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Abstract

In Â this paper, we are concerned with the Â existence Â of renormalized solution for a Â nonlinear periodic Â parabolic
problem associated to the equation

∂u

∂t
−A(u) + g(x, t, u,∇u) = f ∈ L1 , (0.1)

where A(u) is the m-Laplacian operator defined on W 1,x
0 LM (Q).
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1 Introduction

In the recent years, a great interest has been dedicated to mathematical studies of partial differential equations
PDE which always has the benefit of participating in the development of several scientific fields: engineering, physics,
chemistry, biology, biomedical, disease propagation etc. These fields offer new and exciting branches of research (see
[27],[26],[29],[25]).

Periodic behavior of solutions of parabolic PDE intervenes in the mathematical modeling of a large variety of
phenomena. The literature of time periodic solutions of ordinary differential equations have a great development.
Most of the studies are devoted to the existence of global solutions, their periodic behavior and regularity properties.
The periodicity of solutions for parabolic boundary value problems has attracted great interests of scientists, and a
lots of results have been reported under either Dirichlet or Neumann boundary conditions.

These problems have many considerations, In the biomedical field, an example of the spread of early tumors along
linear or tubular structures is mathematically modeled by a periodic partial differential equation (For more details
see [24]). Further, in physics we present two mathematical models, The first one is based on the equation of thermal
conduction with a variable temperature. In the second model, we consider the internal energy as a variable in the
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problem. We obtain a nonlinear periodic parabolic equation with respect to the gradient of this energy (for more
details see [21]).

Periodic solution of parabolic problem were studied by many authors in the setting of classical Sobolev space
Lp(0, T,W 1,p

0 ). A. Deuel and Hess [7] has proved the existence of periodic solutions of the problem

(P )


∂u

∂t
+A(u) + F (u,∇u) = 0 in Ω× R+

u = 0 on ∂Ω× R+,

u(0) = u(T ) in Ω,

(1.1)

where Ω is a bounded and open subset of RN , N ≥ 1. For the usual Leray Lions operator, under the presence of
well-ordered lower and upper-solutions for (P ), those result has improved to the natural growth of |∇u| in [10].

Alaa, N. and Iguernane in [3] has proved the existence of weak periodic solutions for some quasilinear parabolic
equations with data measures and critical growth nonlinearity with respect to the gradient, these results has generalized
to the p-Laplacian, measure data and natural growth of |∇u| in [12] . Boldrini and Crema [5] was considered the case
where A(u) is the p-Laplacian operator, with p ≥ 2. This results has generalized to the singular case 1 < p < 2 in [11].

When trying to relax this restriction on a, we are led to replace the space Lp(0, T,W 1,p
0 ) with an inhomogeneous

Sobolev space W 1,x
0 LM (Q) built from an Orlicz space LM instead of Lp where the N-function M is related to the actual

growth of a. Many works has been done in this case, see Donaldson [8] where an existence result for equation (0.1)
with g ≡ 0 and u(0) = u0) was proved, Robert [28] for g ≡ g(x, t, u) when A is monotone, t2 ≪ M(t) and M satisfies
the ∆2 condition. See also Elmahi [13] for g = g(x, t, u,∇u) when M satisfies a ∆′ condition and M(t) ≪ tN/(N−1)

and finally Elmahi-Meskine [14] for the case where f belongs to L1(Q).

The main purpose and novelty of this paper is to prove an existence of solution for the following problem:
∂u

∂t
−A(u) + g(x, t, u,∇u) = f(x, t) in Q

u = 0 On ∂Ω× (0, T )

u(x, 0) = u(x, T ) in Ω

(1.2)

where A(u) is the m-Laplacian operator in the setting of Orlicz spaces, f ∈ L1 and the initial data is replaced by
the periodicity condition u(0) = u(T ), by using the concept of renormalized solution and a classical approximating
method.

The paper is organized as follows. In Section 2, we recall some preliminaries concerning Orlicz-Sobolev spaces and
some compactness results (see [20],[19]). Section 3 is devoted to the statement of our assumptions and the main result.

In the fourth section we prove the existence theorem by following these steps:

• We give the a priori estimates,
• We prove the almost everywhere convergence of the gradients,

• We demonstrate the modular convergence of the truncation,

• We pass to the limit.

2 Preliminaries

.

2.1 Orlicz-Sobolev Spaces-Notations and Properties

1. let M : R+ → R+ be an N-function, i.e. continuous, convex, with M(t) > 0 for t > 0,M(t)/t → 0 as t → 0 and

M(t)/t → ∞ as t → ∞. Equivalently, M admits the representation: M(t) =

∫ t

0

m(τ)dτ where m : R+ → R+ is

non-decreasing, right continuous, with m(0) = 0, m(t) > 0 for t > 0 and m(t) → ∞ as t → ∞. The N-function

M conjugate to M is defined by M(t) =

∫ t

0

m(τ)dτ where m : R+ → R+ is given by m(t) = sup{s : m(s) ≤ t}.
The N-function M is said to satisfy a ∆2 condition if, for some k > 0 :

M(2t) ≤ kM(t) ∀t ≥ 0.

When this inequality holds only for t ≥ t0 > 0, M is said to satisfy the ∆2−condition near infinity.
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2. Let Ω be an open subset of RN . The Orlicz class LM (Ω) (resp. the Orlicz space LM (Ω) ) is defined as the

set of (equivalence classes of) real-valued measurable functions u on Ω such that

∫
Ω

M(u(x))dx < +∞ (resp.∫
Ω

M(u(x)/λ)dx < +∞, for some λ > 0 ).

LM (Ω) is a Banach space under the norm:

∥u∥M,Ω = inf

{
λ > 0 :

∫
Ω

M

(
u(x)

λ

)
dx ≤ 1

}
and LM (Ω) is a convex subset of LM (Ω). The closure in LM (Ω) of the set of bounded measurable functions with
compact support in Ω is denoted by EM (Ω).
The equality EM (Ω) = LM (Ω) holds if and only if M satisfies the ∆2 condition, for all t or for t large according
to whether Ω has infinite measure or not. The dual of EM (Ω) can be identified with LM (Ω) by means of the

pairing

∫
Ω

u(x)v(x)dx, and the dual norm on LM (Ω) is equivalent to ∥ · ∥M,Ω.

The space LM (Ω) is reflexive if and only if M and M satisfy the ∆2 condition (near infinity only if Ω has finite
measure).

3. We now turn to the Orlicz-Sobolev spaces. W 1LM (Ω) (resp. W 1EM (Ω) ) is the space of all functions u such
that u and its distributional derivatives up to order 1 lie in LM (Ω) (resp. EM (Ω) ). It is a Banach space under
the norm:

∥u∥1,M,Ω =
∑
|α|≤1

∥Dαu∥M,Ω .

Thus W 1LM (Ω) and W 1EM (Ω) can be identified with subspace of the product of (N + 1) copies of LM (Ω).
Denoting this product by ΠLM , we will use the weak topologies σ (ΠLM ,ΠEM ) and σ (ΠLM ,ΠLM ).
The space W 1

0EM (Ω) is defined as the (norm) closure of the Schwartz space D(Ω) in W 1EM (Ω) and the space
W 1

0LM (Ω) as the σ (ΠLM ,ΠEM ) closure of D(Ω) in W 1LM (Ω).

4. We say that un converges to u for the modular convergence in W 1LM (Ω) if for some λ > 0∫
Ω

M ((Dαun −Dαu) /λ) dx → 0 for all |α| ≤ 1.

This implies convergence for σ (ΠLM ,ΠLM ). Note that, if un → u in LM (Ω) for the modular convergence and
vn → v in LM (Ω) for the modular convergence, we have∫

Ω

unvndx →
∫
Ω

uvdx as n → ∞.

2.2 The homogeneous Orlicz-Sobolev

Let Ω be a bounded open subset of RN , T > 0 and set Q = Ω×] 0, T [. Let M be an N-function. For each α ∈ NN ,
denote by Dα

x the distributional derivative on Q of order α with respect to the variable x ∈ RN . The homogeneous
Orlicz-Sobolev spaces of order 1 are defined as follows

W 1,xLM (Q) = {u ∈ LM (Q) : Dα
xu ∈ LM (Q),∀|α| ≤ 1}

and
W 1,xEM (Q) = {u ∈ EM (Q) : Dα

xu ∈ EM (Q),∀|α| ≤ 1} .

The latter space is a subspace of the former. Both are Banach spaces under the norm

∥u∥ =
∑
|α|≤1

∥Dα
xu∥M,Q .

The space W 1,x
0 LM (Q) is defined as the (norm) closure in W 1,xLM (Q) of D(Q) and we have .

W 1,x
0 LM (Q) = D(Q)

σ(ΠLM ,ΠLM)
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.

Furthermore, W 1,x
0 EM (Q) = W 1,x

0 LM (Q) ∩ΠEM .

Poincare’s inequality also holds in W 1,x
0 LM (Q) and then there is a constant C > 0 such that for all u ∈ W 1,x

0 LM (Q)
one has ∑

|α|≤1

∥Dα
xu∥M,Q ≤ C

∑
|α|=1

∥Dα
xu∥M,Q

thus both sides of the last inequality are equivalent norms on W 1,x
0 LM (Q). We have then the following complementary

system (
W 1,x

0 LM (Q) F

W 1,x
0 EM (Q) F0

)
F being the dual space of W 1,x

0 EM (Q). It is also, up to an isomorphism, the quotient of ΠLM by the polar set

W 1,x
0 EM (Q)⊥, and will be denoted by F = W−1,xLM (Q) and it is shown that

W−1,xLM (Q) =

f =
∑
|α|≤1

Dα
xfα : fα ∈ LM (Q)

 .

This space will be equipped with the usual quotient norm:

∥f∥ = inf
∑
|α|≤1

∥fα∥M,Q

where the inf is taken over all possible decomposition f =
∑
|α|≤1

Dα
xfα, fα ∈ LM (Q). The space F0 is then given by

F0 =

f =
∑
|α|≤1

Dα
xfα : fα ∈ EM (Q)

 and is denoted by F0 = W−1,xEM (Q).

2.3 Compactness results

Theorem 2.3.1. Let B be a Banach space and let T > 0 be a fixed real number. If F ⊂ L1(0, T ;B) is such that{∫ t2

t1

f(t)dt

}
f

is relatively compact in B, for all 0 < t1 < t2 < T. (2.1)

∥τhf − f∥L1(0,T ;B) → 0 uniformly in f ∈ F, when h → 0. (2.2)

Then F is relatively compact in L1(0, T ;B).

Next, we have the following lemma, which it can be seen as a ”Orlicz” version of the well known interpolation inequality

related to the space Lp
(
0, T ;W 1,p

0 (Ω)
)
.

Lemma 2.3.1. (see [15]) Let M be an N -function. Let Y be a Banach space such that the following continuous
embedding holds: L1(Ω) ⊂ Y . Then, for all ε > 0 and all λ > 0, there is Cε > 0 such that for all u ∈ W 1,x

0 LM (Q),
with |∇u|/λ ∈ LM (Q),

∥u∥L2(Q) ≤ ελ

(∫
Q

M

(
|∇u|
λ

)
dxdt+ T

)
+ Cε∥u∥L2(0,T ;Y ). (2.3)

We have also the following lemma which allows us to enlarge the space Y whenever necessary.

Lemma 2.3.2. (see [14]) Let Y be a Banach space such that L1(Ω) ⊂ Y with continuous embedding. If F is bounded
in W 1,x

0 LM (Q) and is relatively compact in L1(0, T ;Y ) then F is relatively compact in L1(Q).

Theorem 2.3.2. (see [14]) Let M be an N-function. If F is bounded in W 1,x
0 LM (Q) and

{
∂f

∂t
: f ∈ F

}
is bounded

in W−1,xLM (Q) then F is relatively compact in L1(Q).
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Theorem 2.3.3. (see [14]) If u ∈ W 1,xLM (Q) ∩ L1(Q) (resp. W 1,x
0 LM (Q) ∩ L1(Q)

)
and ∂u/∂t ∈ W−1,xLM (Q) +

L1(Q) then there exists a sequence (vj) inD(Q) such that

vj → u in W 1,xLM (Q) and
∂vj
∂t

→ ∂u

∂t
in W−1,xLM (Q) + L1(Q)

for the modular convergence.

Corollary 2.3.1. Let M be an N-function and un be a sequence of W 1,xLM (Q) such that

un ⇀ u weakly in W 1,xLM (Q) for σ(ΠLM ,ΠEM )

and
∂un

∂t
= hn + kn in D′(Q)

with hn bounded in W−1,xLM (Q) and kn bounded in the space M(Q) of measures on Q then :

1. un → u strongly in L1
Loc(Q)

2. If further un ∈ W 1,x
0 LM (Q) then un → u strongly in L1(Q)

Corollary 2.3.2. Let u ∈ LM (Q), we define for all µ > 0 and all (x, t) ∈ Q a time mollification function uµ such
that

uµ(x, t) = µ

∫ t

−∞
ũ(x, s) exp(µ(s− t))dx

where ũ(x, s) = u(x, s)χ(0,T )(s) is the zero extension of u. We have
-If un → u in LM (Q) strongly (resp. for the modular convergence) then (un)µ → uµ in LM (Q) strongly (resp. for the
modular convergence).
-If un → u in W 1,xLM (Q) strongly (resp. for the modular convergence) then (un)µ → uµ in W 1,xLM (Q) strongly
(resp. for the modular convergence).

We will use the following technical Lemmas.

Lemma 2.3.3. (see [14]) Let Ω be a bounded open subset of RN . Then,{
u ∈ W 1,x

0 LM (Q) :
∂u

∂t
∈ W−1,xLM (QT ) + L1 (QT )

}
⊂ C

(
[0, T ], L1(Ω)

)
.

Lemma 2.3.4. Let X0, X and X1 be three Banach spaces with X0 ⊆ X ⊆ X1. Suppose that X0 is compactly embed-
ded inX and thatX is continuously embedded inX1. For 1 ≤ p, q ≤ ∞, letW = {u ∈ Lp ([0, T ];X0) | u̇ ∈ Lq ([0, T ];X1)} .
(i) If p < ∞ then the embedding of W into Lp([0, T ];X) is compact.
(ii) If p = ∞ and q > 1 then the embedding of W into C([0, T ];X) is compact.

3 Assumptions and statement of main results

Let Ω be a bounded open subset of RN (N ≥ 2) and let Q be the cylinder Ω× (0, T ) with some given T > 0. Let
M be an N-function. Consider the m−Laplacien operator

∆mu = div

(
m(|∇u|)
|∇u|

∇u

)
.

We set a(x, t, ξ) =
m(|∇ξ|)
|∇ξ|

∇ξ with ξ ∈ RN, where a : Ω× [0, T ]×RN → RN is a Carathéodory function satisfying

for a.e. (x, t) ∈ Ω× [0, T ] and all ξ ̸= ξ∗ ∈ RN :

|a(x, t, ξ)| ≤ M
−1

M(δ|ξ|) ; (3.1)

[a(x, t, ξ)− a(x, t, ξ∗] (ξ − ξ∗) > 0 if ξ ̸= ξ∗ ; (3.2)
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a(x, t, ξ)ξ ≥ αM(|ξ|) ; (3.3)

where δ, α > 0. Let g : Ω× [0, T ]×R×RN → R be a Carathéodory function satisfying for a.e. (x, t) ∈ Ω× (0, T ) and
for all s ∈ R, ξ ∈ RN :

|g(x, t, s, ξ)| ≤ b(|s|) (c(x, t) +M(|ξ|)) ; (3.4)

g(x, t, s, ξ)s ≥ 0 , (3.5)

where c(x, t) ∈ L1(Q) and b : R+ → R+ is a continuous and nondecreasing function. Furthermore let

f ∈ L1(Q). (3.6)

Throughout this paper < ., . > means for either the pairing between W 1,x
0 LM (Q)∩ L∞(Q) and W−1,xLM (Q) +

L1(Q) or between W 1,x
0 LM (Q) and W−1,xLM (Q). Consider, then, the following parabolic initial-boundary value

problem: 
∂u

∂t
−∆mu+ g(x, t, u,∇u) = f in Q

u(x, t) = 0 on ∂Ω× (0, T )

u(x, 0) = u(x, T ) in Ω

(3.7)

Let us now precise in which sense the problem will be solved.

3.1 Definition of a renormalized solution

The definition of a renormalized solution for problem (3.7) can be stated as follows.

Definition 1. A measurable function u defined on Q is a renormalized solution of Problem (3.7) if

Tk(u) ∈ W 1,x
0 LM (Q) ∀k ⩾ 0 and u ∈ L∞ (

0, T ;L1(Ω)
)

(3.8)∫
{(x,t)∈Q;h≤|u(x,t)|≤h+1]

a(x, t,∇u)∇udxdt → 0 as h → +∞, (3.9)

and for every function S in W 2,∞(R) such that S′ has a compact support and S(0) = 0, we have
∂S(u)

∂t
− div(S′(u)a(x, t,∇u)) + S′′(u)a(x, t,∇u)∇u+ g(x, t, u,∇u)S′(u)=fS′(u) in D′ (Q)

S(u(x, 0))=S(u(x, T )) in Ω.
(3.10)

The following remarks are concerned with a few comments on definition (1)

Remark 3.1.1. The first equation of (3.10) is formally obtained through pointwise multiplication of (3.7) by S′(u).
Note that due to (3.8) each term in the first equation of (3.10) has a meaning in W−1,xLM (Q) + L1(Q).

3.2 Statement of the main result

The main result of the paper is the following existence theorem :

Theorem 3.2.1. Assume that (3.1)-(3.6) hold true, then the problem (3.7) admits at least one renormalized solution
u ∈ C(0, T, L1(Ω)) satisfying u(x, 0) = u(x, T ) a.e x ∈ Ω .
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4 Proof of the main result

Proof. We divide the proof in four steps.
step 1 : A priori e stimates

Let (fn) be a sequence of smooth functions such that fn → f in L1(Q) and let (un(0), un(T )) be a sequences in L2(Ω)
such that un(0) → u(0) and un(T ) → u(T ) in L1(Ω). Consider the sequence of approximate problems:

∂un/∂t− div a(x, t,∇un) + gn(x, t, un,∇un) = fn.

un(x, 0) = un(x, T )

un ∈ W 1,x
0 LM (Q) ∩ C([0, T ], L2(Ω))

(4.1)

where gn(x, t, s, ξ) = Tn(g(x, t, s, ξ)) and for k > 0, Tk means truncation operator such that

Tk(s) = max{−k,min(k, s)} .

Note that gn(x, t, s, ξ)s ≥ 0, |gn(x, t, s, ξ)| ≤ |g(x, t, s, ξ)| and |gn(x, t, s, ξ)| ≤ n. The prove of the existence of solution
for problem (4.1) is in progress. Although we can see [23], since we follow almost the same steps. Now we use in (4.1)
the test function Tk(un), k > 0 we get∫

Ω

[∂Sk(un)

∂t

]T
0
dxdt+

∫
Q

a(x, t,∇Tk(un))∇Tk(un)dxdt+

∫
Q

g(x, t, Tk(un),∇Tk(un))Tk(un) =

∫
Q

fnTk(un),

where Sk(s) =

∫ s

0

Tk(r)dr, then thanks to (3.5) and periodicity condition we have

∫
Q

a (x, t,∇Tk (un))∇Tk (un) dxdt ≤ C1k, (4.2)

where here C1 denote positive constants not depending on n and k. On the other hand, thanks to Lemma 5.7 of [17],
there exists two positive constants δ, λ such that∫

Q

M(v)dxdt ≤ δ

∫
Q

M(λ|∇v|)dxdt for all v ∈ W 1,x
0 LM (Q) (4.3)

Taking v = Tk (un) /λ in (4.3) and using (4.2) with (3.3), give

α

∫
Q

M

(
Tk (un)

λ

)
dxdt ≤ C2k ,

which implies that

meas {(x, t) ∈ Q : |un| > k} ≤ C3k

M(k/λ)
.

So that
lim
k→∞

(meas {(x, t) ∈ Q : |un| > k}) = 0 uniformly with respect to n. (4.4)

Consider now for θ, ε > 0 a function ρεθ ∈ C1(R) such that

ρεθ(s) = 0 if |s| ≤ θ ;
ρεθ(s) = sign(s) if |s| ≥ θ + ε ;

(ρεθ)
′
(s) ≥ 0 ∀s ∈ R ;

then, by using ρεθ (un) as a test function in (4.1) and following [28] and periodicity condition, we can see that∫
{|un|>θ}

|gn (x, t, un,∇un)| dxdt ≤
∫
{|un|>θ}

|fn| dxdt (4.5)

and so by letting θ → 0 and using Fatou’s lemma, we deduce that gn (x, t, un,∇un) is a bounded sequence in L1(Q).
Moreover, we have from (4.2) that Tk (un) is bounded in W 1,x

0 LM (Q), for every k > 0.
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Take a C2(R), and nondecreasing function ζk such that ζk(s) = s for |s| ≤ k/2 and ζk(s) = k sign(s), for |s| ≥ k.
Multiplying the approximating equation by ζ ′k (un), we get

∂

∂t
(ζk (un))− div (a (x, t,∇un) ζ

′
k (un)) + a (x, t,∇un) ζ

′′
k (un)

+ gn (x, t, un,∇un) ζ
′
k (un) = fnζ

′
k (un)

in the sense of distributions. This implies, thanks to (4.2) and the fact that ζ ′k has compact support, that ζk (un) is

bounded in W 1,x
0 LM (Q) while its time derivative

∂

∂t
(ζk (un)) is bounded in W−1,xLM (Q) + L1(Q), hence corollary

(2.3.1) allows us to conclude that ζk (un) is compact in L1(Q). Therefore, following [6], we can see that there exists a
measurable function u in L∞ (

0, T ;L1(Ω)
)
such that for every k > 0 and a sub sequence, not relabeled,

Tk (un) → Tk(u) weakly in W 1,x
0 LM (Q) for σ (ΠLM ,ΠEM ) ,

strongly in L1(Q) and a.e. in Q.
(4.6)

To prove that a (x, t,∇Tk (un)) is a bounded sequence in (LM (Q))
N
. Let φ ∈ (EM (Q))

N
with ∥φ∥M,Q = 1. In

view of (3.2), we have ∫
Q

[a (x, t,∇Tk (un))− a (x, t, φ)] [∇Tk (un)− φ] dxdt ≥ 0

which gives ∫
Q

a (x, t,∇Tk (un))φdxdt ≤
∫
Q

a (x, t,∇Tk (un))∇Tk (un) dxdt

−
∫
Q

a (x, t, φ) [∇Tk (un)− φ] dxdt.

On the other hand, using (3.1), we see that

M(|a (x, t, φ)|) ≤ M(δ|φ|)

and hence a (x, t, φ) is bounded in (LM (Q))
N

and Tk (un) is bounded in W 1,x
0 LM (Q) then by using Holder inequality

we get ∣∣∣∣∫
Q

a (x, t, φ) [∇Tk (un)− φ] dxdt

∣∣∣∣ ≤ C

and so, by using (4.2) and the fact that ∥φ∥LM
= 1 we can deduce that a (x, t,∇Tk (un)) is a bounded sequence in

(LM (Q))
N
. Thus, up to a subsequences

a (x, t,∇Tk (un)) → hk in (LM (Q))
N
forσ (ΠLM ,ΠEM ) (4.7)

for some hk ∈ (LM (Q))
N
. Now we show (3.9). Using Vh = Th+1(un)−Th(un) as a test function in (4.1), then we have∫

Ω

Bh(un(T ))−Bh(un(0)dx+

∫
Q

a(x, t,∇un)∇Vh(un)dxdt+

∫
Q

gn(x, t, un,∇un)Vh(un)dxdt =

∫
Q

fnVh(un)dxdt

with Bh(s) =

∫ s

0

∂un

∂t
Vh(σ)dσ. By using the periodicity condition and the fact that

∫
Q

gn(x, t, un,∇un)Vh(un)dxdt ≥

0 we get ∫
Q

a(x, t,∇un)∇Vh(un)dxdt ≤
∫
Q

fnVh(un)dxdt.

Let remark that ∇Vh(un) = Vh(un)χ{h≤|un|≤h+1}, then we can write that∫
{h≤|un|≤h+1}

a(x, t,∇un)Vh(un)dxdt ≤
∫
Q

fnVh(un)dxdt. (4.8)

From (3.6) and using Lebesgue theorem we see that

lim
h→+∞

lim
n→+∞

∫
Q

fnVh(un)dxdt = 0.
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Finally passing to the limit in (4.8) as n → +∞ and h → +∞ we deduce that

lim
h→+∞

lim
n→+∞

∫
{h≤|un|≤h+1}

a(x, t,∇un)Vh(un)dxdt = 0 .

step 2 : Almost everywhere convergence of the gradients.

Fix k > 0 and let φ(s) = seδs
2

, δ > 0. It is well known that when δ ≥
(
b(k)

2α

)2

one has

φ′(s)− b(k)

α
|φ(s)| ≥ 1

2
for all s ∈ R . (4.9)

We have Tk(u) ∈ C([0, T ], L1(Ω)) for all k ≥ 0, then Tk(u)(T ) ∈ L1(Ω). Let µj ∈ D and (zν)ν be two sequences
such that

µj → u in W 1,x
0 LM (Q) for modular convergence (4.10)

zν ∈ W 1,x
0 ∩ LM (Q) L∞(Q) zν → Tk(u)(T ) a.e in Ω as ν → ∞ (4.11)

lim
ν→∞

1

ν
∥zν∥W 1,x

0 LM (Q) = 0. (4.12)

We denote by Tk(µj)ν the unique solution of this problem :{
∂tTk(µj)ν = ν(Tk(µj)− Tk(µj)ν)

Tk(µj)ν(0) = zν

such that 
|Tk(µj)ν | ≤ k

Tk(µj)ν → Tk(u)ν in W 1,x
0 LM (Q) for the modular convergence as j → ∞ ;

Tk(u)ν → Tk(u) in W 1,x
0 LM (Q) for the modular convergence as µ → ∞

Tk(u)ν is defined as follows

Tk(u)ν(t) =

∫ t

0

ν expν(s−t) Tk(u)(s)ds+ zν exp
−νt . (4.13)

Let now the function ρm defined on R by

ρm(s) =


1 if |s| ≤ m,

m+ 1− |s| if m ≤ |s| ≤ m+ 1,

0 if |s| ≥ m+ 1,

where m > k. Using ωi,ν
j,n,m = φ(Tk(un)− Tk(µj)ν)ρm(un) as test function in (4.1) we get

< u′
n, ω

i,ν
j,n,m) >+

∫
Q

a(x, t,∇un)[∇Tk(un)− Tk(µj)ν)]φ
′(Tk(un)− Tk(µj)ν)ρm(un)dxdt

+

∫
Q

a(x, t,∇un)φ(Tk(un)− Tk(µj)ν)ρ
′
m(un)∇undxdt

+

∫
Q

gn (x, t, un,∇un)ω
i,ν
j,n,mdxdt

=

∫
Q

fnω
i,ν
j,n,mdxdt
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which implies, since gn (x, t, un,∇un)ω
i,ν
j,n,m ≥ 0 on {|un| > k} :

< u′
n, ω

i,ν
j,n,m >+

∫
Q

a(x, t,∇un)[∇Tk(un)−∇Tk(µj)ν ]φ
′(Tk(un)− Tk(µj)ν)ρm(un)dxdt

+

∫
Q

a(x, t,∇un)φ(Tk(un)− Tk(µj)ν)ρ
′
m(un)∇undxdt

+

∫
{|un|≤k}

gn (x, t, un,∇un)ω
i,ν
j,n,mdxdt

≤
∫
Q

fnω
i,ν
j,n,mdxdt

(4.14)

and this will be the order in which the parameters we use will tend to infinity, that is, first n, then j, ν, i, s and finally
m. Similarly we will write only ε(n), or ε(n, j), . . . to mean that the limits are made only on the specified parameters.
First all, let us prove that ∫

Q

fnω
i,ν
j,n,m = ε(n, j, ν). (4.15)

Proof we have φ (Tk (un)− Tk(µj)ν) ρm (un) → φ (Tk(u)− Tk(µj)ν) ρm (u)) weakly ∗ in L∞(Q) as n → ∞, then
by letting j → ∞ we get φ (Tk(u)− Tk(µj)ν) ρm (un) → φ (Tk(u)− Tk(u)ν) ρm(u) weakly in L∞(Q) and finally
φ (Tk(u)− Tk(u)ν) ρm(u) → 0 weakly ∗ in L∞(Q) as ν → ∞.
□

On one hand, from (4.1) one deduces that un ∈ W 1,x
0 LM (Q) and ∂un/∂t ∈ W−1,x(Q)+L1(Q) and then by theorem

(2.3.3) there exists a smooth function unσ such that, as σ → 0+, unσ → un in W 1,x
0 LM (Q) and ∂una/∂t → ∂un/∂t

in W−1,x(Q)+ L1(Q) for the modular convergence, so that, φ (Tk (unσ)− Tk(µj)ν) ρm (unσ) → ωi,ν
j,n,m in W 1,x

0 LM (Q)
for the modular convergence and weakly ∗ in L∞(Q). This implies

〈
u′
n, ω

i,ν
j,n,m

〉
= lim

σ→0+

∫
Q

u′
nσφ (Tk (unσ)− Tk(µj)ν) ρm (unσ) dxdt

= lim
σ→0+

∫
Q

[
(Rm (unσ))

′]
φ (Tk (unσ)− Tk(µj)ν) dxdt

where Rm(s) =

∫ s

0

ρm(η)dη. Hence

〈
u′
n, ω

i,ν
j,n,m

〉
= lim

σ→0+

∫
Q

[
(Rm(unσ)− Tk(unσ))

′φ(Tk(unσ)− Tk(µj)ν) +

∫
Q

(Tk(unσ))
′φ(Tk(unσ)− Tk(µj)ν)

]
= lim

σ→0+

{∫
Ω

[
(Rm(unσ)− Tk(unσ))φ(Tk(unσ)− Tk(µj)ν)

]T
0

−
∫
Q

(Rm (unσ)− Tk (unσ))φ
′ (Tk (unσ)− Tk(µj)ν) (Tk (unσ)− Tk(µj)ν)

′
dxdt

+

∫
Q

(Tk(unσ)
′φ((Tk(unσ)− Tk(µj)ν)]

}
= lim

σ→0+
{I1(σ) + I2(σ) + I3(σ)} .

Observe that for |s| ≤ k we have Rm(s) = Tk(s) = s and for |s| > k we have |Rm(s)| ≥ |Tk(s)| and, since both
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Rm(s) and Tk(s) have the same sign of s, we start by I1(σ), we can observe that

I1(σ) =

∫
{|unσ(T )|>k}

[
Rm(unσ)(T )− Tk(unσ)(T )

]
φ(Tk(unσ)(T )− Tk(µj)ν(T ))dx

−
∫
{|unσ(0)|>k}

[
Rm(unσ)(0)− Tk(unσ)(0)

]
φ(Tk(unσ)(0)− Tk(µj)ν(0))dx

=

∫
{|unσ(T )|>k}

[
Rm(unσ)(T )− Tk(unσ)(T )

]
φ(Tk(unσ)(T )− zν)dx

−
∫
{|unσ(0)|>k}

[
Rm(unσ)(0)− Tk(unσ)(0)

]
φ(Tk(unσ)(0)− Tk(µj)ν(0))dx.

Letting σ → 0+ we have

lim
σ→0+

I1(σ) =

∫
{|un(T )|>k}

[
Rm(un)(T )− Tk(un)(T )

]
φ(Tk(un)(T )− Tk(µj)ν(T ))dx

−
∫
{|un(0)|>k}

[
Rm(un)(0)− Tk(un)(0)

]
φ(Tk(un)(0)− Tk(µj)ν(0))dx

=

∫
{|un(T )|>k}

[
Rm(un)(T )− Tk(un)(T )

]
φ(Tk(un)(T )− zν)dx

−
∫
{|un(0)|>k}

[
Rm(un)(0)− Tk(un)(0)

]
φ(Tk(un)(0)− Tk(µj)ν(0))dx.

When n → ∞ we get

I1(σ) =

∫
{|u(T )|>k}

[
Rm(u)(T )− Tk(u)(T )

]
φ(Tk(u)(T )− Tk(µj)ν(T ))dx

−
∫
{|u(0)|>k}

[
Rm(u)(0)− Tk(u)(0)

]
φ(Tk(u)(0)− Tk(µj)ν(0))dx

=

∫
{|u(T )|>k}

[
Rm(u)(T )− Tk(u)(T )

]
φ(Tk(u)(T )− zν)dx

−
∫
{|u(0)|>k}

[
Rm(u)(0)− Tk(u)(0)

]
φ(Tk(u)(0)− Tk(µj)ν(0))dx

finally, letting j → ∞ then µ → ∞ then using the fact that φ(0) = 0 and (4.11), we obtain

lim
σ→0+

sup I1(σ) = ε(n, j, µ). (4.16)

About I2(σ), we have, since (Rm (unσ)− Tk (unσ)) (Tk (unσ))
′
= 0

I2(σ) =

∫
{|unσ|>k}

(Rm (unσ)− Tk (unσ))φ
′ (Tk (unσ)− Tk(µj)ν)) (Tk(µj)ν)

′
dxdt

= ν

∫
{|unσ|>k}

(Rm (unσ)− Tk (unσ))φ
′ (Tk (unσ)− Tk(µj)ν) (Tk (µj)− Tk(µj)ν) dxdt

adding and subtracting Tk(unσ) we get

I2(σ) = ν

∫
{|unσ|>k}

(Rm (unσ)− Tk (unσ))φ
′ (Tk (unσ)− Tk(µj)ν) (Tk (µj)− Tk(unσ) dxdt

+ν

∫
{|unσ|>k}

(Rm (unσ)− Tk (unσ))φ
′ (Tk (unσ)− Tk(µj)ν) (Tk(unσ)− Tk (µj)ν)) dxdt
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by using the fact that φ′ ≥ 0 and the fact that (Rm(unσ)− Tk(unσ))(Tk(unσ)− Tk(µj)ν)) ≥ 0 when {|unσ| > k} and
so, by letting σ → 0+ in the last integral we obtained

lim
σ→0+

sup I2(σ) ≥ ν

∫
{|un|>k}

(Rm (un)− Tk (un))φ
′ (Tk (un)− Tk(µj)ν) (Tk (µj)− Tk (un)) dxdt.

Finally by letting n → ∞, j → ∞ then µ → ∞ we conclude that

lim
σ→0+

sup I2(σ) ≥ ε(n, j, µ). (4.17)

For what concern I3(σ) , one has

I3(σ) =

∫
Q

(Tk(unσ)− Tk(µj)ν)
′φ(Tk(unσ)− Tk(µj)ν)dxdt+

∫
Q

(Tk(µj)ν)
′φ(Tk(unσ)− Tk(µj)ν)dxdt

and then, by setting Φ(s) =

∫ s

0

φ(η)dη and integrating by parts

I3(σ) =

∫
Ω

[
Φ(Tk(unσ)− Tk(µj)ν)

]T
0
dx+

∫
Q

[Tk(µj)ν ]
′φ (Tk (unσ)− Tk(µj)ν)

=

∫
Ω

Φ(Tk(unσ)(T )− Tk(µj)ν(T ))−
∫
Ω

Φ(Tk(unσ)(0)− zν))

+ν

∫
Q

((Tk(µj)− Tk(unσ))φ(Tk(unσ)− Tk(µj)ν)dxdt

+ν

∫
Q

((Tk(µj)− Tk(unσ))φ(Tk(unσ)− Tk(µj)ν)dxdt

letting σ → 0+ then n → ∞ , since φ ≥ 0 and (Tk(unσ)− Tk(µj)ν)φ(Tk(unσ)− Tk(µj)ν) ≥ 0 we get

lim
σ→0+

sup I3(σ) ≥
∫
Ω

Φ
(
Tk(u(T ))− Tk(µj)ν(T )

)
−

∫
Ω

Φ
(
Tk(u(0))− zν)

)
+ µ

∫
Q

(Tk(µj)− Tk(u)φ(Tk(u)− Tk(µj)ν)dxdt+ ε(n)

using the periodicity condition and letting j then ν → ∞ we can deduce that

lim sup
σ→0+

I3(σ) ≥ ε(n, j, µ). (4.18)

Combining (4.16),(4.17) and (4.18), we conclude

⟨u′
n, ω

i,ν
j,n,m⟩ ≥ ε(n, j, µ) (4.19)

On the other hand, the second term of the left hand side of (4.14) reads as∫
Q

a(x, t,∇un) [∇Tk (un)−∇Tk(µj)ν ]φ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

=

∫
{|un|≤k}

a (x, t,∇un) [∇Tk (un)−∇Tk(µj)ν ]φ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

+

∫
{|un|>k}

a (x, t,∇un) [∇Tk (un)−∇Tk(µj)ν ]φ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

=

∫
Q

a (x, t,∇Tk (un)) [∇Tk (un)−∇Tk(µj)ν ]φ
′ (Tk (un)− Tk(µj)ν) dxdt

+

∫
{|un|>k}

a (x, t,∇un) [∇Tk (un)−∇Tk(µj)ν ]φ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt
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where we have used the fact that, since m > k, ρm (un) = 1 on {|un| ≤ k}.
Setting for s > 0, Qs = {(x, t) ∈ Q : |∇Tk(u)| ≤ s} and Qs

j = {(x, t) ∈ Q : |∇Tk (vj)| ≤ s} and denoting by χs and
χs
j the characteristic functions of Qs and Qs

j respectively, we deduce that∫
Q

a (x, t,∇Tk(un) [∇Tk (un)−∇Tk(µj)ν ]φ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

=

∫
Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (µj)χ

s
j

)] [
∇Tk (un)−∇Tk (µj)χ

s
j

]
φ′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

+

∫
Q

a
(
x, t,∇Tk (µj)χ

s
j

) [
∇Tk (un)−∇Tk (µj)χ

s
j

]
φ′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

+

∫
Q

a (x, t,∇Tk (un))∇Tk (µj)χ
s
jφ

′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

−
∫
Q

a (x, t,∇un) (∇Tk(µj)ν)φ
′((Tk (un)− Tk(µj)ν) ρm (un) dxdt

=J1 + J2 + J3 + J4.

We shall go to the limit as n, j, µ and s → ∞ in the last three integrals of the last side. Starting with J2, we have
by letting n → ∞

J2 =

∫
Q

a
(
x, t,∇Tk (µj)χ

s
j

) [
∇Tk(u)−∇Tk (µj)χ

s
j

]
φ′ (Tk(u)− Tk(µj)ν) ρm(u)dxdt+ ε(n).

Letting j → ∞ then µ → ∞, by (4.10) we have a
(
x, t,∇Tk (µj)χ

s
j

)
→ a (x, t,∇Tk (u)χ

s) strongly in EM (Q)N ),

then using (3.1) and Lebesgue theorem while ∇Tk (µj)χ
s
j → ∇Tk (u)χ

s strongly in LM (QN ) we obtained

J2 = ε(n, j, µ). (4.20)

About J3, we have

J3 =

∫
Q

a(x, t,∇Tk(un))∇Tk(µj)χ
s
jφ

′(Tk(un)− Tk(µj)ν)φm(un)dxdt

=

∫
{|un|≤k}

a(x, t,∇un)∇Tk(µj)χ
s
jφ

′(Tk(un − Tk(µj)ν)dxdt

+

∫
{|un>k}

a(x, t, 0)∇Tk(µj)χ
s
jφ

′(Tk(un − Tk(µj)ν)φm(un)dxdt

gives by letting n → ∞ and the fact that a(x, t, 0) = 0

J3 =

∫
{|u|≤k}

a(x, t,∇u)∇Tk(µj)χ
s
jφ

′(Tk(u)− Tk(µj)ν) + ε(n)

using (4.7) and letting j → ∞ we get

J3 =

∫
{|u|≤k}

hk∇Tk(u)χ
sφ′(Tk(u)− Tk(u)ν)dxdt+ ε(n, j)

implying that by letting ν, s → ∞ and φ′(0) = 1

J3 =

∫
Q

hk∇Tk(u)dxdt+ ε(n, j, ν, s). (4.21)

For what concerns J4 we can write, since ρm (un) = 0 on {|un| > m+ 1}

J4 = −
∫
Q

a (x, t,∇Tm+1 (un))∇Tk(µj)νφ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

= −
∫
{|un|≤k}

a (x, t,∇Tk (un))∇Tk(µj)νφ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

−
∫
{k<|un|≤m+1}

a (x, t,∇Tm+1 (un))∇Tk(µj)νφ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt.
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Letting n → ∞ we have

J4 = −
∫
{|u|≤k}

hk∇Tk(µj)νφ
′ (Tk(u)− Tk(µj)ν) dxdt

−
∫
{k≤|u|≤m+1}

hm+1∇Tk(µj)νφ
′ (Tk(u)− Tk(µj)ν) ρm(u)dxdt+ ε(n)

which implies that, by letting j → ∞

J4 = −
∫
{|u|≤k}

hk∇Tk(u)µφ
′ (Tk(u)− Tk(u)ν) dxdt+ ε(n, j)

−
∫
{k≤|u|≤m+1}

hm+1∇Tk(u)ν φ′ (Tk(u)− Tk(u)ν) ρm(u)dxdt

so that, by letting ν → ∞
J4 = −

∫
Q

hk∇Tk(u)dxdt+ ε(n, j, ν). (4.22)

We conclude then that∫
Q

a (x, t,∇un) [∇Tk (un)−∇Tk(µj)ν ]φ
′ (Tk (un)− Tk(µj)ν) ρm (un) dxdt (4.23)

=

∫
Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (µj)χ

s
j

)] [
∇Tk (un)−∇Tk (µj)χ

s
j

]
φ′ (Tk (un)− Tk(µj)ν) dxdt+ ε(n, j, µ, s).

(4.24)

To deal with the third term of the left hand side of (4.14), since |Tk(un)| ≤ k , |Tk(µj)ν | ≤ k and by the definition
of φm observe that∣∣∣∣∫

Q

a (x, t,∇un)φ (Tk (un)− Tk(µj)ν ≤ k) ρ′m (un) dxdt

∣∣∣∣ ≤ φ(2k)

∫
{m≤|un|≤m+1}

a (x, t,∇un)∇undxdt

On the other hand, using θm (un) as a test function in (4.1) where θm(s) = T1 (s− Tm(s)), we get

⟨u′
n, θm (un)⟩+

∫
Q

a (x, t,∇un)∇unθ
′
m (un) dxdt+

∫
Q

g (x, t, un,∇un) θm (un) dxdt =

∫
Q

fnθm (un) dxdt

which gives, by setting Θm(s) =

∫ s

0

θm(η)dη (observe that θm(s)s ≥ 0)

[∫
Ω

Θm (un(t)) dx

]T
0

+

∫
{m≤|un|≤m+1}

a (x, t,∇un)∇undxdt ≤
∫
{|un|≥m}

|fn| dxd

and since θm (un) (T ) = θm (un) (0), we deduce that∫
{m≤|un|≤m+1}

a (x, t,∇un)∇undxdt ≤
∫
{|un|≥m}

|fn| dxdt.

Since, as it can be easily seen, each integral of the right hand side is of the form ε(n,m) we obtain∣∣∣∣∫
Q

a (x, t,∇un)φ (Tk (un)− Tk(µj)ν) ρ
′
m (un) dxdt

∣∣∣∣ ≤ ε(n,m). (4.25)

We now turn to the fourth term of the left hand side of (4.14) using (3.3)and (3.4) , we can write∣∣∣∣∣
∫
{|un|≤k}

gn (x, t, un,∇un)φ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

∣∣∣∣∣ ≤ b(k)

∫
Q

c(x, t) |φ (Tk (un)− Tk(µj)ν |) dxdt

+
b(k)

α

∫
Q

a (x, t,∇Tk (un))∇Tk (un) |φ (Tk (un)− Tk(µj)ν)| dxdt.
(4.26)
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Since c(x, t) belongs to L1(Q), by letting n, j, then ν → ∞ it is easy to see that

b(k)

∫
Q

c(x, t) |φ (Tk (un)− Tk(µj)ν |) dxdt = ε(n, j, ν).

On the other hand, the second term of the right hand side of (4.26) reads as

b(k)

α

∫
Q

a (x, t,∇Tk (un))∇Tk (un) |φ (Tk (un)− Tk(µj)ν |) dxdt

=
b(k)

α

∫
Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (µj)χ

s
j

)] [
∇Tk (un)−∇Tk (µj)χ

s
j

]
|φ (Tk (un)− Tk(µj)ν)| dxdt

+
b(k)

α

∫
Q

a
(
x, t,∇Tk (µj)χ

s
j

) [
∇Tk (un)−∇Tk (µj)χ

s
j

]
|φ (Tk (un)− Tk(µj)ν)| dxdt

+
b(k)

α

∫
Q

a (x, t,∇Tk (un))∇Tk (µj)χ
s
j |φ (Tk (un)− Tk(µj)ν)| dxdt

and, as above, by letting first n then j, ν and finally s to infinity, we can easily see that each one of last two integrals
is of the form ε(n, j, ν). This implies that∣∣∣∣∣

∫
{|un|≤k}

gn (x, t, un,∇un)φ (Tk (un)− Tk(µj)ν) ρm (un) dxdt

∣∣∣∣∣ (4.27)

≤b(k)

α

∫
Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (µj)χ

s
j

)] [
∇Tk (un)−∇Tk (µj)χ

s
j

]
|φ (Tk (un)− Tk(µj)ν)| dxdt+ ε(n, j, ν).

Combining (4.14), (4.15), (4.19), (4.23), (4.25) and (4.27), we get∫
Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (µj)χ

s
j

)]
×
[
∇Tk (un)−∇Tk (µj)χ

s
j

] [
φ′ (Tk (un)− Tk(µj)ν)−

b(k)

α
|φ (Tk (un)− Tk(µj)ν)|

]
dxdt

≤ε(n, j, ν, s,m),

then by the fact that φ′(s)− b(k)

α
|φ(s)| ≥ 1

2
, we conclude∫

Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (µj)χ

s
j

)] [
∇Tk (un)−∇Tk (µj)χ

s
j

]
dxdt ≤ 2ε(n, j, ν, s,m). (4.28)

On the other hand, we have∫
Q

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u)χ
s)] [∇Tk (un)−∇Tk(u)χ

s] dxdt

−
∫
Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (µj)χ

s
j

)] [
∇Tk (un)−∇Tk (µj)χ

s
j

]
dxdt

=

∫
Q

a (x, t,∇Tk (un))
[
∇Tk (µj)χ

s
j −∇Tk(u)χ

s
]
dxdt

−
∫
Q

a (x, t,∇Tk(u)χ
s) [∇Tk (un)−∇Tk(u)χ

s] dxdt

+

∫
Q

a
(
x, t,∇Tk (µj)χ

s
j

) [
∇Tk (un)−∇Tk (µj)χ

s
j

]
dxdt

(4.29)

then by letting n, j and s to infinity, each integral of the right hand side is of the form ε(n, j, s), which implying that∫
Q

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u)χ
s)] [∇Tk (un)−∇Tk(u)χ

s] dxdt

=

∫
Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (µj)χ

s
j

)] [
∇Tk (un)−∇Tk (µj)χ

s
j

]
dxdt+ ε(n, j, s).

(4.30)
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For r ≤ s, we have

0 ≤
∫
Qr

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u))] [∇Tk (un)−∇Tk(u)] dxdt

≤
∫
Qs

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u))] [∇Tk (un)−∇Tk(u)] dxdt

=

∫
Qs

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u)χ
s)] [∇Tk (un)−∇Tk(u)χ

s] dxdt

≤
∫
Q

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u)χ
s)] [∇Tk (un)−∇Tk(u)χ

s] dxdt

then by using (4.30), we can write

0 ≤
∫
Qr

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u))] [∇Tk (un)−∇Tk(u)] dxdt

≤
∫
Q

[
a (x, t,∇Tk (un))− a

(
x, t,∇Tk (vj)χ

s
j

)] [
∇Tk (un)−∇Tk (µj)χ

s
j

]
dxdt+ ε(n, j, s)

hence by passing to the limit sup over n and using (4.28) , we get

0 ≤ lim sup
n→∞

∫
Qr

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u))] [∇Tk (un)−∇Tk(u)] dxdt

≤ lim
n→∞

ε(n, j, ν, s,m)

in which we can let successively j, ν, s and m go to infinity, to obtain∫
Qr

[a (x, t,∇Tk (un))− a (x, t,∇Tk(u))] [∇Tk (un)−∇Tk(u)] dxdt → 0 as n → ∞

and thus, as in the elliptic case (see [12]), there exists a subsequence also denoted by un such that

∇un → ∇u a.e. in Q. (4.31)

We deduce then that,

a (x, t,∇Tk (un)) → a (x, t,∇Tk(u)) weakly in (LM (Q))
N

for σ (ΠLM ,ΠEM ) , for every k > 0. (4.32)

Step 3: Modular convergence of the truncation and equi-integrability of the nonlinearities.

Thanks to (4.28)and (4.30) we have∫
Q

a (x, t,∇Tk (un))∇Tk (un) dxdt ≤
∫
Q

a (x, t,∇Tk (un))∇Tk(u)χ
sdxdt

+

∫
Q

a (x, t,∇Tk(u)χ
s) [∇Tk (un)−∇Tk(u)χ

s] dxdt

+ε(n, j, ν, s,m).

by passing to the limit sup when n → ∞ we obtain

lim sup
n→∞

∫
Q

a (x, t,∇Tk (un))∇Tk (un) dxdt ≤
∫
Q

a (x, t,∇Tk(u))∇Tk(u)χ
sdxdt

+

∫
Q

a (x, t,∇Tk(u)χ
s) [∇Tk(u)−∇Tk(u)χ

s] dxdt

+ lim
n→∞

ε(n, j, ν, s,m)
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in which we can pass to the limit as j, µ, s,m → ∞ to obtain

lim sup
n→∞

∫
Q

a (x, t,∇Tk (un))∇Tk (un) dxdt ≤
∫
Q

a (x, t,∇Tk(u))∇Tk(u)dxdt.

On the other hand, Fatou’s lemma implies∫
Q

a (x, t,∇Tk(u))∇Tk(u)dxdt ≤ lim inf
n→∞

∫
Q

a (x, t,∇Tk (un))∇Tk (un) dxdt.

Finally, we deduce as n → ∞, that

a (x, t,∇Tk (un))∇Tk (un) → a (x, t,∇Tk(u))∇Tk(u) in L1(Q). (4.33)

We have,

M(2|∇Tk(un)−∇Tk(u)| ≤
1

2
M(|∇Tk(un)|) +

1

2
M(|∇Tk(u)|).

Using (3.3) we can write

M(2|∇Tk(un)−∇Tk(u)| ≤
1

2α
a (x, t,∇Tk(u))∇Tk(un) +

1

2
M(|∇Tk(u)|)

applying Vitali’s theorem , by the fact that M(|∇Tk(u)|) ∈ L1(Q) and (4.33) we deduce that

∇Tk (un) → ∇Tk(u) in (LM (Q))
N

for the modular convergence. (4.34)

We shall now prove that gn (x, t, un,∇un) → g(x, t, u,∇u) strongly in L1(Q) by using Vitali’s theorem. Since
gn (x, t, un,∇un) → g(x, t, u,∇u) a.e. in Q, thanks to (4.6) and (4.31), it suffices to prove that gn (x, t, un,∇un) are
uniformly equi-integrable in Q. Let E ⊂ Q be a measurable subset of Q. We have for any m > 0,∫

E

| gn( x, t, un,∇un) | dxdt =
∫
E∩{|un|≤m}

|gn (x, t, un,∇un)| dxdt+
∫
{|un|>m}

|gn (x, t, un,∇un)| dxdt

≤b(m)

∫
E

c(x, t) +M(|∇un|)dxdt+
∫
{|un|>m}

|fn| dxdt

≤b(m)

α

∫
E

a (x, t,∇Tm (un))∇Tm (un) dxdt+ b(m)

∫
E

c(x, t)dxdt+

∫
{|un|>m}

|fn| dxdt

where we have used (3.4) and (4.5). Therefore, it is easy to see that there exists η > 0 such that

|E| < η =⇒
∫
E

|gn (x, t, un,∇un)| dxdt ≤ ε,

which shows that gn (x, t, un,∇un) are uniformly equi-integrable in Q as required.

step 4 : Passage to the limit.

In this step, u is shown to satisfy (3.1) and (3.4). Let S be a function in W 2,∞(Q) such that S′ has a compact
support. Let k be a positive real number such that supp(S′) ⊂ [−k, k]. Pointwise multiplication of the approximate
equation (4.1) by S′(un) leads to

∂S(un)

∂t
− div(S′(un)a(x, t,∇un)) + S′′(un)a(x, t,∇un)∇u+ gn(x, t, un,∇un)S

′(un) = fnS
′(un) in D′ (Q) . (4.35)

Starting by the limit of −div(S′(un)a(x, t,∇un)), since supp(S′) ⊂ [−k, k] we have ,

S′(un)a(x, t,∇un) = S′(un)a(x, t,∇Tk(un)) a.e in Q

(4.31) and (4.32) imply that S′ (un) a (x, t,∇Tk (un)) → S(u)a (x, t,∇Tk(u)) weakly in (LM (Q))
N
, for σ (ΠLM ,ΠEM )

as n tends to +∞, because S′(u) = 0 for |u| ≥ k a.e. inQ.And the term S′(u)a (x, t,∇Tk(u)) = S′(u)a(x, t,∇u) a.e inQ,
then

S′ (un) a (x, t,∇un) → S′(u)a(x, t,∇u) a.e. in Q. (4.36)
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Limit of S′′ (un) a (x, t,∇un)∇un, since supp S′′ ⊂ [−k, k], we have

S′′ (un) a (x, t,∇un)∇un = S′′ (un) a (x, t,∇Tk (un))∇Tk (un) a.e. in Q.

The pointwise convergence of S′′ (un) to S′′(u) as n tends to +∞, the bounded character of S′′ , (4.32), ( 4.31) ,
and (4.33) allow to conclude that S′′(un)a (x, t,∇Tk(un))∇Tk(un) → S′′(u)a (x, t,∇Tk(u))∇Tk(u) weakly in L1 (Q),
as n tends to +∞, and S′′(u)a (x, t,∇Tk(u))∇Tk(u) = S′′(u)a(x, t,∇u)∇u a.e. in Q. Then

S′′ (un) a (x, t,∇un)∇un → S′′(u)a(x, t,∇u)∇u a.e. in Q. (4.37)

Similarly, for the Limit of gn(x, t, un,∇un)S
′(un) ,using the fact that gn (x, t, un,∇un) → g(x, t, u,∇u) strongly in

L1(Q) it is easy to see that
gn (x, t, un,∇un)S

′ (un) → g (x, t, u,∇u)S′ (u) . (4.38)

Using the fact fn → f in L1(Q), we deduce also that

fnS
′ (un) → fS′(u) strongly in L1 (Q) . (4.39)

As a consequence of the above convergence result, we are in a position to pass to the limit as n tends to +∞ in
Eq. (4.35) and to conclude that u satisfies (3.10). It remains to show that S(u(0)) = S(u(T )).

Firstly, we have that S(un) is bounded in W 1,x
0 LM (Q) ∩ L∞(Q), secondly (4.35) and the above considerations on

the behavior of the terms of this equation show that
∂S (un)

∂t
is bounded in L1 (Q)+W−1,xLM (Q) As a consequence,

lemma (2.3.3) and (2.3.4) implies that

S (un) → S (u) strongly in C
(
[0, T ];L1(Ω)

)
Finaly using the fact that S (un) (0) = S (un) (T ) we deduce that

S (u) (0) = S (u) (T ) in Ω

the proof of (3.2.1) is complete. □
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