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Abstract

In the present manuscript, we prove some new fixed point results for multivalued mappings in the setting of b-metric
space. Also, we obtain some results for the data dependence of fixed points, the directed graph endowed with a
b-metric and for the fractals of an iterated multifunction system. The proven results extend and generalize some of
the results in the literature.
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1 Introduction and preliminaries

In 1993, Czerwick [I0] introduced the concept of the b-metric space which generalized metric spaces. Thereafter,
many theorems has been given by many researchers in the framework of b-metric space. In 1969, Nadler [20] has
considered multivalued contractions for the study of fixed point theorems. Mizoguchi-Takahashi [I§], Reich [2I] have
generalized the results of fixed point theorems in single-valued metric mappings as well as multivalued mappings in
the b-metric space. Thereafter, many authors worked on multivalued mappings in the setting of b-metric space (see
[, [, 12, 15]).

Fractal is set of points whose fractal dimension exceeds its topological dimension. In mathematics and applied
sciences fractals and multivalued fractals has played an important role [3|, [7]. Fisher [I3] gave Collage Theorems for
iterated multivalued systems and for respective continuation principles. Boriceanu et al. [5] presented the study of
multivalued fractals in the framework of b-metric spaces. In the same paper, the authors raised some open problems
on multivalued fractals in b-metric space assuming continuity of given b-metrics.

The present manuscript has five sections. In the first section, we give introduction of the topic, basic definitions and
notations to be used in the sequel. In the second section, we prove some fixed point results for multivalued mappings
in the framework of b-metric spaces together with some consequences of the proved results. In the third section, we
discuss the data dependance of fixed points for multivalued mappings. In the fourth section, we obtain some results
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for the directed graph endowed with b-metric space. In the last section, we prove some results for the fractals of an
iterated multifunction system.

We shall consider the following notion for the families of subsets of a b-metric space (X,d). P1(X)={Y :Y C X},
P(X) = {Y € P(X) : Y # ¢}, Py(X) = {Y € P(X) : Yis bounded}}, P4(X) = {Y € P(X) : Y is closed},
P.,(X) = {Y € P(X) : Yiscompact} and P, ;(X) = {Y € P(X) : Y is closed and bounded}. The following
definitions are required in sequel.

Definition 1.1. [8] The gap functional D : P(X) x P(X) — Ry U {400} is defined as
D(A,B) = inf{d(z,y) : x € A,y € B}.

In particular case of xy € X, then D(z¢, B) = D({z0}, B).

Definition 1.2. [§] The excess generalized functional p: P(X) x P(X) — Ry U {+o0} is defined as

p(A,B) =sup{D(a,B) :a € A}.
Definition 1.3. [8] The Pompeiu-Hausdorff generalized functional H : P(X) x P(X) — Ry U {400} is defined as
H(A, B) = max{p(4, B),p(B, A)}.

Definition 1.4. [8] The generalized diameter functional ¢ : P(X) x P(X) — Ry U {+o0}, is defined as
0(A, B) = sup{d(a,b) : a € A,b € B}.

In particular, 6(A) = §(A, A) is diameter of the set A.

Following the result of [20], one can easily obtained the result on b-metric space.

Lemma 1.5. [20] Let A, B be non empty, closed and bounded subsets of a b-metric space (X,d) and o € A, then for
each e > 0, there exists 8 € B such that d(a, 8) < Hy(A, B) + e.

Lemma 1.6. []] Let (X, d) be a b-metric space with constant s. Then
D(z,B) < s(d(x,y) + D(y,B)), forall z,y € X,B C X.
Lemma 1.7. [§] Let (X, d) be a b-metric space with constant s, B € P(X) and z € X. Then D(x, B) = 0 if and only
itz e B.
2 Fixed point results for multivalued mappings

In this section, we prove some results for multivalued mappings in the setting of b-metric space.

Theorem 2.1. Let (X,d) be a complete b-metric space with constant s > 1 and Let T,5 : X — Py (X) be
multivalued mappings satisfying the conditions;

D D(y,T
H(T2.8)) < aaD(eTa) + aaD(y,51) + caD(e. 1)+ aaDly. To) + ap (22 2T )

D(z,Tx)D(y, Sy)
1+ d(z,y)

(€75 + O[7d(.%',y)7 (21)

for all z,y € X and a; >0, 1 <4 <7, with (a1 + ag)(s + 1) + (52 + s) (a3 + aq + as) + 2a6 + 2507 < 2,
and 2(ag + asz) + a5 < % Then T and S have a unique common fixed point.
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Proof . For any fixed x € X, define g = = and assume that x1 € Txg, x9 € Sz1 such that xo,41 = Twop, Tonto =
Stant1, Using (2.1]), we have

H(T.Z‘o,S:L‘l) < (a)‘(),TLL'()) +042D(£U1,S$1) +CY3D(.%‘Q,S$1) +014D($1,T$0)
D(zg, Sxz1) +D(x1,T:UO) D(zo, Txo)D(21,Sz1)
d
O T dlage) )
< a1D(zg, 1) + agD(Txo, Sx1) + Oégs(d(l‘o, z1) + D(Txo, le)) + ayD(x1,21)
s(d(xo,z1) + D(Txo,Sx1)) + D(21,21) D(xzg,21)D(Txq, Sx1)
+as
2 1+ d(l’o,xl)

+a7d(3§0,$1)

< ad(zo,z1) + agH(Txo, Sz1) + ags(d(mo, x1) + H(Tx, le)) + ayd(z1,21)

(s(d(xo, x1) + H(Txo,Sx1)) + d(x1,21)
+OZ5 D)

) + CMGH(T.T(), le) + Oé7d($0, xl).

On solving, we get

(1—ay—sag — 5% ag)H (Txg, Sx1) < (o1 + sas + % + az)d(zo, x1). (2.2)
By symmetry, we have
H(Sx1,Txzg) < D(z1,Sz1) + aaD(xg, Txo) + agD(x1, Txo) + agD(zg, Sx1)
l’l,T.’L‘Q —l—D(ﬂ?o,SQﬁl) D(a;l,le) (.ro,T.’L‘o)
d
( ta 1+ d(xy,x0) T ard(zs, a0)
< a1 D(Txg,Sz1) + Cng(CE(h x1) + azD(x1,21) + ags(d(zo, z1) + D(Txo, Sz1))
d D(T
+OZ5( (xlvxl (an;Ul) + ( xOySiL’l))) +O{6D(T;’I’0,SI1) +Oé7d($1,$0)
< a1 H(Tzq, Szl) + agd(zo, z1) + asd(z1, 1) + ags(d(zo,z1) + H(Tzo, Sx1))
d( H(Txg, S
+()t5( x1,x1 (1‘052-771) + ( Zo, -171))) + Oé6H(TQL‘0,SJ?1) —|—Oé7d(.131,.230).
Further, we get
(1—ay —say — % —ag)H(Txg,Sx1) < (g + sy + % + ar)d(z1,x0)- (2.3)
On adding (2.2)) and ( ., we get
5+ 2 1
H(Txo,S%1) < kd(x1,%0), where k= 1t o ¥ sas F sau F sas F 2ar < - (2.4)

2 — (a1 + ag + saz + saq + sas + 2a6) s

By Lemma (1.5, we can choose x5 € Sz1 and € = k, such that

a1 4+ ag + sag + say + sas + 2a7 1
d(x1,x2) < H(Txg,Sz1) + K, here k= < -. 2.5
(w1, 22) (Tz ) v 2 — (a1 + ag + sas + saq + sas + 2a5) s (2.5)

Now, for z3 € Tz, and using (2.1)), we get

H(Tzo,S11) < D(zo,Tx2) + asD(x1,Sx1) + asD(xa, Sx1) + ayD(x1, Tx2)
(w2, Sxq) +D($1,T$2) D(x3, Txz)D(x1,S71)
d

+a5( + ag 1+ d(za, 1) + ard(z2, 71)

< a1D(Sz1,Txs) + azD(xl, x2) + azD (w2, x2) + aus(d(x1, ) + D(Sx1, Txo))
D( s(d D(Sz,, T

+a5( (w2, 22) (xl’;Q) + D(Sa1, x2))> + agD(x2, Tx9) + ard(xa, 1)

< ayH(Sz,Tx2) + agd(arl, x9) + azd(xe, x2) + ays(d(xy, x2) + H(Sz1, Txa))

(d LL'Q,LL‘Q ((,Cl,l‘g) -‘rH(SCCl,TLL'Q))
2

) + agH(Sx1,Txs) + ard(z2, 21).
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On solving, we get

SOy

(1 -0y —say — — —ag)H(Sz1,T22) < (2 + sy + 5% + ar)d(z1, x2).

By symmetry, we have

H(leaTxQ) <

IA

IN

Further, we get

2

2

OélD(.Z‘l, Sl‘l) + OéQD(xQ,T.’L‘g) + OégD(l‘l,Tl‘g) + Oé4D(.’L‘2, 51‘1)
D(x1,Txzo) 4+ D(zo, Sz D(x1,Sx1)D(xs, Tx
+a5( (w1, Txo) (w2 1)) ‘e (z1,821)D (29, T2

)

2 1+d(f£2,$1)

+ a7d(m1, {EQ)
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a1 D(xq1,x2) + aaD(Sx1,Txs) + ags(d(xz1,x2) + D(Sx1,Txs)) + ayD(x2, x2)

s (s(d(wl, x2) + D(Sx1,Tx2)) + D(z2,22)

2

) + agD(Sz1, Txs) + azd(z1, x2)

ard(zy,22) + aoH(Sx1, Tas) + ags(d(xy, x2) + H(Sx1, Tx2)) + asd(xs, x2)

s (s(d(xl, x2) + H(Sx1,Tx2)) + d(w2, T2)

SQs

2

sa
(1 —ag — saz — - - ag)H(Sx1,Trs) < (a1 + saz + 75 + ar)d(x1, x3).

On adding (2.6) and (2.7), we get

H(Sx1,Txs) < kd(x1,x2), where k=

a1 + as + sag + say + sas + 2a7

By Lemma ((1.5), we can choose x3 € Txo and € = k2, such that

d(xo,x3) < H(Sxy,Txs) + k%,  where k=

On solving, we get

2 — (a1 + ag + saz + say + sas + 2ag)

a1 + as + sag + say + sas + 2a7

d(l‘g,a)‘?,) < k:d(xl,a:z) +k2

IN

Continuing this process and by induction, we obtain a sequence {Jzn}neNu{o} such that zon41 € Txon, Tanio2

using (2.1), we get

H(TI}Qn, S$2n+1)

k:Qd(xo,xl) + 2k where k=

IN

IA

a1 4 o2 + saz + sag + sas + 2ar

2 — (a1 + ag + sas + say + sas + 2a6)

1

a1 D(xon, Tx2n) + a2D(xan+1, STont1) + asD(x2n, STont1) +

D n7S n D n 7T n
oz4D(:t2n+1,Tx2n)+oz5< (z2n, STont+1) + D(x2nt1, Tx2 )

2
D(iﬁzn, TxQn)D(xQn-Q—l, 51’2n+1)
1+ d(z2n, T2nt1)

+ag + Oé7d($2n7x2n+1)

2 — (1 + a2 + sas + saq + sas + 2ag) s

) + agH(Sx1,Tas) + azd(xy, x2).

S

a1 D(x2n, Tont1) + @2 D(Txon, STant1) + Oéss(d(imm ZTon+1) + D(Tx2n, Sl’2n+1))

+a4D(z2n+1, T2n+1)
tas (S(d(mzn, ZTont1) + D(Tx2n, Stont1)) + d(Tont1, Tont1)

2
+asD(Tx2n, STont1) + a7d(T2n, Tant1)

)

oa1d(wan, Tant1) + a2 H(T@2n, Stony1) + ass(d(an, ant1) + H(Tx2n, Stani1))

+oud(Tan+1, Tant1)
ta (S(d(l?zn, Zont1) + H(Tx2n, Stant1)) + d(T2nt1, T2n+1)
5

2
+asH(Tx2n, STant1) + ard(T2n, Tant1).

)

(2.8)

(2.10)

(S S$2n+1,
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Further, we obtain

(1— o2 —saz — % —ag)H(Tw2n, STan+1) < (a1 + sas + % + ar)d(z2n, Tant1)- (2.11)

By symmetry, we have

H(Szan+1,Tr2n) < oa1D(T2nt1,STant1) + a2 D(x2n, Tx2n) + asD(x2n+1, Tx2n) + @aD(T2n, STani1)
tas (D($2n+1, Tx2n) + D(z2n, szm—l))
2
D(w2n+17 Sm2n+1 )D(-T27L7 T-TQn)
1+ d(z2n+1, T2n)

+as

+ ard(T2n+1, T2n)

< a1D(zan+1, Tant2) + @2 D(x2n, Tont1) + as3D(T2n+1, Tont1) + a48(d($2n, Tont1)
+D(Tx2n, Sl’2n+1))
tas <S(d(l’2n, Zont1) + D(Tx2n, Stant1)) + D(x2n11, J32n+1)>
2
+asD(Tx2n, STont+1) + ard(T2n+1, T2n),
<

a1 H(Ton+1, Tont2) + @2d(Ton, Tant1) + asd(Tant1, Tont1) + a4s(d($2n, Tont1)
+H(T:E2n, Sx2n+1))
tas (S(d(wzn, ZTont1) + H(Tx2n, STont1)) + d(T2n+1, 952n+1))
2
+asH(Txon, STant1) + ard(Tani1, T2n).

Further, we get
SQs

saus
(1 — X1 — S04 — 2 — QG)H(T.’EQTL, S:L’2n+1) S ( 20 )d(l}gn, :L’2n+1). (212)
Adding (2.11)) and (2.12)), we get
H(Tw2n, St2n+1) < kd(x2n, T2nt+1), where k= ot a2 F 505 + sou + 505 + a7 < 1

2 — (a1 + a2 + saz + sas + sas + 2as) s

By Lemma 1i we can choose xan4+1 € Tra, and € = k2"+1, such that

H(TxQn, Sx2n+1) + k2n+1
k2 (2.13)

d(Tons1, Tang2) <
< kd(z2n, Tont1) +

_ ajtags+saz+sastsasg+2ar 1
where k = 3= (a1 Tastsastsasfsasioag) < s° Therefore, we have
a1 + az + sag + saq + sas + 2az 1
d(Tn, Tny1) < kd(Zn_1,2n) + k™, where k= < —.
2 — (a1 + a2 + sas + sas + sas + 2a6) s
Hence,

d(xn, Tns1) < kd(@n—1,20) + k" < k(kd(zn—2,2n—1) + k""" + k" < ... < k"d(x0,x1) + nk™.

For 0 < k < 1, Y k™ and Y nk™ have same radius of convergence. Then, {Zn}nenutoy is a Cauchy sequence. Also, since
(X, d) is complete b-metric space, there exists z € X such that z, — z. Now, we shall show that z is a common fixed point of
T and S. Consider

D(z,Tz)
D(z,S5%)

< s(d(z, @2n42) + D(Sw2nt1,T2)) < 5(d(2, 22n42) + H(Sw2n11,T2)),
< s(d(z,z2n41) + D(Tx2n, S2)) < s(d(z, 22n+1) + H(Tx2n, S2)). (2.14)

Using (2.1, we have

H(Txz2n,Sz) < oa1D(x2n,Txon) + a2D(z,52) + azD(x2n, Sz) + auD(z, Tx2n)
D(xan,Sz) + D(z, Txan D(xan, Txon)D(2,Sz
o (DL S) £ Dl T | o, Doz T D5
a1 D(x2n, Tant1) + @2 D(z,52) + azD(x2n, Sz) + cuD(z, Tont1)
D(z2n,S2) +D(z x2n+1)> D(z2n, x2n+1)D(z, S2)
1+ d(z2n, 2)
+ard(zan, 2). (2.15)

+ ard(z2n, 2)

IN

—|—a6



2848 Kumar, Chandok

Using (2.15) in (2.14]) and letting n — oo, we get

D(z,5z) < s (d(z, z) + a1d(z,z) + a2 D(z,Sz) + asD(z, Sz) + asd(z, 2)

D(z,5z) +d(z,2) d(z,2)D(z, Sz)
—|—a5< 5 ) + ag T+ dz2) + azd(z, z)>

On solving, we get

(1—s(az +as+ %))D(z, Sz) <0.

But, since (1 — s(az + a3 + %)) > 0. Therefore, we obtain D(z,Sz) = 0. Also, S(2) is closed. Hence by Lemma (1.7), we
have z € Sz. Working on similar lines we can show that z € T'z. Hence, z is a common fixed point of T" and S. Next, we shall
show that z is a unique common fixed point of 7" and S. For this consider

d(z,v) < H(Tz, Sv)

< a1D(2,Tz) + azD(v, Sv) + azD(z, Sv) + asD(v,Tz) + as (D(z, Sv) + D(v, TZ))

2
D(z,Tz)D(v, Sv)

1+ d(z,v) +ard(z,v)

(&7

IN

a1d(z, z) + azd(v,v) + asd(z,v) + aud(v, 2) + as (M)

2
d(z, z)d(v,v)

1+ d(z0) + ard(z,v).

(&7}

On solving, we get

(1 (as + au + as + ar))d(v, 2) < 0.

But, since (1 — (s + s+ as + a7)) > 0. Therefore, d(v,z) = 0 i.e v = z. Hence, z is a unique common fixed point of T
and S. O

For T'= S, we have the following result.

Corollary 2.2. Let (X,d) be a complete b-metric space with constant s > 1 and T : X — P ;(X) multivalued
mapping satisfying the conditions;

D(x, T Dy, T
H(Te,Ty) < mD(sc,Tz)sz(y,Ty)+a3D<x,Ty>+a4D<y,Tx>+a5( (2, Ty) + D(y, x))

2
D(z,Tx)D(y, Ty)
1+d(z,y)

+ag + azd(z,y), (2.16)

for all z,y € X and o; > 0, 1 < i < 7, with (a1 + a2)(s + 1) + (52 + s)(az + a4 + a5) + 206 + 2sa7 < 2 and
2(az 4+ as) + a5 < 2. Then T has unique fixed point.

On the lines of Theorem we have the following result.

Theorem 2.3. Let (X,d) be a complete b-metric space with constant s > 1 and Let T,5 : X — Py (X) be
multivalued mappings satisfying the conditions;

D(y, Sy)D(x, T
H(Tn,Sy) < a2 BE0PET | i(e,y) 4 4(Dle. Ta) + Dl S) + 3(D(3. To) + Dl ),
for all z,y € X, a, B,y and 6 > 0 with a +s8+ (s + 1)y + (s> +s)d < land y+J < % Then T and S have unique
common fixed point.
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For T = S, we have the following result.

Corollary 2.4. Let (X, d) be a complete b-metric space with constant s > 1 and Let T : X — P (X ) be multivalued
mappings satisfying the conditions

D(y,Ty)D(x,Tx)

H(Tz, T
e R )

+ Bd(x,y) +~v(D(zx,Tx) + D(y, Ty)) + 0(D(y, Tx) + D(x, Ty)),

for all 7,y € X, o, 3,y and § > 0 with a +s8+ (s + 1)y + (s> +s8)6 < 1, and v+ J < % Then T has unique fixed
point.

As a consequences of the Theorem ({2.1)), we have the following result.

Theorem 2.5. Let (X,d) be a complete b-metric space with constant s > 1 and Let T,5 : X — Py (X) be
multivalued mappings satisfying the conditions;

T
H(Txz,Sy) < od(z,Tx)+ ad(y, Sy) + asd(z, Sy) + asd(y, Tx) + s (d<x’ 5y) ;r d(y, x))

d(z, Tz)d(y, Sy)

T+ d(.y) + azd(z,y), (2.17)

Qg

for all z,y € X and a; > 0, 1 < i < 7, with (a1 + a2)(s + 1) + (5% + s)(a3z + a4 + as) + 2a6 + 2507 < 2 and
2(ae + a3) + a5 < % Then T and S have unique common fixed point.

Example 2.6. Let X =R, we define d: X x X — X by d(x,y) = |x — y| for all z,y € X. Then (X, d) is a complete
b-metric space. Define T': X — P ,(X) by Ta = % for all z,y € X. Then,

1 1
H(Tz,Ty) < Qd(fﬁay)<a1 =ay=a3=ay=a5=a5=0 and a7= 2).

Therefore, using Theorem for the case when T' = S) we obtain that 7" has a unique fixed point which is 0 € X.

Example 2.7. Let X = {0,1,1} and define d : X x X — R as

d(0,0) = d(1/2,1/2) = d(1,1) =0

and,

d(0,1) =10= d(1,0)
d(0,1/2) =1= d(1/2,0)
d(1,1/2) =8= d(1/2,1).

Then (X, d) is a complete b-metric space with s = 10/9. Define multivalued map 7', S : X — P (X) as T'(z) = 1/2
for all z € X and

{0} forx =1;
S(z)_{ {1/2}  forz=0,1/2.

Clearly from above we have T' # S.
Case(i): When 2 =0, y = 1 we have Tz = 1/2 and Sy = 0. Then H(Tx,Sy) =1 and

d(z,Sy) +d(y,T
ard(z, Tr) + azd(y, Sy)+  azd(z, Sy) +a4d(y,Tm)+a5< (z, 5y) + dly a:))

2
d(z,Tz)d(y, Sy)

d >2
1+d($,y) +O[7 (:177’!/)_ )

+a6
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where a5 =1/2 and «; =0 for all t = 1,2,3,4,6,7.
Case(ii): When z =1/2, y =1 we have Te = 1/2 and Sy = 0. Then H(Tz,Sy) = 1 and

d(z, Sy) + d(y, Tx))
2

a1d<.’L‘, T‘T) + a2d(y7 Sy)+ O‘3d($? Sy) +a4d(y, T$> +as <

d(z, Tz)d(y, Sy)

d >9/4
e ad(ay) 2 9/4,

+aog
where a5 =1/2 and o; =0 for all : = 1,2,3,4,6,7.
Case(iii): When z =1, y = 1 we have Tz = 1/2 and Sy = 0. Then H(Tx,Sy) = 1 and

(z,Sy) +d(y, ch))
2

d
aqd(z, Tx) + agd(y, Sy)+ asd(z,Sy) +asd(y, Tx) + a5<

d(x, Tx)d(y, Sy)

>9/2
1+d(1’,y) +a7d($,y) —9/ ’

“+ag

where a5 = 1/2 and a; = 0 for all i = 1,2,3,4,6,7. For any other values of z and y, we have H(Tz,Ty) = 0. Since
all conditions of Theorem holds, so we have that T and S have unique common fixed point which is 1/2.

Remark 2.1. For different values of a;s in the inequality (2.16]), we can extend the following version of well known
results of literature for multivalued mappings in the framework of b-metric space.
1. (Banach type, see [2]) There exists a number r € (0, %) such that for each z,y € X

H(Tz,Ty) <rd(z,y).

2. (Kannan type, see [16, [I7]) There exists a number r € (0, SJ%I) such that for each z,y € X

H(Tz,Ty) <r(D(z,Tz) + D(y, Ty)).

3. (Chatterjea type, see [6]) There exists a number r € (0, ) such that for each z,y € X

1
s(s+1)
H(Tz,Ty) <r(D(z,Ty) + D(y, Tx)).
4. (Hardy and Roger type, see [I4]) There exits non-negative «; (for ¢ = 1,2,3,4,5) satisfying (a; + a2)(s+ 1) +
(s + s) (a3 + aq) + 2sa5 < 2 and ag + az < %, such that for each z,y € X
H(Tz,Ty) < anD(x,Tx) + aaD(y, Ty) + azD(z, Ty) + asD(y, Tx) + asd(z, y).
5. (Reich Type, see [22]) There exit non-negative a; (for i = 1,2, 3,4,5) satisfying (a1 + a2)(s+1) + 2sa3 < 2 and
oy < %, such that for each xz,y € X

H(Tz,Ty) < anD(x,Tx) + aeD(y, Ty) + asd(z, y).

3 Data Dependence of Fixed Points for Multivalued Mappings

In this section, we discuss the data dependence of fixed points for multivalued mappings in the setting of b-metric
space.

Theorem 3.1. Let (X, d) be a complete b-metric space with constant s > 1, 51,52 : X — P (X)) be two multivalued
mappings satisfying the following conditions;
1. there exists & > 0 such that H(S1(x), S2(z)) < ¢ for all z € X;
2. there exists aj; € Ry for j =1,2,..,7, (aq; + a2)(s + 1) + (82 + 8)(asi + qui + asi) + 2a6; + 2507 < 2
and 2(ag; + ag;) + as; < % such that
H(S;z, Siy) < a1D(x,Six) + i D(y, Siy) + asi D(x, Siy) + au D(y, Six)
D Z, Sz + D 5 SZQL'
+a5_( (z, Siy) + D(y ))

! 2
D(x, S;x)D(y, Siy)
1+d(z,y)

+ag; + azd(z,y) forall z,ye X, ie{l,2}.
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In these conditions, we have

) ) s& s?max{k, ko }
H(F F <
(FiwSy, Fizse) < 5 Tl T (= s max{hr, k)2

where k; = ogitagitsagitsagitsasit20r; ) < % fori € {172}'

2—(a1itazit+sazi+sasit+sasi+2aei
Proof . We shall prove that for every yi € FizS;, there exists y5 € FizSy such that

2k
s& n s°ko .
1-— Sk’g (1 — Sk2)2

d(yt,y5) <

* ; . 3 : Q _ __aiotasstsagstsasstsaset+2ars 1 L
Let y7 € FixzS; be chosen arbitrarily and assume that ky = T (aaatasa s tsom toamtoas) < s On the lines of

the Theorem ({2.1]), we can construct a sequence {y, tnen C X of successive approximations of Sy with yo = y} and
11 € So(y7) with
A(Yn, Yn+1) < kS d(yo,y1) + nkly for each n € N.

If we consider that the sequence {y, }ncn converges to y3, we have y; € FixzSy. Moreover, for each n > 0, we have

1 — (sky)P 1 — (sky)P Lk
A(Yn, Yn+p) < sky (1_(81622)>d(:170, x1) + nsky <1—(sk:22)) + sk z:t(Sk;Q)t7 p€eN.
t=1
Letting p — oo, we get
sk nsk? s2kntt
d(yn,y3) < 2 )d 2 2 . 1
o) < (122 Jatan,on) + ({25 ) + 2 e 1)

Choosing n = 0 in (3.1)), we get

Aoind) S —dlyhon) + 2
’ - (1 - SkQ) b (1 - Sk2)2

< 5 H(S1y7, Seyt) + 78%2

- (1 — Skg) L ! (1 — 8k‘2)2

< s€ . s%ko
- (1 — Skg) (]. — Sk2)2 '

Interchanging the role of S; and S, we have that for every u € FizSs, there exists v € FixS7 such that

s€ s2kq 2 — (a11 + o1 + sasy + saqr + sas +2a61) 1
d(p,v) < + , where k= < —.
('u ) 1—sk; (1 - Skl)Q ! a1 + aop + sazr + sayr + sast 4+ 2a7q S
Thus,
s& s? max{ky, ko}

H(FizS;, FizSy) < )
(FizSy, FizSp) < 1 — smax{ky, ko} - (1 = smax{ky, k2})?

4 Some fixed point results for the directed graph endowed with b-metric space

Let (X,d) be a b-metric space and A be the diagonal of X x X. Let G be a directed graph such that the set V(G)
of its vertices coincides with X and A C E(G), E(G) being the set of edges of the graph. Assuming that G has no
parallel edges we will have that G can be identified with the pair (V(G), E(G)).

If z and y are the vertices of G, then a path in G from z to y of length k € N is a finite sequence { }neqo,1,2,....k}
of vertices such that o = x,2, =y and (z;—1,2;) € E(Q) for i € {1,2,...,k}.
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Let the undirected graph obtained from G by ignoring the direction of edges be G. We know that a graph G is
connected if there is a path between any two vertices and it is weakly connected if G is connected. Suppose that the
graph obtained by reversing the direction of edges be represented by G~'. Thus,

E(G™ ={(z,y) € X x X : (y,2) € B(G)}.

Since it is more convenient to treat G as a directed graph for which the set of its edges is symmetric, under this
convention, we have

E(G) = E(G)U E(G™Y).

Definition 4.1. [8] Let (X,d) be a complete b-metric space with constant s > 1 and G be a directed graph. We
say that the triple (X, d, G) has a property (A) if for any sequence {z,}neny C X with z, — z, as n — oo, and
(Tn, Tnt1) € E(G), for n € N, we have (z,,z) € E(G).

In this section, we prove some fixed point results for a multivalued mapping satisfying a more general con-
tractive of Hardy and Roger type with respect to functional H. Define a set X7 = {z € X : there exists y €
T'(x) such that (z,y) € E(G)}.

Definition 4.2. Let (X, d) be a complete b-metric space with constant s > 1, G be a directed graph and T : X —

P,(X) a multivalued mapping. The mapping T is said to be a multivalued G-contraction with constant k if 0 < k < é,

aitas+s(aztastas)+2ar

2—a1—az—s(astastas)—2a6 and

where k =
(a) for all (z,y) € E(G),

H(T:L’va) < alD(ac,Tx) +a2D(y,Ty) +OZ3D(£L'7Ty) +044D(y,TZL') +

D(z,Ty) + D(y, T'z) D(z,Tx)D(y, Ty)
oo ZRIUZELI ) o Y,

+ ard(z,y);

(b) for (z,y) € E(G), if u € T(z) and v € T(y) are such that d(u,v) < ad(u,v) + a, for some o > 0, then
(u,v) € E(G).

Theorem 4.3. Let (X, d) be a complete b-metric space with constant s > 1 and G be a directed graph such that the
triple (X, d, G) has the property (A). f T': X — P,  is a multivalued G-contraction defined by (4.2)), then;

1. For any = € X, T|[m]é has a fixed point;
2. fY = U{[z]g;2 € X7}, then T'|y has a fixed point in Y;
3. Fix(T) # ¢ if and only if X # ¢.

Proof . Let 29 € X7, there exist 21 € T'(xg) such that (zg,21) € E(G). On the line of Theorem ({2.1)), we have the
following result

a1 + as + sag + say + sas + 2a7

) (4.1)
2 — (a1 + ag + saz + say + sas + 2a5)

H(Txzy,Tx1) < kd(zg,2z1), where k=

By Lemma ([1.5)), for e = k, there exists zo € T'(x1) such that

d(l’l,l'g) S H(T(L'(),Txl) + k S kd(l’o,xl) + k.

We have (z0,21) € E(G) , ©1 € Txg,x2 € Txy and d(x1,22) < kd(zg,x1) + k. Using definition (4.2)), we get
(71,22) € E(G). Working on the lines, we get H(Tx1,Txs) < kd(z1,72) < k*d(z0,71) + k*. Using Lemma (1.5), for
€ = k2, there exists x3 € Tz, such that

d(l’g, Ig) § H(T;z:l, TIEQ) + kQ S k2d($o, 5131) + 2]{}2
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Continuing the same process, we get z,+1 € Tx, such that (z,,z,+1) € F(G) and

d(Xp, Tpy1) < k"d(xo,21) + nk™ for each n € N.
Now,

sd(xp, Tpy1) + s2d(xn+1, Tny2) + oo + Pd(Tngp—1, Tntp)

(sk"d(xo,z1) + snk™) + (s2k" L d(zo, 1) + s2(n + 1)k

o4 (SPE"TP (20, 1) + P (n + p — DE"TPTY

sk™ (14 (sk) + ... + (sk)P~")d(zo, z1) + nsk™ (1 + sk + (sk)* + ... + (sk)P ™)
+sk™((sk) +2(sk)® + ...+ (p— 1)(sk)P ™).

d(wp, xnﬂ))

ININ

Therefore, d(zy,, Tntp) — 0 if n — co. Thus the sequence {x,}nen is a Cauchy sequence in a complete b-metric
space. Hence, there exists x € X such that z,, — x, as n — oo. Therefore, from property (A) we conclude that
(zn,z) € E(G), for each n € N. Hence, by using the Definition (4.2)) and the above property, we get

0< lim HTzy,Tz) < lim d(z,,z) = 0.

n—oo n—oo
Next, we shall prove that x € Tx. We have,

D(z,Tz) < s(d(z,xpnt1) + D(@py1, 7)) < s(d(x, 2p41) + H(Tpt1,2)) =0, as n — oo.

Therefore, D(z, Tx) = 0, this implies « € Tz. Also (z,,2) € E(G), for n € N, we conclude that (zg,z1, ..., 2%, , )
is a path in G, and thus z € [z¢] 4.

(2) It can be obtain as the consequences of the above case.

(3) If FixT # ¢, then there exists z € Txz. As A C E(G) and we have (z,z) € E(G), thus v € Xp. If Xp # ¢,
using case (i) we conclude that FizT # ¢. O

Example 4.4. Let X = {0,1,2,3,4} and define d : X x X — R as d(z,y) = |r — y|. Then (X,d) is a complete
b-metric space. Define multivalued map 7' : X — P, o as:

B {0} forxz e {0,1};
d(z,y) = { {0,1} forxz € {2,3,4}.

Let V(G) ={0,1,2,3,4} and E(G) = {(0,1),(0,2),(0,3),(0,4)}, where graph G = (V(G), E(G)).
Case(i):If (z,y) = (0,1). Then H(Tz,Ty) = 0 and

OélD(J,’, T'T)—’— O£2D(y7 Ty) —‘rOng(Q;‘, Ty) + 014D(y, T'T) +

s (D(J:, Ty) + D(y, T:c)) T D(z,Tz)D(y, Ty)
2 1+d(z,y)

+ azd(z,y) > 1/2,

for all a; = 0 where ¢ =1,2,3,5,6,7 and au = 1/2.
Case(ii):If (z,y) = (0,2). Then H(Tz,Ty) =1 and

arD(z,Tz)+ a2D(y,Ty) +azD(z,Ty) + asD(y, Tx) +

@ (D(w, Ty) + D(y, Ta:)) Lo D(z,Tz)D(y, Ty)
2 1+d(z,y)

+ azd(z,y) > 1,

for all a; = 0 where i =1,2,3,5,6,7 and aq = 1/2.
Case(iii):If (z,y) = (0,3). Then H(Tz,Ty) =1 and

arD(z, Te)+ a2D(y,Ty) +asD(z,Ty)+ aaD(y,Tz) +

s (D(:c, Ty) + D(y, Ta:)) 4 a D(z,Tz)D(y,Ty)
2 1+ d(z,y)

+ azd(z,y) > 3/2,
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for all a; =0 where ¢ =1,2,3,5,6,7 and aa = 1/2.
Case(iv):If (z,y) = (0,4). Then H(T'z,Ty) =1 and

a1 D(z, Tz)+ «a2D(y,Ty) +asD(z,Ty)+ asD(y,Tz)+

s (D(:c, Ty) + D(y, Ta:)) 4 a D(z,Tz)D(y, Ty)
2 1+ d(z,y)

+ ard(z,y) > 2,

for all @; = 0 where ¢ =1,2,3,5,6,7 and as = 1/2. Since all conditions of Theorem holds, so we obtain that T has a fixed
point which is z = 0.

5 Some fixed point results for multivalued fractals in b-metric spaces

Let (X,d) be a b-metric space with constant s > 1 and Si,S55,...,5, : X — P(X) be multivalued mappings.
The system S = (51,52, ...,5m,) is called an iterated multivalued system (IMS). If S = (S1, S, ...,.Sp) is such that
Sit X = Pp(X),i=1,2,...,m are upper semi-continuous, then the mapping Ts defined as

Ts(Y) =] Si(Y), foreach Y € Py(X),
i=1
is called the multi-fractal mapping generated by the iterated multifunction system S = (51,53, ...,Sm). Since the
mappings S; : X — P.p(X),i = 1,2,...,m are upper semi continuous, then Ts : P.,(X) — P.,(X). A nonempty
compact subset B* C X is said to be a multivalued fractals with respect to the iterated multifunction system S =
(81,52, ..., Spm) if and only if it is a fixed point for the associated multi-fractal mapping, i.e Ts(B*) = B*.

Theorem 5.1. Let (X,d) be a b-metric space with constant s > 1 and T : X — X be a self mapping defined as

d(x, Ty) + d(y, Tx) )

UTo,Ty) < ard(eTa) + and(n T) + oad(a, To) + cnd(n Ta) + s 2
d(z, Tx)d(y, Ty)
. Ty, Ty)

T+ d(z,y) + azd(z,y) forall =z,ye€X, (5.1)

with constant k € (0, 1) where k = ontastslastostas) f2ar e

2—a1—as—s(aztastas)—2a6
1. Fix T={a*};

2. For every z € X the sequence {T"(x)}nen 4 x*, as n — oo.

Proof . The existence of the fixed point and result (2) follows from Theorem (4.3). For uniqueness assume that
x*, y* € FixT, z* # y*, then
dz*,y*) = d(Tz*,Ty")
< ond(zt, Ta”) + aed(y”, Ty") + asd(z”, Ty") + cud(y”, Tz")
d(z*, Ty*) + d(y*, Tz*
s ( (z*, Ty") + d(y ))

2
d(x*, Ta*)d(y*, Ty*)

d(z*,y*) forall z*,y* e X.
T + arzd(z*,y*) forall z*,y* €

“FC%(;

On solving, we get
(1= (a3 + g + a5 + az7))d(z*,y*) < 0.
But, 23:1 a; < 1. Therefore, d(x*,y*) = 0 and hence x* = y*. This implies uniqueness. [J

Example 5.2. Let X = [0,1/2] and d(z,y) = |z — y|*. Then (X,d) is a complete b-metric space with s = 2. Define

T:X — X as:
for xz e€0,1/4];
g(fv)={

forx € (1/4,1/2].

X =D
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Case(i): When z,y € [0,1/4], we have d(Tz,Ty) = 0 and,

ald(:L T.IJ) + an(y, Ty)+ Oégd(a), Ty) +a4d(y7 TCE) +

- (d(ﬂc, Ty) + d(y, Tm)) +as d(z, Tx)d(y, Ty)
2 1+d(z,y)

+ ard(z,y) >0,

for all a; =0 where ¢ =1,3,4,5,6,7 and az = 1/2.
Case(ii): When z,y € (1/4,1/2], we have d(Tz,Ty) = 0 and,

ard(z, Tx) + a2d(y, Ty)+ asd(z,Ty) —aad(y,Tx)+

s (d(w, Ty) + d(y, Tm)) 4 a d(z,Tz)d(y, Ty)
2 1+ d(z,y)

+ azd(z,y) = 0,

for all a; = 0 where i =1,3,4,5,6,7 and as = 1/2.
Case(iii): When z € [0,1/4] and y € (1/4,1/2], we have d(Tz,Ty) = 1/64 and,

ard(z, Tx) + a2d(y, Ty)+ asd(z,Ty) ~aad(y,Tx)+

- (d(ﬂc, Ty) + d(y, Tm)) +oas d(z, Tx)d(y, Ty)
2 1+d(z,y)

+ azd(z,y) =2 1/32,

for all a; =0 where ¢ =1,3,4,5,6,7 and a2 = 1/2.
Case(iv): When x € (1/4,1/2] and y € [0,1/4], we have d(Tz, Ty) = 1/64 and,

ard(z, Tx) + a2d(y, Ty)+ asd(z,Ty) —aad(y,Tx)+

s (d(w, Ty) + d(y, Tm)) 4 a d(z,Tz)d(y, Ty)
2 1+d(z,y)

+ azd(z,y) = 1/32,

for all a; = 0 where i = 1,3,4,5,6,7 and as = 1/2. Since the hypothesis of Theorem holds, thus T has fixed point which is
z=0.

Corollary 5.3. Let (X,d) be a complete b-metric space with constant s > 1 and Let T : X — X be self mappings
satisfying the conditions

d(y, Ty)d(z, Tx)

d(Tz, Ty) <
(Tz,Ty) < « T+ d(.y)

+ Bd(z,y) +y(d(x, Tx) 4 d(y, Ty)) + d(d(y, Tx) + d(z, Ty))

for all 7,y € X, a, 3,y and § > 0 with a+s8+ (s + 1)y + (s> +8)6 <1,y +d < % Then T has a unique fixed point.

Theorem 5.4. Let (X, d) be a complete b-metric space with constants s > 1, such that d : X x X — R is continuous
b-metric. Let S; : X — P.,(X),i=1,..,m, be upper semi continuous multivalued mappings of the type

H(S;x,Siy) < a1D(x,Six) + i D(y, Siy) + asi D(x, Siy) + o D(y, Six)
(D(ﬂf, Siy) + D(y, Sﬂ")) D(z, S;z)D(y, Siy)
+as; + g

2 Gi 1+d(z,y)

1
+azd(x,y) forall (xz,y) € X with constant &; € (0, ;), (5.2)

aritagi+s(azitogitas:)+2ar;
2—ani—azi—s(azit+asitas) —2ae;

system S = (51,52, ..., Sm), by the relation Tg(Y) = |J Si(Y), for each Y € P,,(X), verify the following conditions:
i=1

where k; = . Then, the multivalued mapping Ts generated by the iterated multifunction

1. Ts : (Pep(X), H) = (Pep(X), H);
2. Ts is a multivalued mapping of the type (5.2)), in the sense that
H(Ts(Y1),Ts(Y2)) < arH(Y1,Ts(Y1)) + aoH (Y2, Ts(Y2)) + asH (Y1, Ts(Y2)) + aaH (Y2, Ts(Y1)) +
@ (H, Ts(Y2)) + H(¥2, Ts(N1))) | H(M, Ts(V))H(Ys, Ts(Y2)) |

2 ¢ 1+ H(M),Ys)

0(7H(Y17)/2);
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3. There exists a unique multivalued fractals Bf, such that (T§(B))nen LN Bi, as n — oo, for every B € Pep(X).

Proof . (1) By the upper semi continuous mapping S;, ¢ = 1,2, ..., m, we have that Ts : (P.p(X), H) = (Pep(X), H).
(2) We will firstly prove that for any Y7,Ys € P.,(X), we have

H(S;(Y1),8:(Y2)) < auH(Y1,Si(Y1)) + agiH (Y2, Si(Y2)) + asiH (Y1, Si(Y2)) + cui H (Y2, Si(Y1)) +
(H(Yl,si(yﬁ) +H(Y2,5i(Y1))> n H(Y1,5 (V1)) H(Yz, 5i(Y2))
asi 2 aoi 1+ H(Y1,Ys)
ar H(Y1,Ys) forall i=1,2,...,m.

For this assume that Y7,Ys € P,,(X). For each ¢ = 1,2, ...,m, we have

p(Si(Y1), Si(Ya)) = msél}lﬁl’ p(Si(z), Si(Y2))

= sup (inf (p(5;(2), Si(y))))
€Y, YEY2

< sup (inf (H(Si(2), 5:(y))))
€Y, YEY2

= sup ( in}f/ (auD(x,Si(m)) + a9;D(y, Si(y)) + as;D(x, S;(y)) + as; D(y, Si(x))
z€Y, \(YEY2

D(z, Si(y)) +D (y, ())D(y, Si(y))

+a5i< ) 1+d(a: m +Of7z'd($7y)>>

= Oéu/?(YlaSz'(Yl))+a2zP(Y2, i(Y2)) + azip(Y1, 8i(Y2)) + auip(Yz, Si(Y1))

p(Y1,8:(Y2)) + p(Ya, Si(Y1)) p(Y1, Si(Y1))p(Yz, Si(Y2))
+045i< D) ) —|—a6i 1—|—H(}/1,}/2)

+ar H(Y1,Ys)
a1 H(Y1, Si(Y1)) + agiH (Y2, S;(Y2)) + asi H(Y1,5;(Y2)) + cai H (Y2, S;(Y1))
‘o _<H(Y175i(y2))+H(Y2asi(yl)) n H(Y1,5i(Y1))H (Yz, 5:(Y2))

57 9 Qg 1+ H(Yl,}/g)

IN

+ariH(Y1,Ys).

Hence, for each ¢ = 1, 2,..m, we have

H(S;(Y1),5:(Y2)) < auH(Y1,S8:(Y1))+ agH(Y2,S;(Y2)) + asi H (Y1, Si(Y2)) + o H(Y2, S;(Y1))
n .<H(Yla5i<y2))+H(Y27Si(Yl)) n H(Y1,8(Y1))H (Y2, 5:(Y2))
asi 2 aoi 11 H(Yy,Ys)

—‘rOz'h'H(Yh Yg)
Using the property,

(US (Y1), U )) <max{H(Sl(Yl),Sl(YQ)),...,H(Sm(Yl),Sm(Yg))},

we get,
M) Tae) < e {H(s00. 5,02}
H(Ts(Y1),Ts(Yz)) < max {OéliH(YhSi(Yl))+0é2iH(Y27Si(Y2))+Oé3iH(Y1,Si(Y2))

ic{1,2,...,m}
(H(Y1, Si(Ya)) + H(Ys, Si(Y1)))
2

+ OmH(YhYz)},

+ay; H(Y2,5;(Y1)) + asi

H(Y1,S8;(Y1))H (Y2, S:(Y2))

+agi
6 1+ H(Y1,Ys)
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< max (ah»)H<Y1, 0 Sz-(Y1)> +  lhax m}(a2i)H<Y2’ G Si(YQ)>

ie{1,2,...,m} =~ iello Y
—i—ie{l%?fm}(aa) ( 1 Z:Ul ( 2)) +i€{17r%?>im}(a4) ( 5 Z:Ul ( 1)) +

)(H(Yl,ig Si<Y2)) ZH(YQQ Si(Yl)) )

)H(Yl, Y Si(Y1)>H<Y2, U Si(Y2>>

7 7

+ max (as;
i€{1,2,...,m}

+ max (ag;

i€{1,2,...,m} 1+ H(Y,Y?)
DH (YL, Ya).
+i€{$§f§7m}(0¢7) (Y1,Y2)

Let o = max;eq1,2,....m}(@ji), where  j =1,2,...,7. Therefore, we get

H(Ts(Y1),Ts(Y2)) < a1H(Y1,Ts(Y1)) + aoH (Y2, Ts(Y2)) + azH (Y1, Ts(Yz2)) + s H (Y2, Ts(Y1))
St (H(Y1,T5(Yz)) + H(Y2, T5(Y1))) ta H(Y1,Ts(Y1))H (Y2, Ts(Y2))
5 2 6 1+ H(Y1,Ya)

+arH(Y1,Ys).

(3) From (2), we have Ty is a single valued mapping on the complete b-metric space (P.p(X),H) and by the
Theorem (5.1), we get Fiz(Ts) = {Br,} and T§ — B}, and n — oo, for each B € P, (X). O
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