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Abstract

In this paper, the authors investigate the bi-univalency of the generalized distribution series associated with quasi-
subordination and remodelled s-sigmoid function. The early few coefficients are obtained to achieve our goal. The
results obtained are new to the history of bi-univalency.
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1 Introduction

Special functions deal with an information process that is inspired by the way nervous system such as brain
processes information. It comprises of large number of highly interconnected processing elements (neurones) working
together to solve a specific problem. The functions are outshinning by other fields like real analysis, algebra, topology,
functional analysis, differential equations and so on because it mimicks the way human brain works. They can be
programmed to solve a specific problem and it can also be trained by examples.

Special functions can be categorized into three namely, threshold function, ramp function and the logistic sigmoid
function. The most important one among all is the logistic sigmoid function because of its gradient descendent learning
algorithm. It can be evaluated in different ways, most especially by truncated series expansion. The logistic sigmoid

function of the form 1

M) = 1=

(1.1)

is differentiable and has the following properties:

(i) it outputs real numbers between 0 and 1.
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(ii) it maps a very large input domain to a small range of outputs.
(iii) it never loses information because it is a one-to-one function.
(iv) it increases monotonically.

With all the four properties mentioned above, it shown that logistic sigmoid function is very useful in geometric
functions theory. For details, see [5, [8] [10] 16l 17, 2T], 241, 25], 27, 28], 29].
Let E = {z € C : |z| < 1} represents the open unit disk and .4 denote the class of functions of the form

f(2) :z+Zakzk (z € E) (1.2)
k=2
which are analytic in E and normalized by f(0) = f/(0) — 1 =0.

Suppose f, g € A. We say f is subordinate to g ,written as f < g if there exists a Schwarz function w(z) which
is analytic in E with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)). It follows from Schwarz Lemma that
f(z) < g(2) (z € E) if and only if f(0) = ¢(0) and f(E) C g(E) (see [14]).

Ma and Minda [I3] studied and introduced the following class:

510 ={rea: T <o

where ¢ is an analytic function with positive real part in E, ¢(F) is symmetric with respect to the real axis and
starlike with respect to ¢(0) =1 and ¢/(0) > 0. A function f € S*(¢) is called Ma-Minda starlike with respect to ¢.

The class C(¢) is the class of functions f € A for which 1 + Z}c,/;g) =< ¢(#). The class S*(¢) and C(¢) are well-known

subclasses of starlike and convex functions.

For the functions f and ¢, if there exist analytic functions ¢ and w with the conditions |9 (z)| < 1, w(0) = 0 and
|w(z)| <1 (2 € E) such that

f(2) = (2)p(w(2)), (1.3)

then the function f is said to be quasi-subordinate to ¢ which is demonstrated by

f(2) =4 6(2) (2 € E).

Taking 1(z) = 1, the quasi-subordination given in (1.3) turns to usual subordination f(z) < ¢(z). Thus, quasi
subordination is working simultaneously as the well known subordination and majorization. For more information,
see [3, 9, 111 12, 15, 18] 23] 26, [7, BT, B2].

Represent by T', the sum of the convergent series of the form
T=ay+a+as+az+ ...,

where a,, > 0 for all n € N. The generalized discrete probability distribution whose probability mass function is given
as

anp,
= — =0,1,2,3,---.
p(n) T, n s Ly &y

Clearly, p(n) is a probability mass function because p(n) > 0 and ) p(n) = 1. Now, we introduce the series of the
form

v(z) = Z anz™. (1.4)
n=0

The series given by (1.4)) is convergent for || < 1. For special values of a,,, various well known discrete probability
distributions such as Poisson distribution, Logarithmic distribution, Zeta distribution, Bernoulli distribution and so
on can be obtained.

Let the power series whose coefficients are probabilities of the generalized distribution be

o0

foz) =2+ a’;IZ" (1.5)

n=2
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which are analytic in £ and normalized by f,(0) = f4(0) —1 = 0. A fair number of publications are made available
in literature in this direction. For recent expository works, see [19] 20] [23].

Now we recall the following facts (see [30]):
(1) If X is a discrete random variable that takes the values z1, x2, x3,--- with respective probabilities p1, p2, ps, - -,
then expectation of X denoted by F(X) is defined as:

E(X)= anmn.
n=1

(2) The moment generating function (m.g.f) of a random variable X denoted by Mx (t) is given by:

My(t) = B(eX) = 3 etp(n) = 1.

n=0

Since we are familiar to the fact that univalent functions are one to one, it must possess an inverse. The inverse
of univalent functions are invertible therefore it does not need to be defined on the unit disk E. According to Koebe
One-Quarter theorem, a disk of radius i is in the image of E under every function f € S. Thus, every function f € S
own an inverse function and this inverse function can be defined on a disk of radius %. The inverse function of f can
be expressed by

g(w) = fH(w) =w — aw? + (243 — az) w® — (5a3 — Sasas + ag) w* + -+ . (1.6)

If f and f~! are univalent in E then the function f € A is bi-univalent in E. Quite number of results have obtained
in this direction which are littered everywhere. Readers can check more details in [11 [6, 12| 25].
Therefore, let the inverse of the power series whose coefficients are probabilities of the generalized distribution be

2 3
s - ai o ay ag 3 ay al az as 4
go(w) =[5 (W) =w — v + (QF - ?)w - (5ﬁ —5= 7 + ?)w + ... (1.7)
which is of the particular interest for our investigation.
To achieve our aim, we assume the following:
(1) Let j € P be the family of all functions j in E for which R{j(z)} > 0 and of the form

jz) =1+ chz" (€ E). (1.8)
n=1
Then |c,| < 2, for each n.
(2) Let B4(z) be given by
2
) = e
with the series expansion
B 1 11, 1 11 ,

e =1+ e+ (e~ o) =+ o * a0~ )+ - )

which refers to as remodelled s-sigmoid function (see [4, 22]). The history of s—analysis are jetitioned in this work
because numerous of it have been in the public domain.
(3) Let

¥(2) = By + Bz 4 Boz? + .. (Bo#0; z€ E). (1.10)

Motivated by above mentioned references, we introduce the following subclasses of class A.
Definition 1: A function f, € A given by (1.5) is in the class Sj(«a, Bs) (o > 0) if the following quasi-subordinations

2fyz) | 22fi(2)

fo(2) T folz) L (Bole) = 1) -
and ’ 2 i
wgg(w) oY go(w) 1<y (Bo(w) = 1) (1.12)

) 9o (w)
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are satisfied for z,w € E and gy = fdjl given by (1.7).

Definition 2: A function fs € A as assumed in (1.5), belongs to the class Mj(a, 85) (o > 0) for v > 0, if the
following quasi-subordinations

O A O o
(1 ) 70 + <1+ 7 ) 1 =<4 (Bs(2)—1) (1.13)
" @) )

— Wg¢ it gd) — w) — .

are satisfied for z,w € F and gy = f;l given by ((1.7).
For the newly introduced classes, in the next section we conduct coefficient related studies inspired by the numerous
recent publications involving similar research such as [2, [10] 16} 28].

2 Main Results
Theorem 2.1. Let the function f4(2) given by (1.5) be in the class Sj(a, Bs) (o > 0). Then

| Bol

7 53 20 (2.1)
‘ \/IBoH s! = 2([1]s1)?] (2.2)

(1+4a)2]! '
’ V [2]8!|BO| (2.3)

ri- \/I2 (1 + 4a) 21 Bo| — (1 +20)2([2],! — 2([1]:1)% — 20! RINIT
and

| Bol + | B4 | Bol2]s! = 2([1]s)° (2.4)

= Ha+ s T AUD)RLN + )

Proof . Let f, € A as assumed in (1.5)), belongs to the class S;(a,ﬁs) for a > 0. Then by Definition 1 there exist
two analytic functions u(z) and v(w) € P so that

2fyz) | Pf(R)

ACREAT) —1=9(2)(Bs(u(z)) — 1) (2.5)
and
woe) | Gy
s et I 1 = ) (Bu(v(e) ~ ). (26)
Expanding the left hand sides of and , we get
A ERE % s @)
f¢(z)+ ) —1=(1+2 )T +(2(1+3)T (1+2)T> (2.7)
and
wQ{;ﬁ(w) WQQ(Z( w) . ax a2 af 2
) +a 90() -1= —(1+2a)?w+ (—2(1+3a)T (3+10a)p)w . (2.8)
Let the functions p, g € P given by
1+ u(z) 1+ v(w)

| 24 = "/ = 24 . E). 2.
p(2) T 412+ coz” + and q(w) = o(w) + diw + dow” + (2, we E) (2.9)
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Equivalently, from ([2.9)), we obtain

and

and

By =1+ P (4d2 BREL mswf —2[}]5![21s!d?) o

B Ba(u(2)) — 1] = Bocl.z_i_ ((4@ o+ [2]s! — 2 [1]8!).2 — 2[.1}3![2}3!(:%) By + Bic; ) 2

A1),

and

(@) [Bs(v(w)) — 1] = Body <<4d2 N 2]! —2([1]s1)% - 2[,1]5![2]5!d§> By + B1d1> W

(
TN . 16((L, 202!

Therefore, from (2.7) to and (| - to , we get

B, C1
(1—|—2a)T 4[%5!

¢ 2]s! = 2([1]s1)? — 2[1]5![2]! Bic

(1+30)2 — (1+20) 7 = (4[1213! L2 1((3[([]1]8)!)2[2]3[!} 2] C%> Bﬁﬁ
a1 B d1

and

a2 do —2([1]sh)* -
_2(1+3Q)T (3 + 10 )T2 = <4[1]S! + [2]s 12[([]1 S)') L

In view of (2.16) and (2.18)), we can express

2[1]s![2]s! Bid,
d > By + —— TN

E o B061 _ Bod1
T 41 +2a)[1]s! 41+ 2a)[1]!
such that
Cc1 = —dl
and )
a
Bi(ci +df) =32(1 + 2a)2([1]3!)2T—12.

By (2.17) and (2.19)), we obtain

(ca+d2)Bo | [2]s! —2([1]s})

4[1} ! + lé([l ')_[][1}5![2]5!(%_’_%)30_’_ (Cl +d1)Bl

I 2(1+ 4a)

From (2.21)),
c] + d1 =0.

55,

2217

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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Therefore, (2.23) reduces to

(c2+d2)Bo  [2]s! = 2([1].)* — 2[1].![2].!
2]!

4[1],! + 1((;([1 e (¢} +d})Bo = 2(1 + 4a)

a2
ar
T2
Then, together with (2.22)) to (2.24)), we get

a% (02 + d2) 2]5'302

T2 8L(L +4a)[2]s!Bo — (1 + 20)2([2],! — 2([1]})2 - 201! [2.D]°

Moreover, it implies from (2.20) and (2.22] - ) to (2.25) that
ay |Bo|

‘ IBoH[ Js! = 2([1]s1)?]
1],/ + 4a)[2]!

and

V [2]S!|BO|

’ ri- \/|2 [(1+4a) L[ Bol — (1 +20)2([2],! = 2([1],)2 — 2[L2LD]]
Similarly from (2.17), (2.19) and (2.21)), it implies that

co — do)B (cy —dy)B a o2
(24[1152!) . 14[1}3 F=4(1+30) (73—;2)

Hence, from ([2.22)) and -, we have

a2 (CQ — dQ)Bo —+ (Cl — dl)Bl (C% -+ d%)Bg

T~ 16(1 + 3a)[1],! 32(1 + 2a)2([1] .12

Further, from (2.27)), we remark that

|Bo| + |B1] B
=1 (1+3a)[1]s! ~ 4(1 +2a)2([1])2

On the other hand, by ([2.24) and , we obtain

az _ (c2—da)Bo + (c1 —di)Br | 4[1]![2]s!(c2 + do) Bo + ([2]s! — 2([1]s1)* — 2(1]s![2]s1) (] + d7) Bo
T 163y 32([1,D22],/(1 + 4a) '

Therefore, from ([2.29)), we see that

‘ [Bol +1By|  |Bol((2]s! — ([1151)2)
1= 30+ 30l T AL R + da)

This completes the proof. [

Theorem 2.2. Let the function fy(2) € A given by (1.5 belongs to the class Mj(«, Bs) (o > 0). Then

‘ |Bo|
2(1+ a)[1],

‘ \/IBoH Js! = 2([1]s!)?|
2(1 +20)[2],!

V [Q]SHBO'

7l VR + 20) R1:1Bol — (1 + a)2(121: — 2([D2 — 2[00 12LD]]

9

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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| Bo| + |B| B
‘T 4 1120&)[11] 4(1 +a)0([1] DEN (2.33)

and

| Bol + | Bi| 1 Bol|[2]s! — 2([1]:)?]
*41+2a)[1]s- 8([1]s1)2)[2]s!(1 + 2a)” (2.34)

Proof . If f, € A as assumed in (1.5)), belongs to the class My(a, 55) for a > 0, then by Definition 2 there exist two
analytic functions u(z) and v(w) € P so that

AN AN 26D Bl —
(=)0 + (1+ L ) 1= () (Buu(=)) - 1) (23)
" ) ()
_awg(’bw ! 95 —1=19Y(w)(Bs(v(w)) —
(=) <1+ o ) 1= () (8 (v(@)) — 1). (236)
Expanding the left hand sides of and , we get
zf(;(z) ¢() . aﬂz a%— a—% 52
"0 TG —1=(1+a)5 +<2(1+2)T (1 +3)T> (2.37)
and
wggw)  wighw) a1 as a?\ ,
90() +a o) 1=-(1 +a)?w + (—2(1 + 204)? +(3+ 50¢)T2> w?. (2.38)
Let the functions p, ¢ € P by
p(z) = 1jzgz; =l+cz+ce?+.. and quw)= % =1+dw+dow?+.. (2, weE).

Equivalently, from (2.9)), we obtain

and

and

Furthermore, we see that

B C1 Co [2]9' — 2([1]9')2 — 2[1%'[2}9' 2 3101 2
VB (u(=) ~ 1 = gy + ((4{115! TR PR > Bot 4[1]s!> o
and
Bod d 2]s! — 2([1]:H)% — 2[1]'[2]s! Bid )
D(W)[Bs(v(w)) — 1] = 4[2]:!w+ ((4[11! i 153[([]1]5)!)2[2]5[!] 2] d1> Bo+4[h:!>w T

Therefore, from (2.7)-(2.8) and (2.14)-(2.15)), we get

B
(1+a)2 = 204 (2.39)
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2(1+20) 2 — (1 + 3a) ai _ ( c2 S+ [2],! - 2([1]51).2 — 2['1}5![2] : )Bo L Bia

T 72— \4[1],! 16([1],1)2[2],! A1),
Body
(1+a) T = 1
and
a d 2] = 2([1]:NH?% — 2[1)'[2]s! Bid
_2(1+20‘>?2+(3+50‘)T2 = (4[11! = 16[([]1}3!)2[2]5[!] 2 dl) o+ T

In view of (2.39)) and (2.41)), we can express

ay Boey —  Body
T 41 +a)l] 41+ a)[1]!
such that
C1 = —d1
and

B2(2 + d?) = 32(1 + )2([1],1)2 2 .

By (2.40) and (2.42] , we obtain

(c2 +d2)By | [2s! = 2([1]s)* — 2[1]"(2)s! o (c1+d1)By ai
ML IR B g =402y
Then, together with (2.45)-(2.46)), we get
al (c2 + d2)[2]5! B3

77 ~ S+ 20)21.1Bo — (1 + a)2(2].! — 2([A1.07 — 20,20

Moreover, it implies from ) and - to ) that

‘ ~ |Bol
2(1+ o)1),

’ \/|Bo| Js! —2([1]s1)?)
201+ 20) 2!

‘@ - V21! Bol
17 V2L + 20) 2L Bo] — (1 + @)2(R2L! — 2([:H2 — 201! 2,D]
then ([2.30] - ) holds. Slmllarly from ([2.40), (2.42) and ([2.44)), it implies that

and

(62 — dQ)Bo (Cl — dl)Bl o a9 CL%
A TR A S =P
Hence, from (2.45)) and (| -, we have
a2 _ (c2 = dy)Bo + (1 —di)By (c?+d3)B3
T 16(1 + 2a)[1]s! 32(1 + a)2([1]:H)?%

Further, from ([2.49), we remark that

|Bo| + |B1] B3
S M0t 2a)1 T a0+ 212

On the other hand, by (2.46) and (2.49)) , we obtain

a (02 — d2)B0 + (Cl — d1)Bl + 4[1]3![2]3!(02 + d2)B0 + ([2]3' - 2([1]3')2 — 2[1]3'[2]3')(6% + d%)Bo

T 16(1 + 2a)[1]! 64([1]s1)2[2]s!(1 + 2a)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)
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Therefore, from (2.51)), we see that

o) o IBITIB B2t 2
7= 21+ 20! " 81022111 + 20)°

(2.52)

This proves the assertion of Theorem 2. That completes the proof. O

3 Concluding Remark

In this paper, we introduced two subclasses of bi-univalent function by making use of generalized distribution series
associated with remodelled s-sigmoid function. The first two initial coefficient bounds are investigated. Efforts can be
made in the same line to obtain the upper bound of Fekete-Szego inequality and second Hankel determinant.
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