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Abstract

In this paper, we consider the boundary value problem related to the quasilinear hyperbolic equation with nonlinear
source terms. We start by showing the local existence theorem. Then, we prove the global existence and the decay of
the energy by using Nakao’s inequality, finally we get the finite time blow up of solutions.
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1 Introduction

In this work, we study the following value problem related to the quasilinear hyperbolic equation with nonlinear
source terms:

\Y%
Upt — |Vu|div(a(x)|v—z|) — Auy + |ug|9 uy = |ufP L, z€Q,t>0,
ult,z) =0, z €Nt >0, (1.1)
U(07.T) = uO(x)v ut(ovx) = ul(x)v x €.

Where € is bounded domain with smooth boundary 92 in R™
(n>1), p,g>1and ax) is is a stricty positive and continuously differentiable function in Q.
Problems of this type arise in physics (for example, we represents the purely longitudinal motion of a viscoelastic
configuration. (see[l])) and in image processing.
The following equation
wer — Au A+ Jug| ™ 2up = |ulP%u. (1.2)

Has been extensively studied by many authors. It is well known that in the absence of the damping mechanism
|ug|™ 2y, the source term |u[P~2u causes finite time blow up of solutions with the negative initial energy (see [2, [7]).
On the other hand, in [4, 8] the damping assures global existence for arbitrary initial data in the absence of the source
terms.

The interaction between the damping term |u;|™2u; and the source terms |u|P~2u was showed in [I0, @] by Levine for
linear damping u;. Levine studied the global nonexistence solutions when the initial energy is negative. In [6] Georgiev
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and Todorova developed the result of Levine with nonlinear damping (m > 2). Many authors have introduced a new
method and related between m and p in their work, for which there is the global existence and the other relations
between m and p for which there is finite time blow up. Particulary, they showed that if m > p then, the solutions
with negative energy continue to exist globally and blow-up finite-time if p > m and the initial energy is sufficiently
negative. This result has been provesly generalized to unbounded domains and to an abstract setting in [I1} 12]. In
these works, the authors showed that no solution can be extended on [0, c0) with negative initial energy if p > m and
proved with noncontinuation theorems. This generalization allowed them to apply their noncontinuation results to
quasilinear situations in the particular case of which the result of [6].

In the presence of the strong damping term Auwu; the following semilinear wave equation

gy — Au — WAy + plug| T uy = |ulP ", (1.3)

studied by Yu in [22]. In the case when (¢ = 1) Gazzola and Squassina in [5] studied the global existence and blow up
of solutions. Then when w = 1 and p = 1, Chen and Liu was studied in [3] the global existence, decay and exponential
growth of solutions.

Many researchers have investigated to show the existence, blow up and asymptotic behavior of solutions of the (1.3
(see [14] (I8 20, 17, 19]).

Messaoudi extended the blow up of solutions results of [6] in [I4] with the negative initial energy. Then he studies
decay of solutions by using the techniques combination of the perturbed energy and potential well methods in [I5]. In
[19], Wu and Xue proved the uniform energy decay rates of solutions by utilizing the multiplier method.

In T3], the authors showed the blow up of solutions under some restriction for a system of semilinear wave equation
and they gave an estimate for the blow up time 7T, this result allowed them also to apply their theorem to quasilinear
situations, of which problem is a particular case. So, we prove the same result of [I3] in the case of a quasilinear
hyperbolic equation with strong damping and source terms.

In this work, firstly we show the local and we study the global existance of solutions of the problem . Secondly,
we show the finite time blow up of solutions with negative and positive initial energy by using the same techniques in
[13] and [I7].

This paper is organized as follows: In the section 2, we present some lemmas and we show the local existence theorem.
In the section 3, we prove the global existence and decay of solutions and we give example. In the section 4, we show
and prove the blow up of solutions with negative and positive initial energy in the case : (¢ = 1).

2 Preliminaries

In this section, we give some lemmas and assumptions which we will be used in this paper.
Let ||.||2 and ||.||, denote the usual L?*(Q) and LP(£2) norm, respectively, and [I-|lpy2 denote the D% (9, @) norm.

We introduce the weighted Sobolev space Dé’Q(Q, «) defined as the closure of C§° in the norm

lllope g = (| al@)[TuPda)?.

Lemma 2.1. [16] Let ¢(t) be a nonincreasing and nonnegative function defined on [0,T], T > 1, satisfying
¢1(t) < wo(6(t) — o(t+1)), te[0,T].
For wyg is a positive constant and v is a nonnegative constant. Then we have, for each t € [0, T7,
o(t) < ¢(0)e 1T,y =0,
{¢(t) < ($(0) " +wg =107, 4 >0,
where [t — 1]7 = max{t — 1,0} and w; = In(-22-).

wp—1

Lemma 2.2. [13] Let us have § > 0 and let B(t) € C%(0,00) be a nonnegative function satisfying
B'(t)—4(6+1)B'(t) + 4(6 + 1)B(t) > 0. (2.1)

If
B'(0) > r2B(0) + Ko, (2.2)

with 79 = 2(6 + 1) — 24/(d + 1)4, then B'(t) > K, for t > 0, where K is a constant.
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Lemma 2.3. [13] If H(t) is a nonincreasing function on [tg, 00) and satisfies the differential inequality
[H' (1) > a+b[H()]*TF  for t > to, (2.3)

where a > 0,b € R, then there exists a finite time T™* such that

lim H(t) =0.
t—T*—
Upper bounds for T are estimated as follows:
1. If b <0 and H (o) < min {1,,/=%} then
T <o+ ——1 b
<to n =
Ve H W)
2. If b =10, then
H(to)
T <t .
< to+ H (1)
3. If b > 0, then
H(t ) 1
T < \(/;;)) or T* §t0+23§17€6 [1_ (L+cH(to)) 2 |,

where ¢ = (2)>5.

Next, we show the local existence theorem which can be estableshed by [0] and [21].

Theorem 2.4 (Local existence). We suppose that: 2 < p+1 < up € Dy*(Q) and uy € L3(Q) then, the

problem (1.1) has a unique local solution:

2n
n—2’
we C([0,T);Dy?(Q)) and w, € C([0,7); L2(Q)) N L([0,T) x Q).

Furthermore, one of the following statements holds true:

1. T = oo,

2. J|utl|3 + [|ul] —so00 as t—T".

2 2
1.
Dy

3 Global existence results

In this section, we study the global existence and the decay of the solution for problem (1.1)). We define

1 1
J(t) = §/§Za(x).VuVudx - m“u”ﬁi%, (3.1)
and
I(t) = / a(z)VuVudz — [|ul P17 (3.2)
Q
We also define the energy function
E(t) = g + 1 VuVud ! o 3.3
(1) = glhull>+ 5 | ol@)VuTude ——|ull}7, (33)
and we denote the Nihari space
W ={u:ueDy*(Q), I(u)>0}U/{0}. (3.4)

Next, we show the energy function (3.3) which is a nonincreasing function along the solution of (1.1) by the next
lemma:

Lemma 3.1. For ¢t > 0, E(t) is a nonincreasing function and

’

E'(t) = —(lluellf41 + 1|Vl [*) < 0. (3-5)
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Proof . Multiplying the first equation of (1.1)) by u; and integrating over 2, by using integrating by parts, we get

t t
E(t)—E(O):—/ ||uf\|gj}d7—/ |Vur||2dr for t>0. (3.6)
0 0
O

Lemma 3.2. Let ug € W, u; € L*(2) and we suppose that (p > 1) and

g=C. (2(;p_+11))E(0)) T (3.7)

then, for each t > 0, u € W.

Proof . For I(0) > 0 and by the continuity of u(t) so: I(t) > 0, for some interval near ¢ = 0. Let T,,, > 0 the maximal
time, when (3.2)) holds on [0, T},].

From (3.1) and (3.2)), we get

1 p—1
2(p+1)

/Qoz(a?)VuVudx, (3.8)

by I(t) > 0, we have
=1
> 1,2 .
90 > gl (59)

then from E(t) and E'(t), we obtain
2(p+1)
ul|2. < 2
fulfyg < 222
< 2(p+1)
(-1
2(p+1)

< WE(O). (3.10)

J(t)

E(1)

By using Lemma and (3.10]), we get

a5} < Cullall

= C*Hull’;g,lzl\ulliéz
2(p+1) B2
< - 7 2
< Ci( -1 £(0)) [lullpr
= ﬁ\IUII%é,z
<|lull%12 Vt€[0,T), (3.11)
0

we conclude by (3.3) that I(t) >0,V ¢t € [0,T,,].
When we repeat the procedure, T, is extended to T'. So the proof is completed. [J

Lemma 3.3. If the assumptions of the Lemma hold, so there exists 771 = 1 — 8 such that
+1
[Jul[p7 < (1 - 771)||U\|2Dé~2~
Proof . We have
1
s < Bllullye:

when, we put ;1 = 1 — 3, we obtain the following results. [J

Remark 3.4. We have
1
llullp1 < (1 =n)lfullZsz,
then, we can deduce that

1
2
ullfe < —I(¢). 3.12
|| HD02 m () ( )
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2
Theorem 3.5. Let ug € W satisfying Lemma and we suppose that 2 < p+1 < 7n2, n > 2 holds, then the
n—
solution of problem (|1.1)) is global.

Proof . We have

1 1 1 )
1., p-1 / 1
= w3+ S VuVudz + ——I(t
2||“t”2 2(p+ 1) Qa(ﬂc) uVudx P (t)
! (p—1)
> = 240 7 a2

since I(t) > 0, so
||l f5 + ||u||29(1),2 < CE(0),

where C' = max{2; ngll)) }. By using Theorem we obtain the global existence result. [

Theorem 3.6. Let ug € W, we suppose that 2 <p+1 < %, n > 2 and (3.7)) holds.
So, we have the following decay estimates:

(1) < E(0)e~wolt=1", it =1,
(EO) A+ CoMAt—1F) *, ifg>1,

where wg, A, and C7 are positive constants which will be defined later.

Proof . By integrating E’(t) over [t,t + 1], t > 0, we get

E(t)— B(t+1) = DT (1), (3.13)
where
1 i q+1 2
D1 = /t (e 25} + 1913 (3.14)
By using D971 (t) and Hélder’s inequality, we observe that
t+1
/ / lug|” dadt < CoD?(t), (3.15)
t Q
where Cy > 0.
Then, there exists t; € [t, t+ ﬂ and ty € [t + %, t+ 1] such that
[lut(t:)|]2 < CD(t), i=1,2. (3.16)

We multiply the first equation of (1.1) by u and integrate over 2 X [t1,¢2], and by integration by parts, we obtain

ta to to
/ I(t)dt = — {/ /u.uttdxdt—i—/ /VutVudwdt
t t, Ja t, Jo
ta
+/ |ut|q_1utudxdt] . (3.17)
11 Q

Now, we use (|1.1]) and integrate by parts then apply the Cauchy-Schwarz inequality in the first term and we use Holder
inequality in the second term, we get

/ It < ()l 2 + e (t2) o[t

t1

t2 t2
4 [ lu®lBde+ [Vl Ve

t1 t1

ta
—/ /Q lug |9 upudadt. (3.18)
t1
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Our goal, now is to estimate the last term in the inequality. By using Hoélder inequality, we obtain

to ta
/ /|ut|q’1utudxdt§/ (AT (3.19)
t1 Q t1

After that, by using (3.10]), we obtain
to ta
/t [l (DG4l |g1dt < C*/t e ()G [l .2t
1 1

ta
<Cu [ a0l o
t1

<. B p0)! [ a5

(p—1) t
2(p+1) 3 15\ Do
<Oy 1) E(0)) tlilithE (s)D(t). (3.20)

Next, we estimate the fourth term of the right hand side of (3.18)), we find

to to
[ IV wlieliFullade < €. [Vl ot

D
t1 t1
2(p+1 1" 1
<G po)! [ IvulbE s
(p—l) ty
2p+1) . 3 , /
< (C, FE(0))? sup FEZ2(s Vug||o2dt,
<Oy ) s Bh) [Vl
then
t2 to % to %
| ivudate< ([ ) ([ 1vulga)
t1 t1 t1
< CD(t).
After that )
t2 2 1 2 ,
/ |Vut||2||Vu||2dt§CC'*( (p+ )E(0)> sup E2(s)D(t), (3.21)
t1 (p - 1) t1<s<ta
so, we have .
[[ug (8:) [[2]|u () |l2 < C1D(t) Sup E=(s), (3.22)
tl_s_tz

=

with €y = 2, <2((fo11))E(0)) .
Then

/ " Hdt <CiD() sup EH(s) + DA(1)

t1 t1<s<ts

1
2

2 1 1
+ e, ( Uhs )E(O)> sup E3(s)D(t)
(r-1) t1<s<ts
1
20p+1 z
e ( b+ )E(O)) sup  E}(s)D(0). (3.23)
(r—1) t1<s<ts
On the other hand, we have
1
B(t) < 5 w3 + O30, (3.21)
; — 1 (=1 1
with 03 = 77712(};4'1) + p1-
By integration over [t1, 2], we have
ta 1 ta 9 to
/ E(t)dt < f/ ||ut||2dt+03/ I(t)dt. (3.25)
t1 2 t1 t1
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Then, we obtain

/ . E(t)dt g%CD%) +Cs {ch(t) sup E3(s) + D(t)

t1 t1<s<ta

2(p+1) 2 19\ D1
w0 (G E0) " s, B (”]'

Next, we integrate over [t, t2], we get

to
B() = Blta) + [ (urllzfh + [Vurl) ar.

1

since t2 —t1 > 35, we conclude

. E(t)dt > (to —t1) E (t2) > %E(tg) :

SO
to

E(ty) <2 | E(t)dt.

t1

Consequently,

t2 t2
E(t) gz/ E(t)dt+/ (||uT||gi}+|\VuTll2) dr

t1 t1

= 2/t2 E(t)dt + DI (t).

1

Hence, we have

E(t) < <;C’ + 03) D2(t) 4+ DYTY(t) + C4 [D(t) + D(t)] E2 (¢).

Then, we get
E(t) < Cs [2D*(t) + DT (t) + D*I(1)]

since E(t) is nonincreasing function and E(t) > 0 on [0, c0),
DITY(t) = E(t) — E(t + 1) < E(0).

Then, we have
1

D(t) < E7(0).

So E(t) < Cs [2D%(t) + DT (t) + D*1(1)]
< CsDA(t) |24+ D71 (1) + D2 1)
< C5D(1) {2 + BlDX 7T (0) 4 EQ(‘J‘”(FIJ(O)}
= CsD?(t).

Then, we get

(a—1)

EY 77 (1) < C;DITL(¢).

case 1 : When ¢g=1
B(t) < C-D2(t) = CH[E(t) — E(t + 1))

we get
E(t) < BE(0)ewoli=1"

1983

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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where wy = ln(c7 7)-
case 2 : When ¢ > 1, we apply Lemman to , we obtain

1

E®) < (BO)™+CoA\t—1]7) >,

(¢=1)

where \ = 5

The proof of Theorem [3.6]is completed.
O

Example 3.1: We consider the problem (I1.1)) in R3 with a(z) = 1, p =1 and ¢ = 1 with ug = cosh(x) * cosh(y) *

cosh(z), so the Theorem is applicable.

4 Blow up results

Definition 4.1. A solution w of the problem (1.1 is called blow up with (¢ = 1) if there exists T* a finite time such

that

I
8

t
i [ / P+ / (Ilull? + [|Vul 2)dr
t—T*— Q 0

t
A= [ e+ [l + IVl for t>0
Q 0

We put

2
Lemma 4.2. We assume that: 2 <p+1< n2’ n>2 g=1and 0 <46 <p—1, so, we have
n—

A'(t) > 4(6 + 1)/
Q

Proof . By taking the first and second derivative of A(t), we obtain

’

A() =2 [ wuds + [Tl + |l
Q
A" (t) :2/ ufdz—&—?/ uuttda:—l—2/(VuVut)dx+2/(|u|ut)das
Q Q Q Q
= 2||ug||2 — 2/ a(x)VuVudx + 2||u||gi%
Q

From and ( .7 we get

1"

A (t) =4(5 + )/ 2dx — 4(26 + 1)E(0) + 4(20 + 1) /Ot(||Vut||§ + [|uel|3)dr

s5+4 .
=) i

+ 46/ z)VuVudz + (2 —

Where 0 < 46 <p—1, we get (4.3). O

Lemma 4.3. We assume that 2 <p+1< % and n > 2, so we have

1. If E(0) <0, then A'(t) > ||u|[3 for t > t*, where ty = t* is given by

A'(t) — [Juol[3

t* = max{0, 8o+ DE0)

}-

t
uidr — 4(25 +1)E(0) +4(26 + 1) /0 ([|Vuel|3 + [|uel]3)dr.

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)
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2. If £(0) > 0 and

holds, where G and t* will be defined later.
Then, A (t) > [|uo||3 where to = 0.

Proof .

O

1. When E(0) < 0, then for t > 0, A”(t) > —4(1 4+ 26)E(0), by integration over [0, ], we obtain

A'(t) > A'(0) — 4(26 + 1)E(0)t, ¢>0.
Then, we get A () > |Jugl|3 for t > t*, with:

/

A(t) — |Juoll3
4(26 + 1)E(0)

t
2/ /uutda:dT:HuH%—HuoH%-
o Ja

By using the Holder inequality and the Young inequality, we obtain

t* = max{0,

.

. When E(0) > 0, Firstly, we find

t
|M@9Wﬁ+lmw%ww@w

Now, we use (4.9)), Holder’s inequality and Young’s inequality, we get
, t
Ay <A+ [ ado [ JlurlBar +[fuol
Q 0

By (4.9) and 7 we have
A"(t) =400+ 1A' (1) + |[uol[3A() + (85 + 4)E(0) + (48 + 4)|Juol[3 > 0,
with
G = (85 +4)E(0) + (4 + 4)|Juol[3-

Let

b(t) = A(t) + 4(6G+1), for ¢t>0.

Where b(t) satisfies Lemma
Finaly, from (4.6) we obtain A (¢) > ||uo||3 for ¢t > 0 and ry is given in Lemma

2n

Theorem 4.4. We assume that 2 <p+1 < =% and 2 < n, so we have two cases

2

L (to)
T <tg— .
Moreover, if L (t9) < min |1, (—%)% , we have:
1 K
T <tg+ In ,
=0TV k—L(t)

[

where k = (—%)2.

1985

(4.6)

(4.10)

(4.11)

(4.12)

1. Case 1: If E(0) < 0, then the solution u blows up in finite time T* in the sense of lim;__,7-— A(t) = oo and

(4.13)

(4.14)
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(F (t))
8F (to)
lim; 7« A(t) = oo, and

2. Case 2: If 0 < E(0) < and (4.6) holds, then the solution u blows up in finite time 7 in the sense of

T* < L\%) or T* < 5 \‘2{1 — [1+ pL (to)] 7 }. (4.15)
With:
a=82L*F (1) [(F/(to))"’ — 8E(0)L~% (to)] >0, (4.16)
b= 862E(0), (4.17)
n=(3)7. (4.18)
Proof .Let s
L(t) = [A(t) + (T1 = 1) ||uo|[5] ", € [0,Tn], (4.19)
where

F(t) = A(t) + (T1 — t)||uol[3,

with T} is a stricty positive constant which will be defined later.
Then, by taking the second derivative of L(t), we obtain

U@=—ﬂﬂﬂ+ﬂ&%NwWTLTW®—WMQ
_SLMHE( [A’ —Jluo ] (4.20)

7"

L (t) = =L+ E (0) A" (8) [A(t) + (T = 1) uo 3]
+ LR ()1 + 0)[A' (1) — [uoll3)?
L'(t) = =LY 3 ()W (t), (4.21)

with

1"

W(t)=A"(t)F(t) — (14 6)(F (1)) (4.22)

Mu:/u2dm, Nu:/ufdx,
Q Q
t t 9
&:/WW% m:/wwdt
0 0

From (4.4)), (4.7) and by Holder’s inequality, we obtain

We define

t
Al(t) = 2/ uugdx + ||uol |3 + 2/ / uugdxdt
Q
2 (Vub)} + (PuQu)?) + [fuol3: (4.23)
When case 1 holds and by Lemma [4.2] we have
A"(t) > =41+ 25)E(0) + 4(1 + 8) (Ny + Qu) - (4.24)

Then, from (4.19)), (4.22)) and (4.24)), we get

W (t) > [~4(1 + 28)E(0) + 4(1 + 8) (N + Qu)] L5 (t)
—4(1 +6) ((NuMu)% . (PuQu)%)z_

t
A(t)z/qux—&—/ /quardSZMu,
Q 0 Jo

From A(t), we have
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and by L(t), we obtain
W (t) > —4(1+28) B(0)L ™5 (t) + 4(1 + 6)[(Nu + Qu)(T1 — 1) [uoll3 + A(®)],
with )
AW®) = (Nu+Qu) (M + Pu) = ((Nud)? + (PaQu)?)

Where A(t) being nonnegative function and by the Schwarz inequality, we obtain

W(t) > —4(1 + 20)E(0)L~5(t), for t> to.
Thus, by L” (t), we obtain

L' (t) <45(1 + 20)E(0) L5 (), for t>to. (4.25)

We have
L'(t) <0, t>t.

Multiplying (4.25) by L’(t) and integrating over [to;t], we obtain
L2(t) > a+bL2t5(t), for >t

with a, b are defined.
By using the steps of case 1, when case 2 holds, then if and only if

(F'(to))

E(0) < SF()

we get a > 0.

After that, we use Lemma so there exists T* such that lim;__,p«- L(¢t) = 0 and according to the sign of E(0), the
upper bound of T* is estimated. So (4.1 holds. OJ

Example 4.1: We consider the problem (1.1]) in R? with a(x) = 1, p = 1 and satisfied 0 < § < %, so the Theorem

1) is applicable.

5 Conclusion

In this paper, we obtained the local and global existence, decay of solutions and blow up time for a quasilinear
hyperbolic equation with source terms in a bounded domain. This improves and extends many results in the literature.
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