y2

Theorem 6.1. The trivial equilibrium point Fy of system (2.2)) is locally asymptotically stable if r < ~;.
Proof . For Ey = (0,0), the jacobian matrix is given by

I = (r o —do—w)'

Hence, we obtain A\; = 7 — v, and Ao =—m — 2. It is clear that |arg(A1)| = 7 > aF for r < 71, otherwise we get
larg(A1)| = 0 < aF and also |arg(A2)| = m, which leads to |arg(A2)| > aF for 0 < a < 1. Therefore, we conclude that
Ey is locally asymptotically stable by Theorem O
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Theorem 6.2. The predator-free equilibrium point E; of system (2.2) is locally asymptotically stable if » > v, and

_ TKr(r—1)
C <72 where C T ar?24bkr(r—v1)+k2(r—m1)2

Proof . For Ej, the jacobian matrix is as follows:

—m.

Kr(yi—r
sy =0 TR T
1) = 0 TKr(r—v1) _d— .
ar?+bKr(r—y1)+K2(r—-v1)2 V2

TKr(r—m1)
ar?24+bKr(r—y1)+K2(r—v1)2
larg(A1)| = m > aF, otherwise |arg(A1)| = 0 < aF and if ¢ < 72, then |arg(A2)| = m > aF, otherwise |arg(A2)| =0 <
az for 0 < a < 1. Therefore, by Theorem we conclude that F is locally asymptotically stable. [

Hence, the eigenvalues are \y = —(r — 1) and Ay = —m — . If r > v, we have

Theorem 6.3. The coexisting equilibrium point E; (uf, v]) of system is locally asymptotically stable if any one
of the following conditions holds:

(i) if Ajy <0 and A2] > 441545,

(ii) if Aj; > 0 and A%, < 4A415A4,;.

(ifi) if A11 < 0 and A2, < 4415451
(iv) if Ay =0 and A2, < 4A15A5.

Proof . For E} (u},v)(i = 1,2), the jacobian matrix is as follows:

177

o _ (A A
J(E?) = (A21 A22> (i=1, 2).

(" —a)(d+ ) [u(1 - %) =]

2uy
All_r(1_7)+ T'U;;‘ _P)Il’
Ay = M’
T
(a—ui")(d+y) [r(1- %) =]
Ay = » ;
U
A22 =0.

The determinant (Det) and trace (Tr) of J(E}) (i = 1,2) are

a—ul)(d+ )%
2% '
1

Det = A12A21 = (

. : 2 Jor (6.5)
U, U, —a)u;
Tr=An=r(1—-22i)y4 i T o
r=An =l gt e
Therefore, the eigen values are
1 2
AL = 3 A+ Af —4A10A491 |,
(6.6)

1 /
)\2 = 5 <A11 — A%l — 4A12A21>.

Case (i) If Aj; < 0 and A2; > 4A;5A451, then both the eigen values A\i, Ay are negative. Therefore, we obtain the
condition |arg(A1)| =7 > aF and |arg(X2)| = ™ > aF. Hence, by Theorem Ef(uf,v}) is asymptotically stable.
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Case (ii) If Ay; > 0 and A%, < 4A4;5A51, then we have both \; and A, are pair of complex conjugate roots:
1
)\1,2 = 5 (All +1 4A12A21 — A%1> where (Z =V 71)

\/4A12A21 —A%l

We have |arg(A12)| = tan™1 o

\/4AA12 A2 — A

A

. Therefore, Ef(ui,v]) is asymptotically stable,

A4A12 Az — A2

An

if tan=! > ¢ in the interval 0 < a < %tanil

\4A12Ag — A2

A1

\/A4A12A2— A2,

A1

Case (iii) If A1 < 0 and A%, < 4412421, then |arg(A2)| = 7 — tan™! . We obtain the condition

larg(A1,2)] > @%. Then Ef(ui,v}) is asymptotically stable if 7 — tan™*

\/4A12A21—A%1

All

> & in the interval 0 < a <

2— %tanfl

Case (iv) If Aj; = 0 and AF} < 4415451, then |arg(A12)| = 5. We obtain the condition |arg(A12)| > a%5. Hence,
by Theorem the equilibrium point Ef (uf,v]) is asymptotically stable. O

Theorem 6.4. The coexisting equilibrium point Ef (u},v}) is unstable if Aj; > 0 and A3, > 4415 As;.

Proof . If A;; > 0 and A%, > 4A4;5A5, then one of the eigenvalues A\; > 0 or Ay > 0. Therefore, we obtain the
condition |arg(A12)| < aF. Hence, by Theorem the Ef(uj,v}) is unstable. O

7 Global stability of equilibria
We establish the global behavior of the system (2.2) at the equilibrium points £y and Ef(uf,v]) in this section.

Lemma 7.1. [33] Let u(t) be a continuously differentiable function. Then, for any time instant ¢ > 0,

cpe (u(t) —w—wlog uf?) < (1 - uﬁ)) °D%u(t), u(t), w € R, (7.1)

where 0 < o < 1.
Theorem 7.2. The predator-free equilibrium point F; is globally asymptotically stable if 2r —v; < 0 and K <
%(d +72).
Proof . The positive definite Lyapunov function is defined as follows:

W(u, v) K(1+log =) + = (7.2)

U, V) = u — og — —. .
’ K T

By using the Lemma[7.1] we get

U 1
cpa < _ co - cpa
D*W(u,v) < (1 K) D%u(t) + - D%v(t)

(u—K)r v uv d Yo
—(u—K)| - _ _ _w _%,_r
(u )[ K a + bu + u? m a+but+u T TV
—ru2 ’UK d 72
< K 4 orut — K-% -2
- K TR Tu+a+bu+u2 M TU TV
—ru?

= —= +(27"_’Y1)U+(K_%(d‘f'%)T)U"‘(%—T)K

‘D*W(u,v) <0.

Since 71 — 7 < 0 for the existence of Fy. “D*W(u,v) < 0if 2r —v; < 0 and K < 1(d + ~2). Hence Ej is globally
asymptotically stable. [J
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Theorem 7.3. The coexisting equilibrium point Ej (u}, v) is globally asymptotically stable if
v* (b+(u+u™)) T

(a+bu+u2)(a+bu*+u*2) K*
Proof . First, we define the Lyapunov function as follows:

1
W(u,v)uu*(lJrlogu*)Jr(vv*(lJrlogv*)). (7.3)
u T v
Using Lemma we can show that

DOV (u, v) < (“ - “) Dou(t) + - (“ - ”*> °DY(t)

T v

_ (= ru(l—g)—iuv — MU
o U K a -+ bu + u? mn

uv
-
a+ bu + u?

1(1}—1}*)
_’_7
T v

—dv — ’721)‘|

. r . (va + bvu* + vu*z) — (av* + buv* + u?v*)
< (4 — (- _
< (v u)l K(u ) (a+ bu+u?)(a + bu* + u*?)
o | (au + buu* + uu*z) — (au* + buu* + v?u*)
+(U_U ) 2
(a+ bu+u?)(a + bu* + u*)
< r( "2 bu* (u — u*)(v — v*) bv* (u — u*)?
2y —ut)? —
- K (a+bu+u?)(a+ bu* +u**)  (a+bu+u2)(a+ bu* + u*?)
n v*(u—u*)(v —v*) w* (u+ u*)(u—u*)(v—ov*)
(@ +bu+u?)(a+bu* +u*?)  (a+bu+u2)(a+bu* + u*?)
v*(b+ (u+u*)) T

(a+bu+u2)(a+bu* +u**) K

u(b+ (u+u))
(a + bu + u?)(a + bu* + u**)

(u—u*)(v—2v")

*D*W (u,v) <0.

Therefore, DW (u,v) < 0 if (a+b:;_5f;;EZI:;21_u*2) < 4, Hence Ej (u},v}) is globally asymptotically stable. [J

8 Numerical Simulations

The numerical simulations for the system (2.2]) are performed by generalized Adams-Bashforth-Moulton Predictor
Corrector method [10]. We provide some examples to verify the analytical results of our formulated model through
MATLAB.

Example 1. We take r = 2, K =45, d =01, 7 =4, a = 0.95, b = 0.9, 73 = 1.93, 72 = 1 and the initial
time ug = 0.5, vo = 0.9 with step size 27°. The dynamical behavior of the positive interior equilibrium point Ej is
presented in Figure When the value of « is decreasing, limit cycle disappears and coexisting equilibrium point
becomes stable.

Example 2. In Figure EL We verified the global stability of the positive equilibrium point £} with the parameters
set r=2, K=20,d=01, 7=4, a=09, b=09, vy = 1.9, 7» = 1. Here, we have taken the value o = 0.90.
Therefore, Theorem is satisfied with this set of parameters.

9 Conclusion

A Caputo fractional-order predator-prey system with Holling response function of type IV and harvesting on
species was investigated. Also, we derived the sufficient condition for existence and uniqueness, non-negativity and
boundedness of the solution. This model has three positive equilibrium points and we have investigated the local
behavior of all possible positive equilibrium points. In further, the global stability of the predator-free equilibrium
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Figure 1: Numerical simulations showing the trajectory and phase portrait of the system (2.2) with value = 1 around the equilibrium
point E7.
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Figure 2: Numerical simulations showing the trajectory and phase portrait of the system (2.2]) with value a = 0.99 around the equilibrium
point E7.
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Figure 3: Numerical simulations showing the trajectory and phase portrait of the system (2.2) with value a = 0.95 around the equilibrium

point EY.
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Figure 4: Global behavior of the system (2.2) at EY. From the figure we observed that the trajectories with different initial conditions
converge to the £7(0.38,0.08) (shown in different colors) and is globally asymptotically stable.
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point F; and the coexisting equilibrium point E; were derived by formulating certain Lyapunov functions. Finally,
numerical simulations have been used to verify these theoretical findings. From the numerical simulations we observed
that, if we decrease the value «, the coexisting equilibrium point EF gradually changes from unstable to locally
asymptotically stable and for the integer-order case (o« = 1) the system is unstable which is shown in the Figure
Several prey species have defensive capabilities in real life due to the effect of the type IV functional response. As
a result, the number of prey species rises for a long time, limiting the growth of predators. At last, the predator
approaches extermination when the prey population stabilize at the equilibrium point.
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