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Abstract

In this work, we first introduce the modified S-iteration method to approximate common fixed points of three multi-
valued generalized (o — 3)-nonexpansive mappings in the setting of Banach spaces. Then we prove some convergence
theorems for these mappings by using it. Also, a numerical example is given to illustrate the main results. Further-
more, we introduce a one-step iterative process for generalized (o — )-nonexpansive mappings and we prove strong
convergence results for the one-step iterative process involving such mappings. Thus our results extend and generalise
corresponding results in the contemporary literature.
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1 Introduction and Preliminaries

The theory of multivalued mappings has an important place in the field of pure and applied mathematics. The
importance of this theory has increased over the years and many problems involving such mappings have become the
focus of discussion. In fact, among the various approaches used to develop this theory, one of the most interesting is
based on methods of fixed point theory. Some of these works are [5], [6], [O], [I1], [13], [14], [I5] and [20].

Let CB(C) be a collection of all nonempty closed and bounded subsets of C and let K C(C) be a collection of all
nonempty compact convex subsets of C. For A, B €CB(C), define the mapping H :CB(C) — CB(C) by

H(A, B) zmax{sup 0(s¢, B), sup D(%,A)}, (1.1)
»e€A »eB

with 0(sr,C) = infycc |22 — q|| . We know that H is called Hausdorff metric.
A multivalued mapping Q : C — CB(C) is said to be a nonexpansive if

H(Qx, Qq) < || — |

for all s¢,q € C.

Many generalizations of nonexpansive mapping have been introduced in the literature (see [2], [4], [10], [12]). In
2008, Suzuki [19] gave a new class of nonexpansive mapping as follows:
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Definition 1.1. Let C be a nonempty subset of a Banach space E. A mapping Q : C — C is said to satisfy condition
(C)if

1
g e = Qrll < e —all = [1Qs — Qall < [l —al,
for all s¢,q € C.

He showed that the mappings satisfying this condition include nonexpansive mappings. He also proved some fixed
point theorems for such mappings.

In 2017, Pant et al. [16] introduced generalized a-nonexpansive mapping which is another new class of nonexpansive
single-valued mapping. And, they gave some fixed point results for such mappings in Banach spaces.

Definition 1.2. A mapping Q : C — C is said to be a generalized a-nonexpansive mapping if there exists an « € [0, 1)
such that

1
Sl — Qx
12— Qull < all—Qall +alla—Qxl +(1—2a) [ —al.

IN

[ —all =

for all »¢,q € C.
In 2020, Ullah et al. [2I] suggested a two parametric class of nonlinear mapppings. And, they proved existence
of fixed point and showed convergence for this class of mappings in uniformly convex Banach spaces and compare

several well known iterative algorithms in literature.

Definition 1.3. A mapping Q: C — C is said to be a generalized (o — §)-nonexpansive mapping if there exists real
numbers «, 8 € [0, 1) satisfying o + 8 < 1 such that

1
S lle= Qo = e —all =

1@ — Qall < ol — Qqll + aflg = Qsel| + B |5 — Q||
+Bllg — Qall + (1 = 200 = 28) || — al,

for all »¢,q € C.
Now, we will give the multivalued versions of the mappings given above for single-valued.
Definition 1.4. Let C be a nonempty subset of a Banach space E. A mapping Q : C — CB(C) is said to be

a) nonexpaunsive if

H(Q%a Qq) < H% - qH aV%a qe C.
b) quasi nonexpansive if F(Q) # 0 and
H(Qs, Qp) < ||3¢ — p|| , Ve € C and Vp € F(Q).

c) Suzuki generalized nonexpansive or endowed with condition (C) if for s,q € C,

1

£9(6, Q%) < 15— | = H(Qx, Q) < |l —al].
d) generalized a-nonexpansive if if there exists an « € [0,1) such that

1
20060 < el =
H(Q%, Q1) < ad(s2, Qq) +ad(g, @) + (1 - 2a) |~ al

for s¢,q € C,
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e) generalized (o — )-nonexpansive if there exists real numbers a, § € [0, 1) satisfying a + 5 < 1 such that

%D(%, Q)
H(Q3,Qq) < ad(sx, Qq) + ad(q, Q) + S0, Q)
+80(q, Qq) + (1 — 2a — 28) |5« — q|| .

IN

||« — q|| implies

A

for s,q € C.

In 2021, Ullah et al. [22] introduced the class of multi-valued generalized (« — 8)-nonexpansive and they showed
some main properties of these mappigs. They also gave some weak and strong convergence theorems by using a
multi-valued version of the M-iterative process.

In this work, we divide our results into two sections. At the first section, we introduce multi-valued version of the
S-iteration process for the multi-valued generalized (o« — )-nonexpansive mappings in Banach spaces. We also obtain
some convergence results for such mappings and we exemplify the results numerically. At the second section, we
also introduce one step iteration process for the multi-valued generalized (o — §)-nonexpansive mappings in Banach
spaces. And, we obtain some strong convergence theorems for such mappings by using this iteration process. Our main
theorems extend the study of [16] and [I7] to the multivalued setting and prove a few important results. Furthermore,
our results extend and generalize the existing literature of the nonexpansive multivalued mappings.

Proposition 1.5. [23] Let Q : E — CB(FE) be a multivalued mapping. Then the followings hold.

(i) If Q is Suzuki generalized nonexpansive then Q is a multi-valued generalized (« — )-nonexpansive mapping for
some «, 5 € [0,1).

(ii) If Q is generalized a-nonexpansive then Q is a multi-valued generalized (« — §)-nonexpansive mapping for some
a,B €10,1).

(iii) If Q is a multi-valued generalized (o — §)-nonexpansive mapping and F(Q) is nonempty then Q is quasi nonex-
pansive.

Remark 1.6. [23]In the above proposition, the converse of (i) is not true in general, i.e., if Q is a multi-valued
generalized (o — )-nonexpansive mapping, it does not necessarily imply that the mapping satisfy condition (C).
Similarly, if Q is a multi-valued generalized (o — )-nonexpansive mapping, it does not necessarily imply that the
mapping is generalized a-nonexpansive.

The set of all fixed points of Q is denoted by F(Q). A multivalued mapping Q : C — CB(C) is said to have a
fixed point if there exists an element p € C such that p € Q(p).

Proposition 1.7. [23] Let C be a nonempty subset of a Banach space E and Q : C — CB(C) be a multi-valued
generalized (a — 8)-nonexpansive mapping for some «, 8 € [0,1). Then for each »,q € C

(i) H(Qs, Qz) < ||5r— 2|, Vz € Qs

)
(ii) Either (s, Qs) < [|3¢ — q|| or 10(z,Qz2) < ||z —q||, Vz € Q.
(iii) Either H(Qs, Qq) < ad(s¢, Qq) + ad(q, Q) + B0 (5, Q) + 50(q, Qq) + (1 — 2a — 28) ||2c — q|| or H(Qz, Qq) <
ad(z, Qq) + ad(q, Qz) + fo(z, Qz) + Ho(q, Qq) + (1 — 2a = 26) ||z — g, Vz € Q.
Proposition 1.8. [23] Let C be a nonempty subset of a Banach space E and Q : C — P(C) be a multi-valued
generalized (a — 8)-nonexpansive mapping, then

1+a+p)

H(Q%, Qq) < 2m

05, Qo) + [|2¢ — al,

for all »¢,q € C.
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Lemma 1.9. [22] Let C be a nonempty subset of a Banach space E and Q : C — C'B(C) be a multi-valued generalized
(a — B)-nonexpansive mapping for some «, 3 € [0,1). Then for all s,q € C,

B3+a+p)

(s, Qq) < m

0(5¢, Q) + || — al| -

Lemma 1.10. [§] Let E be a uniformly convex Banach space. Then for any £ € [0, 1] and for all 5¢,q € E, we have
€3¢+ (1= &)all”* < & lsll* + (1= &) llall* = £(1 = &) || — al|*-

Lemma 1.11. [I8] Let E be a uniformly convex Banach space. Let {£,} be a sequence of real numbers such that
0<s<¢& <t<1lforalln > 1, and {5,} and {q,} be sequences of F such that limsup,,_, . |[sa| < &,
limsup,, , [|gn|| < k and lim, 00 ||€n22n + (1 — €)qn|| = k for some k& > 0. Then, lim,_, o |22, — g || = 0.

2 Convergence of Modified S-iterative method

Recently, Agarwal et al. [3] have introduced the S-iteration process to find the fixed point of a single-valued
nonexpansive mapping as follows:

Let C be a nonempty subset of a Banach space E, and let t : C — C be a mapping. For s € C, the sequence {5, }
is defined by

n = (1 - nn)%n + Nnton,
Hn+l = (1 - :Un)t%n + Untdn,

where {u,,} and {n,} are real sequences in [0, 1].

In 2020, Abdeljawad et al. [I] defined the S-iterative process {sz,} for multivalued mapping as follows: Let C be
a nonempty convex subset of a Banach space F, and let Q : C — CB(C) be a multivalued mapping. The S-iteration
process {,} is defined by

On = (1 - nn)%n + NMnZn;,
snt1 = (1= pn)2n + tnzy,

where sy € C, z, € Qs, and 2], € Qq,, and uy, , N, € [0,1] .

Keeping above in mind, we introduce the modified S-iteration method for three multi-valued generalized (o — f3)-
nonexpansive mappings in the following way: Let C be a nonempty closed bounded convex subset of a Banach space

E, and Q1,Q2,Q3 : C — CB(C) be three multi-valued nonexpansive mappings. The modified S-iteration method
{5, } is defined by
On = (1 - nn)%n + MnZn,
2.1
{ An+1 = (1 - ﬂn)un + HnUn, ( )

where 79 € C, up € Q15n,Vn € Qoln,2n € Qzotp, and 0 < s <y , N <t < 1.

Lemma 2.1. Let C be a nonempty compact convex subset of a uniformly convex Banach space E, and let Oy, O, Qs :
C — CB(C) be multi-valued generalized (o — 8)-nonexpansive mapping. Also suppose that F(Qq)NF(Q2)NF(Q3) # 0
and Q1w = Qow = Qzw = {w} for all w € F(Q1) NF(Q2) NF(Q3). Let {3,} be the sequence generated by the
S-iteration method defined by (2.1)). Then lim,,_,« [|36, — @|| exists for all @ € F(Q;) NF(Q2) NF(Qs).

Proof. As Q1, Qs and Q3 are multi-valued generalized (a — 3)-nonexpansive mapping and @ € F(Q1)NF(Q2)NF(Q3),
by Proposition [I.5] we have

H(Q15n, Q1)
H(Qa2p, Qow)

260 — @[, (2.2)

<
< e — =

and

H(Qs50n, Q3w) < [[36, — ]| .
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Now,
lensr =l = (L= pn)un + prnn — o] (23)

< (1= ) lun — @l + pin [vn — @ ||
= (1= pp)d(tn, Q1@) + pnd(vy, Qow)
< (1= pn)H(Qu5n, Q1) + pn H(Q2qn, Qow)
< (= pn) st — @l + pin [0 — @ ||
= (1= pn) 260 — @l + pa (1 = 0n) 360 + 120 — @ ||
< (1= ) 1260 — @ 4 (1 = 10) [[260 — @ + i |20 — @ ||
= (1= pnmn) 560 — @ || + a0 (20, Q3w)
< (1 = pnn) 150 — @ + i H(Qs 52, Q3w)
< (1= ) |50 — WH + UnTn ”%n — ||

I¢n — o] -
Since the sequence {||s, — w||} is bounded and decreasing, we conclude that the limit of the sequence exists. [J

Lemma 2.2. Let C be a nonempty compact convex subset of a uniformly convex Banach space F,and and let
0Q1,95,93 : C — CB(C) be multi-valued generalized (o — §)-nonexpansive mapping. Also suppose that F(Qq) N
F(Q2) NF(Q3) # 0 and Q1w = Qaw = Qzw = {w} for all w € F(Q1) NF(Q2) NF(Q3). Let {s,} be the sequence
generated by the modified S-iteration defined by . If0 < s < pip,n, <t <1 for some s,t € R, then,

lim 0(5¢,, Q15¢,) = lim (52, Qas¢,) = lim 0(5¢,, Q322,) = 0.
n—oo n— o0 n—oo

Proof . As Q;, Qs and Q3 are multi-valued generalized (o — 3)-nonexpansive mapping and w € F(Q1)NF(Q2)NF(Q3),
by Proposition we have

H(Q15n, Q1)
H(Qap, Qow)

and
H(Qsp, Qzw) < |5, — || .

By Lemma [2.1] it follows that lim,_ |54, — @]| exists. Let us assume that lim, . |56, — @|| = c.

Since

||Un - w” < ,H(Qlﬂna Qlw) < ”%n - w” ’

|on — @] < H(Q2qn, Qow) < [lgn — =,
and

Hzn - WH S H(Q?)%na Q?)w) S ||%7l - w” )
S0,
lim sup ||u, — @] < ¢ (2.4)
n—oo

and

limsup ||z, — w| < c.
n—oo

From (2.2)) in Lemma we also have the following inequality

(1 = mn)stn + Mnzn — @ (2.5)
(1 =nn) 200 — @l + 70 |20 — @]

(L =) I56n — @[ + 1 H(Q356n, Qsw)

(L= n5) 1560 — @ + 10 ||56 — ||

llgn — ||

INIACIA

[ B
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This implies that limsup,,_, . ||vn — @] < ¢. From (2.3), we know that
lim |[(1 — pn)un + pnv, — w|| = c.
n—oo

So, using Lemma [I.11] we obtain
lim |ju, — v,|| = 0.
n—oo

Also,

||%n+1 - wH = ||(1 — fn ) U+ U — wH
= |[(un — @) + pin (U — vn) ||

[un = @[ + [lun — on

N

implies that

¢ < liminf ||u, — @] . (2.6)
n—roo
Combining (2.4]) and (2.6]), we have
lim |lu, —w| =c.
n—oo

Taking lim sup on both sides of (2.5)), we obtain

limsup ||q, — w|| < c. (2.7)
n—oQ
Thus
[un =@l < flun = vnll + llvn — =]
S ||un - vn” + H(Q2qn7 QQW)
< lun = vnll + llan — =],
gives

¢ <liminf||q, — =,
n—o0

and, in turn, by , we have

Jim[lgn — ]| = ¢
Applying Lemma [1.11] once again,

lim ]3¢, — up|| = 0.

n— oo

Since (¢, Q156,) < |70 — uy||, we have

lim 0(5¢,, Q15¢,) = 0.
n— 00

In a similar way, we can show that

lim 0(5¢,, Q2s¢,) =0 and  lim (3¢, Q33¢,) = 0.
n—oo n— o0

O

Now, we prove that the sequence generated by the modified S-iteration method (2.1) converges strongly to a
common fixed point of three multi-valued generalized (« — 3)-nonexpansive mappings.

Theorem 2.3. Let C be a nonempty compact convex subset of a uniformly convex Banach space F,and and let
Q1,092,Q93 : C — CB(C) be multi-valued generalized (« — 3)-nonexpansive mapping. Also suppose that F(Q;) N
F(Q2) NF(Q3) # 0 and Q1w = Qaw = Qsw = {w} for all w € F(Q1) NF(Q2) NF(Q3). Let {52,} be the sequence
generated by the modified S-iteration defined by . If0 < s < pn,mn <t <1 for some s,t € R and for any
convergent subsequence {sz,, }of {3,} with s,, — q, then q € F(Q1) NF(Q2) NF(Q3).
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Proof . Let lim,_,« ||5¢,, — q|| = 0.Then by Lemmas [1.9] and we have

20, Q10) < 19— 2]l + (55, Q1)
3
< Ja- m|+§+‘”5§ (tmes @13tn) + 1 — 2|
B+ a+pB)
< 2||CI*%ni||era(%nmglﬂm)-

Thus, it follows that q € Q1q i.e., q € F(Q1).
Similarly, we can show that q € F(Q2) and q € F(Q3). Hence, we get

q € F(Q1) NF(Q2) NF(Q3).

O

We now present the final theorem which proves the strong convergence of the modified S-iteration.

Theorem 2.4. Let C be a nonempty compact convex subset of a uniformly convex Banach space E, and let Q1, Q2, Q3 :
C — CB(C) be three multi-valued generalized (o — §)-nonexpansive mapping.Let us also suppose F(Q1) NF(Q2) N
F(Q3) # 0 and Q1w = Qyw = Qzw = {w} for all w € F(Q;) NF(Q2) NF(Qs).Let 54, be the sequence of the modified
S-iteration defined by .If 0< s < pp,mn <t <1 for some s,t € R.Then {s,} converges strongly to a common
fixed point of @1, Qs and Qs.

Proof . Since C is compact, there exists a subsequence {s,, } of {5¢,} which converges strongly to some point q € C,
that is, lim, o ||3¢n, — q|| = 0. By Theorem we get q € F(Q1) NF(Q2) NF(Q3), and hence by Lemma we
conclude that lim, . |56, — q]| exists and it must be same as lim,_, || 26, — q|| . Therefore,

lim |», —q|| =0.
n— oo
Thus, {5,} converges strongly to q € F(Q1) NF(Q2) NF(Q3). O

Example 2.5. Let £ =R and C = [0,00) and Q1, Qs, Q3 : C — CB(C) be three multi-valued mapping defined by
Q9 =10,%4], Q; =[0,%], Q3 = [0, 3]

Then Qi, Qo and Q3 are generalized (o — 8)-nonexpansive mappings for a = § = % and have a common fixed
point at w = 0.

Indeed, for « = § = i, we get

ad(s, Q1q) + ad(q, Q1) + Bd(3, Qi) + Bo(q, Q1q) + (1—20—2/3) [| ¢ — gl

~ 1|5x—2q o9q — 2 13q
= sl \
S 17%7q' 1’3%3q‘
- 4 5 4 5

1
= §|%*q\

2

> ¢l —af =H(Qix, Qia).
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Similarly

ad (s, Qaq) + ad(q, Qo) + B(x, Qz%) + Bb(q Qaq) + (1 — 20— 28) || — q]|

1 2 2
- b gl 3 b g e gD
1(3x—q 3q — x
-l o
S 14— 4q’ ‘2% Qq‘
- 4 3 4 3
1
= §|%—q\
1

> 3 |5 — q = H(Q2, Q2q)
and

ad(z, Q3q) + ad(q, Q3) + B(52, Q35¢) + f0(q, Q3q) + (1 — 20 — 2) ||2c — q]|

1 3q 1 3 1 3 1 3q 2 2
i ‘7*4’““7*4‘”‘7 ‘ Ty tUm g Pl
1| 7x—3q 1179 —3x 1 4q
T b e A1 R
- 110%—10q‘ ‘4% 4q‘
- 4 7 4 7
1
= §|%—Cl\
3
> ?Iz—q\=H(Q3%,qu)~

Hence, Q1, Q2 and Qs are generalized (a — 8)-nonexpansive mappings. Also, these three mappins have a common
fixed point at {0}, since we have w =0 for Q1w = w, Qsw = w and Qzw = w.

Moreover, since conditions of the Theorem are satisfied, sequence {sz,} defined by (2.1]) converges strongly to
the common fixed point @ = 0.

3 Convergence of a one-step iterative method

This section is devoted to approximate a common fixed point of three multivalued mapping satisfying generalized
« — f-nonexpansiveness.

In 2011, Eslamian and Abkar [7] introduced a one-step iterative method for finding the common fixed points of
a finite family of nonexpansive multivalued mappings satisfying condition (C).Here, we extend the above one-step
iterative method for three multi-valued generalized (« — 8)-nonexpansive mappings.Let Q1,Qs, Q3 : C — CB(C) be
three multivalued mappings, then the iterative scheme is defined as follows:

1 €C, (3 1)

Hpt1 = Ap2p + bpuy + cpvy + dpzn, n €N, ’
where u,, € Qy3,, vp € Qasen, 2, € Q3¢ and {ay}, {bn}, {cn} and {d,,} are sequences of real numbers in [0, 1) such
that for every natural number n, a, + b, + ¢, +d, = 1.

Now, we prove some weak and strong convergence results of the sequence generated by (3.1)) in a uniformly convex
Banach spaces. In the context, f = F(Q;) NF(Q2) NF(Q3) is the set of all common fixed points of the mappings O,
9, and Q3.We begin with following result.

Lemma 3.1. Let E be a uniformly convex Banach space and C be a nonempty closed convex subset of E.Let Q; :
C — CB(C) for i = 1,2,3 be multi-valued generalized (o — #)-nonexpansive mapping with f nonempty. Also, let
us suppose that for i = 1,2,3, Q;w = {w} for all @ € F .Then for the sequence {s,} generated by (B.1)), we have
limy, 00 0 (560, Qis6n,) = 0 for i = 1,2, 3.
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Proof . By Proposition [I.5] we conclude that Q;, Qs and Q3 are quasi-nonexpansive.Thus for any @ € F and » € C,
we have for ¢ = 1,2, 3.

H(Qisx, Qiw) < || — w]|.
Now, by the definition of {s¢,} in (3.1)), it follows that

Itne1 — @l = |lansn + bntin + crvn + dpzyn — @||

llan (56, — @) + by, (U, — @) + ¢ (v, — @) + dy (20, — @) ||

an |50 — @ + b |un — @|| + cp |vn — @[ + dn [[2n — @]

an |70 — @|| + 000 (Up, Q1@) + €0 (Vn, Qo) + dpd (2, Q3w)

an, ||36n — @|| + b H (Q13¢n, Q1) + cnH (Qasep, Qow) + dpH (Qz3¢p,, Q3w)
an ||360 — @ + bn [1360 — @ + e ||260 — @] + dn [|360, — @

(@n + bp + cn + dy) || 56, — ||

[2n — o] -

VAN VAN VAN VAN

Thus for each @w € F, lim,_, |26, — @|| exists and let us suppose that lim,,_,~ ||2¢, — @] = ¢ for some ¢ > 0.Then,

[un =@ =0 (un, Quew) < H (Qusen, Qi) < |36 — ]|

Thus, lim,,_, s sup ||u, — @|| < ¢ and in a similar way, we can show that lim, . sup ||v, — @|| < ¢ and

lim sup ||z, — w| <.
n—oo

Now
lim sup n (en — @) + —— (uy, — @) + En (vp, — )
. a n
< tim sup T oty — ]+ T fun = 5l 2 o —
< 1. a’I’L + b’ﬂ + cn ||}f H
im su n — T
~ n—oo P 1_dn l—dn 1—dn
< lim supl||s, —w| =c
n— o0
Also,
lim ||(1—d,) _On_ (5tn, — @) + bn (Up — @) + —— (vp — @) | +dy (20 — @)
n—o0 1-4d, 1-4d, 1-4d,

= lim |lan (56 — @) + by (Uy, — @) + ¢ (U, — @) + dp (20, — @) ||
n— oo
= nli)néo ||an%n + bptpn + cpvn +dpzn — wH

= lim e -l =c.

Thus, using the above relations and Lemma [1.11] we get

lim
n— oo

e

1—-d,
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Therefore,
. 2% by Cn Gn + bn +cp,
0 = 1 — _ _
e e B L 1—a, @ G w)H
. Ap 2y + bpun + cnop an +bp +cn
= 1—d, Zﬁ(ll_dn)“H
. G 2y + bply + CrUp + dp2n — 2y
= lim
n—o0 1-d,
—  Lim Pl
n—00 1-4d,
Thus,
lim ||5¢,41 — 2] = 0.
n—oo
Similarly, we can prove that lim, . ||2¢n+1 — vn|| = 0, lim, 00 || #6041 — un || = 0 and
lim;, o0 || 26041 — 20| = 0.
Hence, from the above deduction, we have
Hm |56, — zn|| < Um ||56541 — 56| + Um ||56541 — 25| =0,
n—oo n—o00 n—00
Hm |56, — vp|] < lm ||56,41 — 30| + lim ||56,41 — vn]| = 0,
n— o0 n—oo n—oo
and
lim |56, — up|| < Um ||56041 — 20| + lm ||56,41 — un|| = 0.
Now,
lim 0 (36,, Q15¢,) < lim |56, —uy|| =0,
n—oo n—oo
lim (3, Q23¢,) < lim |56, —vy| =0,
n—oo n— oo
and
lim 0 (3,, Q35¢,) < lim |56, — 2,,]| = 0.
n— 00 n—0o0

Hence, for i = 1,2, 3, we conclude that lim, o 0(56,, Q;6,) = 0. O

Theorem 3.2. Let C be a closed convex subset of a real Banach space E, and let Q1, Q2,93 : C — B (C) be multi-
valued generalized (o — f3)-nonexpansive mapping.Also suppose that for i = 1,2,3, Q; = {w} Vw € F .Let {5,} be
the sequence generated by .Then the sequence {sz,} converges strongly to a common fixed point of Q;, Qs and
Qs if and only if lim,, s inf 0 (3¢,, F) = 0.

Proof . Let {s,} converges to a common fixed point s of Q;, Qs and Qs i.e. s € F.Thus it obviously follows that
lim,, o0 inf disQ (5¢,, F ) = 0.
Conversely let us suppose that lim, o inf? (3¢,,F) = 0, then from Lemma for each w € [ we have
|7¢n+1 — @|| < ||56n — || which implies
a(%nJrlaF) S a(%naF)

Hence {0 (5¢,, F )} is a decreasing sequence of real numbers which is bounded below and we also have lim,, _, o, inf disQ (3¢, F ) -
0, together we conclude lim,, 00 0 (52, F ) = 0. We claim that, {3¢,} is a Cauchy sequence in C. Let € > 0 be arbitrarily
chosen. Since lim,, o, 0 (52, F ) = 0, there exists p € N such that for all n > p, we have

€
D(%nvF)<§
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In particular, inf {||55, — @| : @ € F} < §, so there exist some @ € F such that,

— €
n, —w|| < =
=7 <3

Now for m,n > p, we have

_ _ - €
5nam — 2] < ’ Hptm — wH + ‘ 2y — wH <2 H%p — wH < 25 =€

Hence {5,} is a Cauchy sequence. Now C being a closed subset of E and {3,} is a Cauchy sequnce in C, it must
converge in C. Let lim,_, s, = z. Now for ¢ = 1,2, 3 we have,

(2, Qiz) < ||z — 20| + 005, Qizen) + H(Qisn, Qiz)

applying Proposition [1.8| we obtain,

02 05) < [l + 0ot Q) + 250 ol )+ — 4|
< 2||z%n|+mD(%n,QMn).

Since limy, 00 56, = z and lim, o 0(5¢,, Q;3¢,) = 0 for i € {1,2,3} (by Lemma we conclude d(z, Q;z) = 0.
Hence z € Q;z for each i € {1,2, 3}, therefore z € F. This completes the proof. O
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