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Abstract

This paper is devoted to the study of the asymptotic behavior of a viscoelastic problem with short memory in a
three-dimensional thin domain Ωε. We prove some convergence results when the thickness tends to zero. The contact
is modeled with the Tresca friction law. We derive a variational formulation of the problem and prove its unique weak
solution. Then we prove some convergence results when the small parameter ε tends to zero. Finally, the specific
Reynolds limit equation and the limit of Tresca-free boundary conditions are obtained.
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1 Introduction

In recent decades, many authors have applied asymptotic methods to reduce the problems of three-dimensional
frictional contact to the two-dimensional models of a thin domain. In the literature, the asymptotic behavior of partial
differential equations in a thin domain, particularly those governed by elastic systems has been widely studied. Ciarlet
and Destuynder in [5], studied the equilibrium states of a thin plate Ω× (−ε, ε), to justify the two-dimensional model
of the plates, under external forces, where Ω is a smooth domain in R2 and ε is a small parameter. The same method is
used recently for problems of general elastic shells in frictionless unilateral contract with an obstacle (see for instance
[2, 11]). Moreover, there are many problems have been studied before by using mathematical aspect and after, they
used the simplified Tresca interface condition which can be found it in monographs (see [12, 15] and references therein).
In our paper, we study the asymptotic behavior of a non linear problem in a dynamic regime with Tresca free boundary
friction conditions occupying a bounded homogeneous domain Ωε. The boundary of this thin domain consists of three
parts: the bottom, the lateral part, and the top surface. We model the friction with version of Tresca’s law. Our
attention is devoted to the appearance of the short memory term. The equations considered in this paper with this
term are widely used in applications dealing with physical and biological systems. These are the assumptions of
elasticity and visco-elasticity of tire. Also their uses is very important in quantum mechanics ([8]). Other applications
are related to the mechanism of ball bearing. In the context of the linear thin elasticity and in the dynamic case, the
authors in [1, 15] proved the asymptotic analysis of a dynamical problem of isothermal and non-isothermal elasticity
with non linear friction of Tresca type but without the short memory term. Other similar problems can be found in
[4, 7, 13, 14].
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The paper is organized as follows. In section 2 and 3, we present some notations and give the problem dynamic and
variational formulation. We prove that the displacement field satisfies an evolutionary variational inequality with
viscosity. In Section 4, we use the asymptotic analysis, in which the small parameter ε is the height of the domain.
We establish some estimates, independent on the parameter ε, for displacement and the velocity. We obtain some
convergence results. The main results concerning the limit problem with a specific weak form of the Reynolds equation,
the uniqueness of the limit displacement when the thickness tends to zero are given in section 5.

2 Basic equations and assumptions

We consider a mathematical problem governed with non linear equations in a three dimensional thin domain Ωε.
Let ω ⊂ R2 be fixed region in the plane. We suppose that ω has a Lipschitz boundary and is the bottom of the fluid
domain. Let h : ω → R be a sufficiently smooth function such that

0 < hmin ≤ h(x1, x2) ≤ hmax,

for all x = (x1, x2) ∈ ω, where hmin and hmax are constants. Let 0 < ε < 1 is a small parameter that will tend to
zero. We denote by Ωε the domain of the flow (as in [8])

Ωε = {(x, x3) ∈ R3 : (x, 0) ∈ ω, 0 < x3 < εh(x)}.

We decompose the boundary of Ωε as Γε = Γε1 ∪ ΓεL ∪ ω, with

ω = {(x, x3) ∈ Ω
ε
: x3 = 0},

Γε1 = {(x, x3) ∈ Ω
ε
: (x, 0) ∈ ω, x3 = εh (x′)},

ΓεL = {(x, x3) ∈ Ω
ε
: x ∈ ∂ω, 0 < x3 < εh(x)},

where ω is the bottom of the domain, Γε1 is the upper surface and ΓεL the lateral part of Γε

The law of conservation of momentum is given by

∂2uε

∂t2
− div (σε)− fε = 0 in Ωε × (0, T ),

with div(σε) = (σεij,j) and f
ε = (fεi )1≤i≤3 denote the body forces.

The constitutive law for linearly viscoelastic isotropic material with short memory is given by

σij = 2µdij(u(t)) + λdkk(u(t))δij + SM, in Ωε × (0, T ),

where u is the displacement field to the x point, u̇ = du
dt (t) the velocity field, λ and µ are the Lamé coefficients. The

short memory (SM) is represented by the formula ([6]):

SM = 2θdij(u̇(t)) + ζdkk(u̇(t))δij , in Ωε × (0, T ),

where θ and ζ represent the viscosity coefficients that satisfy θ > 0, ζ > 0. Finally, the Kronecker symbol is denoted

by δij and dij(u
ε) =

1

2
(∇uε + (∇uε)T ).

However, the tangential velocity on ω × (0, T ) is unknown and satisfies the Tresca boundary conditions, with friction
coefficient κε ([8]): {

|σετ | < kε =⇒ u̇ετ (t) = 0,

|σετ | = kε =⇒ ∃β ≥ 0, u̇ετ (t) = −βσετ .
on ω × (0, T )

We consider now, the following mechanical problem:
Problem 1. Find displacement vector uε : Ωε → R3 such that

∂2uε

∂t2
− div (σε)− fε = 0, in Ωε × (0, T ), (2.1)
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σij = 2µdij(u(t)) + λdkk(u(t))δij + 2θdij(u̇(t)) + ζdkk(u̇(t))δij , in Ωε × (0, T ), (2.2)

uε(t) = 0, on (Γε1 ∪ ΓεL)× (0, T ), (2.3)

uε(t).n = 0, on ω × (0, T ), (2.4){
|σετ | < kε =⇒ u̇ετ (t) = 0,

|σετ | = kε =⇒ ∃β ≥ 0, u̇ετ (t) = −βσετ ,
on ω × (0, T ), (2.5)

uε(0) = uε0 and
∂uε

∂t
(0) = uε1. (2.6)

Here |.| denotes the Euclidean norm on R3. Let n = (n1, n2, n3) be the unit outward normal to Γε, we define the
normal and the tangential components of displacement and stress tensors on the boundary, respectively, as follows

vεn = vε.n, vετ = vε − vεn.n, σεn = (σε.n).n, σετ = σεn− σεn.n.

3 Weak variational formulation

To get weak formulation, we consider the following spaces

H1(Ωε) = {φ ∈ L2(Ωε),
∂φi
∂xj

∈ L2(Ωε) for all i, j = 1, 2, 3},

Kε =
{
φ ∈ H1(Ωε)3 : φ = 0 on Γε1 ∪ ΓεL, φ.n = 0 on ω

}
.

Owing to the Green’s formula and by (2.3)–(2.6), we have to find the displacement vector uε ∈ Kε such that:

(
∂2uε

∂t2
(t), φ− u̇ε(t)) + a(uε(t), φ− u̇ε(t))+B (u̇ε(t), φ− u̇ε(t)) + j(φ)− (3.1)

j (u̇ε(t)) ≥ (fε(t), φ− u̇ε(t)),

for all φ ∈ Kε, where

(
∂2uε

∂t2
(t), φ− u̇ε(t)) =

∫
Ωε

∂2uε

∂t2
(t)(φ− u̇ε(t))dxdx3,

a(uε(t), φ− u̇ε(t)) =2µ

∫
Ωε

di,j(u
ε(t))di,j(φ− u̇ε(t))dxdx3+

λ

∫
Ωε

div(uε(t))div(φ− u̇ε(t))dxdx3,

B (u̇ε(t), φ− u̇ε(t)) =2θ

∫
Ωε

di,j(u̇
ε(t))di,j(φ− u̇ε(t))dxdx3+

ζ

∫
Ωε

div(u̇ε(t))div(φ− u̇ε(t))dxdx3,

j(v) =

∫
ω

kε |v| dx,

(fε(t), v) =

∫
Ωε

fε(t)vdxdx3 =

3∑
i=1

∫
Ωε

fεi (t)vidxdx3.

We introduce some results which will be used in the next.

∥∇uε∥L2(Ωε) ≤ C ∥D (uε)∥L2(Ωε) (Korn inequality, see. [? ]), (3.2)

∥uε∥L2(Ωε) ≤ εhmax

∥∥∥∥∂uε∂z
∥∥∥∥
L2(Ωε)

for i = 1, 2 (Poincaré inequality, see. [3]), (3.3)

There exists C1 > 0 such that |B(u, v)| ≤ C1 ∥u∥ ∥v∥ , (see.[16, 17]) (3.4)

There exists C2 > 0 such that B(u, u) ≥ C2 ∥u∥2 , (see.[16, 17]). (3.5)
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4 Change of the domain and study of convergence

In this section, we will use the technique of scaling in Ωε on the coordinate x3. By introducing the change of the

variables z =
x3
ε
, we obtain a fixed domain Ω which is independent of ε.

Ω =
{
(x, z) ∈ R3 : (x, 0) ∈ ω, 0 < z < h(x)

}
.

Next, we denote by Γ = Γ1 ∪ ΓL ∪ ω its boundary, then we define the following functions in Ω

ûεi (x, z, t) = uεi (x, x3, t), i = 1, 2,
ûε3(x, z, t) = ε−1uε3(x, x3, t).

(4.1)

Now, we assume that

f̂(x, z, t) = ε2fε(x, x3, t), k̂ = εkε,
(û0)i = (uε0)i and (û0)3 = ε−1(uε0)3, i = 1, 2

(4.2)

and we consider the sets

K (Ω) =
{
φ̂ ∈

(
H1 (Ω)

)3
: φ̂ = 0 on Γ1 ∪ ΓL; φ̂.n = 0 on ω

}
,

Vz =

{
φ̂ ∈

(
L2 (Ω)

)2
;
∂φ̂i
∂z

∈ L2 (Ω) : φ̂ = 0 on Γ1

}
,

With these new data, unknown factors in (3.1) and multiplying by ε, to deduce∑2
i=1 ε

2(
∂2ûε

i

∂t2 (t), φ̂i − ˆ̇uεi (t)) + ε4(
∂2ûε

3

∂t2 (t), φ̂3 − ˆ̇uε3(t))+

ã(ûε(t), φ̂− ˆ̇uε(t)) + B̃
(
ˆ̇uε(t), φ̂− ˆ̇uε(t)

)
+ j0(φ̂)−

j0

(
ˆ̇uε
)
≥ (f̂ , φ̂− ˆ̇uε), ∀φ̂ ∈ K (Ω) ,

(4.3)

where

ã(ûε(t), φ̂− ˆ̇uε(t)) = µ

2∑
i,j=1

∫
Ω

ε2
(
∂ûεi (t)

∂xj
+
∂ûεj(t)

∂xi

)
∂(φ̂i − ˆ̇uεi (t))

∂xj
dxdz

+ µ

2∑
i=1

∫
Ω

(
∂ûεi (t)

∂z
+ ε2

∂ûε3(t)

∂xi

)
∂(φ̂i − ˆ̇uεi (t))

∂z
dxdz

+ 2µ

∫
Ω

ε2
∂ûε3(t)

∂z

∂(φ̂3 − ˆ̇uε3(t))

∂z
dxdz+

µ

2∑
j=1

∫
Ω

ε2
(
ε2
∂ûε3(t)

∂xj
+
∂ûεj(t)

∂z

)
∂(φ̂3 − ˆ̇uε3(t))

∂xj
dxdz

+ λε2
∫
Ω

div(ûε(t))div(φ̂− ˆ̇uε(t))dxdz,

B̃(ˆ̇uε(t), φ̂− ˆ̇uε(t)) = θ

2∑
i,j=1

∫
Ω

ε2

(
∂ ˆ̇uεi (t)

∂xj
+
∂ ˆ̇uεj(t)

∂xi

)
∂(φ̂i − ˆ̇uεi (t))

∂xj
dxdz

+ θ

2∑
i=1

∫
Ω

(
∂ ˆ̇uεi (t)

∂z
+ ε2

∂ûε3(t)

∂xi

)
∂(φ̂i − ûεi (t))

∂z
dxdz

+ 2θ

∫
Ω

ε2
∂ ˆ̇uε3(t)

∂z

∂(φ̂3 − ˆ̇uε3(t))

∂z
dxdz

+ θ

2∑
j=1

∫
Ω

ε2

(
ε2
∂ ˆ̇uε3(t)

∂xj
+
∂ ˆ̇uεj(t)

∂z

)
∂(φ̂3 − ˆ̇uε3(t))

∂xj
dxdz

+ ζε2
∫
Ω

div(ˆ̇uε(t))div(φ̂− ˆ̇uε(t))dxdz,
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j0(φ̂) =

∫
ω

k̂|φ̂|dx

and

(f̂ε(t), φ̂− ˆ̇uε(t)) =

2∑
j=1

∫
Ω

f̂i(t)(φ̂i − ˆ̇uεi (t))dxdz +

∫
Ω

εf̂3(t)(φ̂3 − ˆ̇uε3(t))dxdz.

We now establish the estimates for the displacement ûε and the velocity ˆ̇uε in the domain Ω.

Theorem 4.1. Assume that fε, ∂f
ε

∂t ,
∂2fε

∂t2 ∈ L2(0, T, L2(Ωε)3) and u0 ∈ H2(Ωε), u1 ∈ H1(Ωε), the friction coefficient
k > 0 in L∞(ω), then there exists a constant C > 0 independent of ε such that :

2∑
i,j=1

∥∥∥∥ε∂ûεi∂xj
(t)

∥∥∥∥2
L2(Ω)

+

∥∥∥∥ε∂ûε3∂z
(t)

∥∥∥∥2
L2(Ω)

+ (4.4)

2∑
i=1

(∥∥∥∥∂ûεi∂z (t)

∥∥∥∥2
L2(Ω)

+

∥∥∥∥ε2 ∂ûε3∂xi
(t)

∥∥∥∥2
L2(Ω)

)
≤ C.

2∑
i,j=1

∥∥∥∥ε ∂2ûεi∂xj∂t
(t)

∥∥∥∥2
L2(Ω)

+

∥∥∥∥ε∂2ûε3∂z∂t
(t)

∥∥∥∥2
L2(Ω)

+ (4.5)

2∑
i=1

(∥∥∥∥∂2ûεi∂z∂t
(t)

∥∥∥∥2
L2(Ω)

+

∥∥∥∥ε2 ∂2ûε3∂xi∂t
(t)

∥∥∥∥2
L2(Ω)

)
≤ C.

Proof . We take φ = 0 in (3.1), to obtain

(
∂2uε

∂t2
, u̇ε) + a(uε(t), u̇ε(t)) + b (u̇ε(t), u̇ε(t)) +

∫
ω

kε |u̇ε(t)| dx ≤ (fε(t), u̇ε(t)). (4.6)

Integrating (4.6) for 0 to T , from Korn’s inequality, there exists a constant Ck independent of ε; such that[
∥u̇ε(t)∥2 + 2µCk ∥∇uε(t)∥2L2(Ωε)

]
+ 4θCk ∥∇u̇ε(t)∥2L2(0,T,Ωε) ≤

∥u1∥2L2(Ωε) + (2µ+ 3λ) ∥∇uε0∥
2
L2(Ωε) + 2

∫ s

0

(fε(t), u̇ε(t))dt.

But ∫ t

0

(fε(s), u̇ε(s))ds = (fε(t), uε(t))− (fε(0), uε(0))−
∫ t

0

(
∂fε

∂t
(s), uε(s))ds

We apply the Cauchy-Schwarz, Poincaré and Young inequalities, we deduce∣∣∣∣2 ∫ t

0

(fε(s), u̇ε(s))ds

∣∣∣∣ ≤ µCk∥∇uε(t)∥2L2(Ωε) + ∥∇uε(0)∥2L2(Ωε) +
(εhmax)

2

µCk

∫ t

0

∥∂f
ε

∂t
(s)∥2L2(Ωε)ds+ (4.7)

(εhmax)
2

µCk
∥fε(t)∥2L2(Ωε) + (εhmax)

2∥fε(0)∥2L2(Ωε) +
µCk
2

∫ t

0

∥∇uε(s)∥2L2(Ωε)ds.

From (4.7), we get

∥u̇ε(t)∥2 + µCk ∥∇uε(t)∥2L2(Ωε) + 4θCk ∥∇u̇ε(t)∥2L2(0,T,Ωε) ≤ ∥u1∥2L2(Ωε) + (1 + 2µ+ 3λ) ∥∇uε0∥
2
L2(Ωε) + (4.8)

(εhmax)
2

µCk
∥fε(t)∥2L2(Ωε) + (εhmax)

2∥fε(0)∥2L2(Ωε) +
(εhmax)

2

µCk

∫ t

0

∥∂f
ε

∂t
(s)∥2L2(Ωε)ds+

∥∇uε(0)∥2L2(Ωε) +
µCk
2

∫ t

0

∥∇uε(s)∥2L2(Ωε)ds.
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Multiplying (4.8) by ε, and since ε2 ∥fε(t)∥2L2(0,T,Ωε) = ε−1
∥∥∥f̂ε(t)∥∥∥2

L2(0,T,Ω)
, we obtain

ε ∥u̇ε(t)∥2 + µCkε ∥∇uε(t)∥2L2(Ωε) + 4θCkε ∥∇u̇ε(t)∥2L2(0,T,Ωε) (4.9)

≤ C1 + εµCk

∫ t

0

∥∇uε(s)∥2L2(Ωε)ds.

with

C1 = ∥û1∥2L2(Ω) + (1 + 2µ+ 3λ) ∥∇ûε0∥
2
L2(Ω) +

(hmax)
2

µCk

∫ t

0

∥∂f
ε

∂t
(s)∥2L2(Ω)ds+ (4.10)

hmax

µCk
∥f̂ε(t)∥2L2(Ω) + hmax∥f̂ε(0)∥2L2(Ω) + ∥∇ûε(0)∥2L2(Ω) (4.11)

By Gronwall’s inequality ([9]), it follows that

ε ∥u̇ε(t)∥2 + ε ∥∇uε(t)∥2L2(Ωε) ≤ C. (4.12)

So, from (4.12) we deduce (4.4).

To obtain a second estimate, let’s regularize the function Φ using a family of functional φς = jς where ς > 0 and
jς is the following differentiable functional

jες (u) =

∫
ω

kε(x)φς(|uτ |2)dx, and φς(λ) =
1

1 + ς
|λ|(1+ς).

We consider the following approximate equation

(
∂2uε

ς

∂t2 (t), ϕ) + a(uες (t), ϕ) +B
(
u̇ες (t), ϕ

)
+
(
(jες )

′(
∂uε

ς

∂t )(t), ϕ
)
= (fε(t), ϕ).

uες (0) = u0,
∂uε

ς

∂t (0) = u1, (u1)τ = 0.
(4.13)

Now we derive equation (4.13) with respect to time and by substituting ϕ with
∂2uε

ς

∂t2 , we find

(
∂3uες
∂t3

(t),
∂2uες
∂t2

(t)) + a(u̇ες (t),
∂2uες
∂t2

(t)) +B

(
∂2uες
∂t2

(t),
∂2uες
∂t2

(t)

)
+(

(jες )
′′(
∂uες
∂t

(t)),
∂2uες
∂t2

(t)

)
= (

∂fε

∂t
(t),

∂2uες
∂t2

(t)).

and because
(
(jες )

′′(
∂uε

ς

∂t (t)),
∂2uε

ς

∂t2 (t)
)
≥ 0 and b

(
∂2uε

ς

∂t2 (t),
∂2uε

ς

∂t2 (t)
)
≥ 0, we obtain

1

2

d

dt
∥
∂2uες
∂t2

(t)∥2L2(Ωε) + a(u̇ες (t),
∂2uες
∂t2

(t)) ≤ (
∂fε

∂t
(t),

∂2uες
∂t2

(t)). (4.14)

For s ∈ [0, t]; integrating (4.14) and using Korn’s inequality, we get

∥
∂2uες
∂t2

(t)∥2L2(Ωε) + 2µCk∥∇
∂uες
∂t

(t)∥2L2(Ωε) ≤ ∥
∂2uες
∂t2

(0)∥2L2(Ωε)+

(2µ+ 3λ)∥∇
∂uες
∂t

(0)∥2L2(Ωε) + 2

∫ s

0

(
∂fε

∂t
(t),

∂2uες
∂t2

(t))ds.

AS

2(
∂fε

∂t
(t),

∂2uες
∂t2

(t)) = 2(
∂fε

∂t
(t),

∂uες
∂t

(t))− 2(
∂fε

∂t
(0),

∂uες
∂t

(0))− 2

∫ t

0

(
∂2fε

∂t2
(t),

∂uες
∂t

(t))ds
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and by the Cauchy-Schwarz, Poincaré and Young inequalities, we have

∥
∂2uες
∂t2

(t)∥2L2(Ωε) + µCk∥∇
∂uες
∂t

(t)∥2L2(Ωε) ≤ ∥
∂2uες
∂t2

(0)∥2L2(Ωε) + µCk∥∇
∂uες
∂t

(0)∥2L2(Ωε)+ (4.15)

(2µ+ 3λ)∥∇
∂uες
∂t

(0)∥2L2(Ωε) +
(εhmax)

2

µCk

∫ t

0

∥∂
2fε

∂t2
(s)∥2L2(Ωε)ds+

(εhmax)
2

µCk
∥∂f

ε

∂t
(0)∥2L2(Ωε) +

(εhmax)
2

µCk
∥∂f

ε

∂t
(t)∥2L2(Ωε) +

µCk
2

∫ t

0

∥∇uες (s)∥2L2(Ωε)ds.

And from (4.13), we have (
∂2uες
∂t2

(0), ϕ

)
= (fε(0), ϕ)− a(uες (0), ϕ)

also

|
(
∂2uες
∂t2

(0), ϕ

)
| ≤

(
εhmax∥fε(0)∥L2(Ωε) + (2µ+ 3λ)∥uες (0)∥H1(Ωε)

)
∥ϕ∥H1(Ωε). (4.16)

We multiply (4.16) by
√
ε and since ε

3
2 ∥fε(0)∥L2(Ωε) =

∥∥∥f̂ε(0)∥∥∥
L2(Ω)

,
√
ε
∥∥uες (0)∥∥H1(Ωε)

=
∥∥ûες (0)∥∥H1(Ω)

, we obtain

√
ε∥
∂2uες
∂t2

(0)∥L2(Ωε) ≤ C2. (4.17)

with C2 = hmax∥f̂ε(0)∥L2(Ω) + (2µ+ 3λ)∥ûες (0)∥H1(Ω).
And for ς → 0 in (4.15) , we obtain

∥∂
2uε

∂t2
(t)∥2L2(Ωε) + µCk∥∇

∂uε

∂t
(t)∥2L2(Ωε) ≤ ∥∂

2uε

∂t2
(0)∥2L2(Ωε) + ∥∇uε(0)∥2L2(Ωε)+

(µCk + 2µ+ 3λ)∥∇∂uε

∂t
(0)∥2L2(Ωε) +

(εhmax)
2

µCk

∫ t

0

∥∂
2fε

∂t2
(s)∥2L2(Ωε)ds+

(εhmax)
2

µCk
∥∂f

ε

∂t
(0)∥2L2(Ωε) +

(εhmax)
2

µCk
∥∂f

ε

∂t
(t)∥2L2(Ωε) +

µCk
2

∫ t

0

∥∇uε(s)∥2L2(Ωε)ds.

Multiplying the last inequality by ε, we deduce

ε∥∂
2uε

∂t2
(t)∥2L2(Ωε) + εµCk∥∇

∂uε

∂t
(t)∥2L2(Ωε) ≤ C3 + εµCk

∫ t

0

∥∇uε(s)∥2L2(Ωε)ds. (4.18)

with

C3 = C2
2 + (µCk + 2µ+ 3λ)∥∇∂ûε

∂t
(0)∥2L2(Ω) +

(hmax)
2

µCk

∫ t

0

∥∂
2f̂ε

∂t2
(s)∥2L2(Ω)ds+

(hmax)
2

µCk
∥∂f̂

ε

∂t
(0)∥2L2(Ω) +

(hmax)
2

µCk
∥∂f̂

ε

∂t
(t)∥2L2(Ω)

By Gronwall’s inequality ([9]), it follows that

ε∥∂
2uε

∂t2
(t)∥2L2(Ωε) + ε∥∇∂uε

∂t
(t)∥2L2(Ωε) ≤ C

This completes the proof of (4.4) and (4.5). □

Theorem 4.2. Under the same assumptions as in Theorem 4.1, there exists

u⋆(t) = (u⋆1(t), u
⋆
2(t)) ∈ L2(0, T, Vz)

⋂
L∞(0, T, Vz),

such that {
ûεi (t)⇀ u⋆i (t), i = 1, 2,
ˆ̇uεi (t)⇀ u̇⋆i (t), i = 1, 2,

(4.19)



1918 Derguine, Saadallah, Benseridi
ε
∂ûεi
∂xj

(t)⇀ 0, i, j = 1, 2,

ε
∂ ˆ̇uεi
∂xj

(t)⇀ 0, i, j = 1, 2,
(4.20)


ε
∂ûε3
∂z

(t)⇀ 0,

ε
∂ ˆ̇uε3
∂z

(t)⇀ 0,
(4.21)


ε2
∂ûε3
∂xi

(t)⇀ 0, i = 1, 2

ε2
∂ ˆ̇uε3
∂xi

(t)⇀ 0, i = 1, 2
(4.22)

{
εûε3(t)⇀ 0,

εˆ̇uε3(t)⇀ 0,
(4.23)

Proof . By Theorem 4.1, there exists a constant C independent of ε such that∥∥∥∥∂ûεi∂z (t)

∥∥∥∥
L(0,T,L2(Ω))

≤ C, i = 1,

using this estimate and Poincaré’s inequality
∥ûεi (t)∥L(0,T,L2(Ω)) ≤ hmax

∥∥∥∥∂ûεi∂z (t)

∥∥∥∥
L(0,T,L2(Ω))∥∥∥∥∂ûεi∂t (t)

∥∥∥∥
L(0,T,L2(Ω))

≤ hmax

∥∥∥∥∂2ûεi∂z∂t
(t)

∥∥∥∥
L(0,T,L2(Ω))

, i = 1, 2

then, ûεi (t) and ˆ̇uεi (t) is bounded in L2(0, T, Vz)
⋂
L∞(0, T, Vz), i = 1, 2, this implies the existence of u∗i (t), u̇

∗
i (t) in

L2(0, T, Vz)
⋂
L∞(0, T, Vz) such that ûεi (t) converges to u

∗
i (t) and ˆ̇uεi (t) converges to u̇

∗
i (t). While (4.20)-(4.23) follow

from (4.4) and (4.5). □

5 Study of the limit problem

In this section, we give both the equations satisfied by u∗(t) and u̇∗(t) in Ω and the inequalities for the trace of
the velocity u∗(x′, 0, t) and the stress ∂u

∂z (x
′, 0, t) on ω.

Theorem 5.1. With the same assumptions of Theorem 4.1, the solution u∗ satisfies

µ
2∑
i=1

∫
Ω

∂(u∗i (t))

∂z

∂(φ̂i − u̇∗i (t))

∂z
dxdz + θ

2∑
i=1

∫
Ω

∂(u̇∗i (t))

∂z

∂(φ̂i − u̇∗i (t))

∂z
dxdz

+ȷ̂(φ̂)− ȷ̂(u̇∗(t)) ≥
2∑
i=1

∫
Ω
f̂i(t)(φ̂i − u̇∗i (t))dxdz, ∀φ̂ ∈ Π(K),

u∗i (0) = u∗0,i,

 (5.1)

−µ∂
2u∗i (t)

∂z2
− θ

∂2u̇∗i (t)

∂z2
= f̂i(t)∈ L2(Ω), (5.2)

where,

Π(K) =
{
φ̂ = (φ̂1, φ̂2) ∈ H1 (Ω)

2
, φ̂ = 0 on Γ1 ∪ ΓL

}
.

Proof . Using the variational inequality (4.3) and applying Theorem 4.2, we get

lim
ε→0

2∑
i=1

ε2(
∂2ûεi
∂t2

(t), φ̂i − ˆ̇uεi (t)) = 0,
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lim
ε→0

ã(ûε(t), φ̂− ûε(t)) =

2∑
i=1

∫
Ω

µ
∂u∗i
∂z

∂ (φ̂i − u∗i (t))

∂z
dxdz,

lim
ε→0

B̃(ˆ̇uε(t), φ̂− ˆ̇uε(t)) =

2∑
i=1

∫
Ω

θ
∂u̇∗i
∂z

∂ (φ̂i − u̇∗i (t))

∂z
dxdz,

lim
ε→0

(f̂ , φ̂− ûε(t)) =

2∑
i=1

∫
Ω

f̂i (φ̂i − u∗i (t)) .

By the fact j0 is convex and lower semi-continuous
(
lim inf j0

(
ˆ̇uε(t)

)
≥ j0 (u̇

∗(t))
)
, we obtain (5.1).

We choose in (5.1), φi = u̇∗i ± ϕi i = 1, 2, with ϕ ∈ H1
0 (Ω), to get

µ

2∑
i=1

∫
Ω

∂u∗i
∂z

(t)
∂ϕi
∂z

dxdz + θ

2∑
i=1

∫
Ω

∂u̇∗i
∂z

(t)
∂ϕi
∂z

dxdz =

2∑
i=1

∫
Ω

f̂i(t)ϕidxdz.

If ϕ1 = 0 and ϕ2 ∈ H1
0 (Ω) or ϕ2 = 0 and ϕ1 ∈ H1

0 (Ω), then

µ

∫
Ω

∂u∗i
∂z

(t)
∂ϕi
∂z

dxdz + θ

∫
Ω

∂u̇∗i
∂z

(t)
∂ϕi
∂z

dxdz =

∫
Ω

f̂i(t)ϕidxdz.

By Green’s formula, we find

− ∂

∂z

(
µ
∂u∗i (t)

∂z
+ θ

∂u̇∗i (t)

∂z

)
= f̂i(t), i = 1, 2 ∈ H−1(Ω), (5.3)

and since f̂i ∈ L2(Ω), ∀t ∈ (0, T ), we deduce that − ∂
∂z

(
µ
∂u∗

i (t)
∂z + θ

∂u̇∗
i (t)
∂z

)
∈ L2(Ω). Which implies (5.2). □

Theorem 5.2. Under the same assumptions of Theorem 4.1, we have∫
ω

k(|ψ + s∗| − |s∗|)dx−
∫
ω

µτ̂∗ψdx−
∫
ω

θ
∂τ̂∗

∂t
ψ ≥ 0, ∀ψ ∈ L2 (ω)

2
, (5.4)


∣∣∣µτ∗ + θ ∂τ

∗

∂t

∣∣∣ < k̂ ⇒ s∗ = 0∣∣∣µτ∗ + θ ∂τ
∗

∂t

∣∣∣ = k̂ ⇒ ∃β > 0 such that s∗ = β
(
µτ∗ + θ ∂τ

∗

∂t

)
,

(5.5)

where

τ̂∗ =
∂û∗

∂z
(x, 0, t) and s∗ (x) = u∗ (x, 0, t) .

Also the limit function u∗ and s∗ satisfy the following weak form of the Reynolds equation∫
ω

(∫ h

0

[µu∗ (x, z, t) + θu̇∗ (x, z, t)] dz + F̃ − h

2
µs∗ − h

2
θ
∂s∗

∂t

)
∇ψ (x) dx = 0, (5.6)

for all ψ ∈ H1 (ω), where

F̃ (x) =

∫ h

0

F (x, z, t) dz − h

2
F (x, h, t) ,

F (x, z, t) =

∫ z

0

∫ ξ

0

f̂i (x, α) dξdα.
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Proof . Equation (4.3) can be written as∑2
i=1 ε

2(
∂2ûε

i

∂t2 (t), φ̂i − ˆ̇uεi (t)

+µε2
2∑

i,j=1

∫
Ω

(
∂ûε

i

∂xj
(t) +

∂ûε
j

∂xi
(t)
)
∂ψ
∂xj

dxdz

+µ
∑2
i=1

∫
Ω

(
∂ûε

i

∂z (t) + ε2
∂ûε

3

∂xi
(t)
) [

∂ψi

∂z + ε2 ∂ψ3

∂xi

]
dxdz

+2µε2
∫
Ω
∂ûε

3

∂z (t)∂ψ3

∂z dxdz + λε2
∫
Ω
div (ûε(t)) div (ψ) dxdz

+θε2
2∑

i,j=1

∫
Ω

(
∂ ˆ̇uε

i

∂xj
(t) +

∂ ˆ̇uε
j

∂xi
(t)

)
∂ψ
∂xj

dxdz+

θ
∑2
i=1

∫
Ω

(
∂ ˆ̇uε

i

∂z (t) + ε2
∂ ˆ̇uε

3

∂xi
(t)
) [

∂ψi

∂z + ε2 ∂ψ3

∂xi

]
dxdz

+2θε2
∫
Ω
∂ ˆ̇uε

3

∂z (t)
∂ψ3

∂z dxdz + ζε2
∫
Ω
div
(
ˆ̇uε(t)

)
div (ψ) dxdz

+
∫
ω
k̂ |ψ + u̇ε(t)| dx−

∫
ω
k̂ |u̇ε(t)| dx ≥

2∑
i=1

(
f̂i, ψi

)
+ ε

(
f̂3(t), ψ3

)
.

Passing to the limit and thanks to the Green formula, we deduce

−
2∑
i=1

∫
Ω

µ
∂2u∗i
∂z2

(t)ψidxdz +

∫
Γ

µ
∂u∗i
∂z

(t)nψidσ −
2∑
i=1

∫
Ω

θ
∂2u̇∗i
∂z2

(t)ψidxdz

+

∫
Γ

θ
∂u̇∗i
∂z

(t)nψidσ +

∫
ω

k̂ |ψ + s∗| dx−
∫
ω

k̂ |s∗| dx ≥
2∑
i=1

∫
Ω

f̂i(t)ψidxdz.

But

µ

∫
Γ

∂u∗i
∂z

(t)nψidσ = µ

∫
ω

∂u∗i
∂z

(x, 0, t)ψidx,

θ

∫
Γ

∂u̇∗i
∂z

(t)nψidσ = θ

∫
ω

∂u̇∗i
∂z

(x, 0, t)ψidx,

then

−
2∑
i=1

∫
Ω

µ
∂2u∗i
∂z2

(t)ψidxdz −
∫
ω

µτ∗i ψidx−
2∑
i=1

∫
Ω

θ
∂2u̇∗i
∂z2

(t)ψidxdz

−
∫
ω

θ
∂τ∗i
∂t

ψidx+

∫
ω

k̂ |ψ + s∗| dx−
∫
ω

k̂ |s∗| dx ≥
2∑
i=1

∫
Ω

f̂i(t)ψidxdz,

for all ψ ∈ HΓL∪Γ1(Ω)
2, where

HΓL∪Γ1(Ω) =
{
ψ ∈ H1(Ω), ψ = 0 on ΓL ∪ Γ1

}
.

On the other hand thanks to (5.2), we find∫
ω

k̂ |ψ + s∗| dx−
∫
ω

k̂ |s∗| dx−
∫
ω

µτ∗ψdx−
∫
ω

θ
∂τ∗

∂t
ψdx ≥ 0. (5.7)

The inequality (5.7) is also valid for any ψ ∈ D(ω)2 and by density of D(ω) in L2(ω), we obtain∫
ω

k̂ |ψ + s∗| dx−
∫
ω

k̂ |s∗| dx−
∫
ω

µτ∗ψdx−
∫
ω

θ
∂τ∗

∂t
ψdx ≥ 0,

for all ψ ∈ L2(ω)2. Which gives (5.4).
To prove (5.5), it suffices to follow the same techniques of [3] for the Stokes fluid. In effect, we choose ψ = ±s∗ in
(5.4), we obtain ∫

ω

k̂ |s∗| dx−
∫
ω

(
µτ∗ + θ

∂τ∗

∂t

)
|s∗| dx = 0. (5.8)
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Taking ψ = ϕ− s∗, with ϕ ∈ L2(ω) in (5.4), we get

∫
ω

k̂ |ϕ| dx−
∫
ω

(
µτ∗ + θ

∂τ∗

∂t

)
|ϕ| dx ≥

∫
ω

k̂ |s∗| dx−
∫
ω

(
µτ∗ + θ

∂τ∗

∂t

)
|s∗| dx.

From (5.8), we deduce ∫
ω

k̂ |ϕ| dx−
∫
ω

(
µτ∗ + θ

∂τ∗

∂t

)
ϕdx ≥ 0, (5.9)

then by choosing ϕ = (ϕ1, ϕ2) such that ϕi ≥ 0 for i = 1, 2, in (5.9), we get∫
ω

∣∣∣∣µτ∗ + θ
∂τ∗

∂t

∣∣∣∣ cos(µτ∗ + θ
∂τ∗

∂t
, ϕ)dx ≤ k̂.

In (5.9), we take −ϕ such that ϕi ≥ 0 for i = 1, 2, we obtain∫
ω

∣∣∣∣µτ∗ + θ
∂τ∗

∂t

∣∣∣∣ cos(µτ∗ + θ
∂τ∗

∂t
, ϕ)dx ≤ −k̂.

Thus, we have ∫
ω

∣∣∣∣µτ∗ + θ
∂τ∗

∂t

∣∣∣∣ dx ≤ k̂.

Then

k̂ |s∗| ≥
∣∣∣∣µτ∗ + θ

∂τ∗

∂t

∣∣∣∣ |s∗| ≥ (µτ∗ + θ
∂τ∗

∂t

)
s∗.

Moreover, we have

k̂ |s∗| =
(
µτ∗ + θ

∂τ∗

∂t

)
s∗. (5.10)

If k̂ =
∣∣∣µτ∗ + θ ∂τ

∗

∂t

∣∣∣, then from (5.10) we have∣∣∣∣µτ∗ + θ
∂τ∗

∂t

∣∣∣∣ |s∗| = (µτ∗ + θ
∂τ∗

∂t

)
s∗.

Then, there exists β such that s∗ = β
(
µτ∗ + θ ∂τ

∗

∂t

)
.

If k̂ >
∣∣∣µτ∗ + θ ∂τ

∗

∂t

∣∣∣, then from (5.10) we have

k̂ |s∗| −
(
µτ∗ + θ

∂τ∗

∂t

)
s∗ = 0 >

[
k̂ −

(
µτ∗ + θ

∂τ∗

∂t

)]
|s∗| ,

whence s∗ = 0 on ω.
To prove (5.6), we integrate twice (5.2) for 0 to z, we obtain

−µu∗ (x, z, t)− θu̇∗ (x, z, t) + µu∗ (x, 0, t) + θu̇∗ (x, 0, t) (5.11)

+µzτ∗ + θz
∂τ∗

∂t
=

∫ z

0

∫ ξ

0

f(x, α, t)dαdξ.

In particular for z = h, we obtain

µs∗ + θ
∂s∗

∂t
+ µhτ∗ + θh

∂τ∗

∂t
=

∫ h

0

∫ ξ

0

f(x, α, t)dαdξ. (5.12)
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Integrating (5.11) between 0 and h, we get

−
∫ h

0

(µu∗ (x, z, t) + θu̇∗ (x, z, t)) dz + µhs∗ + θh
∂s∗

∂t
(5.13)

+µ
h2

2
τ∗ + θ

h2

2

∂τ∗

∂t
=

∫ h

0

F (x, z, t)dz.

By (5.12)-(5.13), we get (5.1). □

Theorem 5.3. The solution u∗(t) ∈ L2(0, T, Vz)
⋂
L∞(0, T, Vz) of limit problem (5.1) is unique.

Proof . Let u1(t) and u2(t) be two solutions of (5.1). Taking φ = u̇2(t) and φ = u̇1(t) respectively, as test functions
in (5.1) we get

µ

2∑
i=1

∫
Ω

∂u1i (t)

∂z

∂(u̇2i (t)− u̇1i (t))

∂z
dxdz + θ

2∑
i=1

∫
Ω

∂u̇1i (t)

∂z

∂(u̇2i (t)− u̇1i (t))

∂z
dxdz (5.14)

+ ĵ(u̇2(t))− ĵ(u̇1(t)) ≥
2∑
i=1

∫
Ω

f̂i(t)(u̇
2
i (t)− u̇1i (t))dxdz,

µ

2∑
i=1

∫
Ω

∂u2i (t)

∂z

∂(u̇1i (t)− u̇2i (t))

∂z
dxdz + θ

2∑
i=1

∫
Ω

∂u̇2i (t)

∂z

∂(u̇1i (t)− u̇2i (t))

∂z
dxdz (5.15)

+ ĵ(u̇1(t))− ĵ(u̇2(t)) ≥
2∑
i=1

∫
Ω

f̂i(t)(u̇
1
i (t)− u̇2i (t))dxdz.

By subtracting (5.14) from (5.15), we obtain

θ

2∑
i=1

∫
Ω

∂(u̇1i (t)− u̇2i (t))

∂z

∂(u̇1i (t)− u̇2i (t))

∂z
dxdz ≤ µ

2∑
i=1

∫
Ω

∂(u1i (t)− u2i (t))

∂z

∂(u̇2i (t)− u̇1i (t))

∂z
dxdz.

We use now assumptions (3.4) and (3.5) to find

∥∥∥∥ ∂∂z (u̇1(t)− u̇2(t))

∥∥∥∥
L2(Vz)

≤ C

∥∥∥∥ ∂∂z (u1(t)− u2(t))

∥∥∥∥
L2(Vz)

. (5.16)

Moreover, since ui(0) = u0, it follows that

∂ui
∂z

(t) =

∫ t

0

∂u̇i
∂z

(s)ds+
∂ui
∂z

(0), (5.17)

and, therefore ∥∥∥∥ ∂∂z (u1(t)− u2(t))

∥∥∥∥
L2(Vz)

≤
∫ t

0

∥∥∥∥ ∂∂z (u̇1(s)− u̇2(s))

∥∥∥∥
L2(Vz)

. (5.18)

By (5.16) and (5.18), we obtain∥∥∥∥ ∂∂z (u̇1(t)− u̇2(t))

∥∥∥∥
L2(Vz)

≤ C

∫ t

0

∥∥∥∥ ∂∂z (u̇1(s)− u̇2(s))

∥∥∥∥
L2(Vz)

ds.

By Gronwall Lemma and Poincaré’s inequality, we deduce

u̇1(s) = u̇2(s),

for all s ∈ [0, T ]. Using then (5.17) to obtain that u1(t) = u2(t), which completes the proof. □
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