N
A
A

Coefficient estimates and Fekete-Szego inequalities for a new
subclass of m-fold symmetric bi-univalent functions satisfying
subordinate conditions

Eszter Gavris®*, Sahsene Altinkaya®

2Department of Mathematics, Faculty of Mathematics and Computer Science, Babes-Bolyai University, Cluj-Napoca, Romania

bDepartment of Mathematics, Faculty of Arts and Sciences, Beykent University, Istanbul, Turkey

(Communicated by Mugur Alexandru Acu)

Abstract

In this paper, we introduce a new subclass of the class of m-fold symmetric bi-univalent functions and obtain estimates
of the Taylor-Maclaurin coefficients |am41], |a2m+1| and Fekete-Szegd functional problem for functions in this new
subclass. The results in this paper generalize some of the results of Huo Tang et al. [I§], Altinkaya and Yalgin [3].
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1 Introduction

Let A denote the class of analytic functions in the open unit disk U = {z € C : |z| < 1}, which are of the form:
o0
fz)=z+ Zak+1zk+1, zeU.
k=1

The class of functions in .A, which are univalent in U is denoted by S. Every function f € S has an inverse f—!
defined by
[THfE) =2 (2€)

and

FE T w) =w (ol <ro(firo(f) = 1),

1 =

where
fHw) = w — agw?® + (243 — az)w® — (5a3 — bagaz + az)w* + - .
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A function f € A is said to be bi-univalent in U if both f(z) and f~!(2) are univalent in U. The class of bi-univalent
functions in U is denoted by X.

A function is said to be m-fold symmetric (see [14]) if it has the following normalized form:

@) =24+ amez™ (meN, zel). (1.1)
k=1

The class of m-fold symmetric univalent functions, which are normalized by the above series expansion (1.1)), is
denoted by S,,. The functions in the class S are one fold symmetric. Analogous to the concept of m-fold symmetric
univalent functions, is defined the concept of m-fold symmetric bi-univalent functions. Each function f in the class X
generates an m-fold symmetric bi-univalent function for each positive integer m. The normalized form of f is given
in and f~1 is given in the followings.

) =10 @™ 4 [+ 1) — ] w2

1
— |g(m+1)Bm+ 2)ay, 1 — (3m + 2)ami1a2m i1 + agmyr | W 4 (1.2)

where f~! = g. The class of m-fold symmetric bi-univalent functions is denoted by 3,),.

Recently, many authors investigated estimates of coefficients and Fekete-Szegé functional problem for subclasses
of m-fold symmetric bi-univalent functions ([I], [2], [4]-[10], [12], [13], [I5]-[24]).

Forwards, we need the notion of subordination.
Definition 1.1. [I1] p. 4] Let f, F analytic functions in the open unit disk U. The function f is said to be subordinate

to F, written f < F', or f(z) < F(z), if there exists an analytic function w in the open unit disk U, with w(0) =0
and |w(z)| < 1,z € U, such that f(z) = Fw(z)],z € U.

H. Tang et al. [I8] introduced the following subclasses of m-fold symmetric bi-univalent functions.

Definition 1.2. [I8, Definition 1, p.1066] A function f(z), given by (1.1)), is said to be in the class Hx (), if the
following conditions are satisfied:

fe€Xm,  [fl(2)<¢(z) and  g'(w) < ¢(w),
where the function g(w) is defined by (1.2]).

Definition 1.3. [I8, Definition 3, p. 1078] A function f(z), given by (1.1J), is said to be in the class My ,,, (A, ¢) if
the following conditions are satisfied:

NG THONI
fex,, (1—=2X) 75 +>\<1+ ) ) =< ¢(2)
and
Wy (w) wg" (w) w
(1-2X) o) +)\<1+ o) )<¢( ),

where the function g(w) is defined by (1.2)).
S. Altinkaya and S. Yalgin [3] introduced the following subclass of bi-univalent functions.

Definition 1.4. [3] A function f € ¥ is said to be in Sx(\, ¢),0 < A < 1, if the following subordinations hold

2f (2) + (202 = X) 221" (2)
IO = N2+ (222 — N 2f () + (2N —3A+ 1) (2)

< #(2)

and
wg’ (w) + (2)\2 — /\) w2g” (w)

A= 22w+ (222 — N wg (w) + (222 — 31+ 1) g (w)

< p(w),

where g = f~1.
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Motivated by the definition of the above subclass of bi-univalent functions, we introduce below a new subclass of
m-fold symmetric bi-univalent functions in a similar manner.

Definition 1.5. A function f € ¥, said to be in the class Sy, (A, ¢), 0 < A < 1, if the following subordination

conditions holds
2f (2) + (2)\2 — )\) 22" (2)

AAN=XN)z+ 2N =N zf' (2) + (2X2 =31+ 1) f (2) < ()
and
wg' (w) + (222 = X) w?g” (w) < $(w)
AN = 2w+ (222 = N wg' (w) + (2X\2 =32+ 1) g (w)
where g = f~1.
Remark 1.6.

SEm (07 (b) = ME,m(Ov ¢)
1
Sy, <27¢) = Hsm(9)
Szm (13 (b) = Mz,m(lv ¢)
Sz, (A ¢) = 5z (A, 9)
In the followings, we introduce a function ¢ used in [I8].
¢ is an analytic function with positive real part in the unit disk U such that
»(0)=1 and #'(0) >0
and ¢(U) is symmetric with respect to the real axis. This function has a series expansion of the form:

&(2) =1+ Byz + Boz? 4+ Bgz® + - - (B > 0).

Let u(z) and v(z) be two analytic functions in the unit disk U with
u(0) = v(0) =0, max{[u(z)],|v(2)[} <1,

and
u(z) = byp2™ + bomz2™ 4 bgm 2™ 4 - |

v(w) = cpw™ + Comw?™ 4 w4+ -
We have the following inequalities
bm| < 1, 1b2m| < 1= |bm|?, [em] <1 and |cam| < 1 — |em|? (1.3)
By simple computations, are obtained the followings
d(u(2)) = 14 Bibyz™ + (Bibay, + Bab?)2*™ + - (=] < 1) (1.4)

and
d(v(w)) =14 Bicmw™ + (Bicam + Bgc?n)me + .. (Jw] < 1). (1.5)

2 Main results

We begin this section by finding the estimates on the coefficients |am+1| and |a2m+1| for functions in the class
SEm ()\7 ¢)
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Theorem 2.1. Let the function f(z), given by (1.1, be in the class Sy (A, ¢). Then

By1v/2B;
\/‘ (B(m+1) — 2a) B} — 20[232‘ + 2B a?

|am+1’ S

and
(1B(m+1) —ay|+ |ay]) By
B(B(m +1) = 2a7)|
if [B](m +1)|B2| < (|B(m + 1) — o[+ [ay]) By
|azm 1] < ) (2.2)
(18(m + 1) = ax| + |ay])[(B(m + 1) — 20) B} — 20° By| By + 20°|3|(m + 1)| Bo| By
|B(B(m + 1) — 2a7)|(|(B(m + 1) — 2ay) B? — 202 B | + 2B10?) ’
if [B|(m + 1)|Bz| > (|B(m + 1) — ay| + [ay]) By
where

a=m+2X2m2 — xm? — 4% + 1),
B = 2(m + 4X%m? — 22m? — 202 4 2)),
y= (22 =1)((m+2)A - 1).

Proof . Let f € Sy, (A, ¢). Then there are analytic functions v : U — U and v : U — U, with

satisfying the following conditions:

2f (2) + (202 = X) 221" (2)

= 2.
VYGRS P Gy Camy v ey o p o ey e Ve B A G (23)
and wg' (w) + (2)\2 — /\) w?g” (w)
2 2 7 2 _ = ¢(v(w)). (2.4)
AN =2 w+ (2N = N wg’' (w) + (2A2 =32+ 1) g (w)
Since
z2f' (2) + (2)\2 - )\) 22" (2) B
A2z + (222 N zf () + (2N —3A+ 1) f(2)
14 aa7n+12m + (ﬂa@m-&-l - a'Ya?,L+1)Z2m + -
and
wg' (w) + (2X2 = X) w?g” (w) B
AN =2A2)w+ (222 = N wg' (w) + (2A2 =3A+ 1) g (w)
1= atmirw™ + ((80m+ 1)~ a7)a2, s, — Bz )™ — oo
from , , and , we find that
Q11 = B1bm, (2.5)
Bagmi1 — ayag, 1 = Bibay + Babl,, (2.6)
—Qm+1 = Bicem (2.7)
and
(ﬂ(m +1)— a’y)a?wr1 — Bagm+1 = Bicom + Bgcfn. (2.8)

From ([2.5) and (2.7)), we get
Cm = —bm. (2.9)
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By adding the equations (2.6) and (2.8)) and, upon some computations using (2.5)) and (2.9)), we obtain
((ﬂ(m +1) — 209) B2 — 20 32) a2, 1 = B3 (bam + com)- (2.10)
Further, the equations (2.9 , - together with the equation (|1.3)), yield

‘((ﬁ(m+1)—2a7)31 —2a232) aZ 1| < 2B} (1 — |bw|?). (2.11)

Now, from the equations (2.5) and -, we get
B1v/2B;
\/’ (B(m +1)— 20[7)312 - 204232‘ + 2Bja?

}am-‘rl’ S

as asserted in (2.1).
By simple calculations from ([2.6) and (2.8) and using the equation (2.9)), we find that

B(ﬂ(m +1) - 2a’y)a2m+1 = (ﬁ(m +1) - 047) B1boy + ayBican, + f(m + l)ngfn. (2.12)
Thus, by using the equations (|1.3)) and ( in , we get
!ﬁ(ﬂ(m +1) = 2a)||azm41| <

(18(m+1) = ay| +ay]) B = (|B(m + 1) — oy + |av]) Balbm[* + 8|(m + 1)| Ba||bm . (2.13)
Since
20{231
|(B(m + 1) — 2ay) B — 202 Bs| + 2B1a?’

upon substituting from (2.14) into (2.13), we are led easily to the assertion (2.2]) of Theorem This evidently
completes the proof of Theorem O

o] < (2.14)

Taking m = 1 in Theorem we obtain the following corollary.

Corollary 2.2. Let the function f(z), given by (L.1)), be in the class S5(A, ¢). Then
Biv/B;

\/‘(/3 —ay)B} - 04232‘ + Bia?

e

and
(128 — an[ + |av|) B
2|ﬂ —ay } ’
if 2(B|B2| < (|28 — av| + |av|) B
|ag| < )
(128 — ay| + |ay]) [(8 — a7) Bf — a®By| By + 20°|6|| B2| By
2|8(8 — av)|(|(B — av)B} — a2Bs| + B1a?) ’
if 2(8|[B2| > (|28 — av| + |av]) By
where

a=1+3)\—2\%
B =2(1+2)\?),
y=(2x=1)(3A—1).

Remark 2.3. The estimate for ’a2| asserted by Corollary is obtained in Theorem 1 in [3].

Taking A = 0 in Theorem we obtain the following corollary.
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Corollary 2.4. Let the function f(z), given by (1.1)), be in the class My ,,,(0,$). Then

BivB;

|am+1| <

and

By, if |Bo| < By

|Cl2 +1| <
" (m +1)By (|B2 — By| + | Ba))

2m2(|B% —Bz| +B1) ’

if |B2| > By

Remark 2.5. The results of Corollary are obtained taking A = 0 in Theorem 5 in [I8§].
Taking A\ = % in Theorem we obtain the following corollary.

Corollary 2.6. Let the function f(z), given by (1.1)), be in the class Hs ., (¢). Then

| < B1v2B,
B \/(m+1)(2(m+1)B1 +[(2m + 1)B2 — 2(m + 1)B, )

and
B if |Bs| < By
2m+1
|azm41] < s ,
2(m +1)3|Be|By(2m + 1) + |(2m + 1) B} — 2(m + 1) B2 | By (B> By

(2m +1)(](2m + 1)Bf — 2(m + 1) Ba| + 2B1(m + 1))
Remark 2.7. The estimate for ’am+1| asserted by Corollary is obtained in Theorem 1 in [I§].
Taking A = 1 in Theorem we obtain the following corollary.

Corollary 2.8. Let the function f(z), given by (1.1)), be in the class My ,,,(1, ). Then

BivB;y
m\/(m +1)(|B2 = (m+1)By| + By(m + 1))

|am1] <

and B
1 .
TWLZ’ lf|B2|§B1
Jazms] < B2 1)B,| B 1)|B| B
—(m+ +(m+
|Bf — ( )B2| By + ( )| B2| By it 1By > By

2m?2(|B? — (m+ 1)Bz| + Bi(m + 1))’
Remark 2.9. The results of Corollary are obtained taking A = 1 in Theorem 5 in [I§].

Next we shall solve the Fekete-Szeg6 problem for functions in the class Sy, (A, ¢).

Theorem 2.10. Let the function f(z), given by (1.1)), be in the class Sy, (X, ¢). Also let 6 € R. Then

B 1
|agmi1 — daz, 4] < , (2.15)
2B1|h(d)], for |h(6)| > 3]
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where
B%(m +1—20)

2[(B(m +1) — 2ay) B? — 2a2Bs]’
a=m+2X2m? — xm? — 4% + 1),

B =2(m+4X>m? — 22m? — 202 + 2)) # 0,

v=(2A-1)((m+2)A-1).

h(s) =

Proof . From the equation (2.10)), we get

a2 = B3 (b2 + c2m) . (2.16)
T (B(m + 1) — 2a7) B — 2028,
Subtracting (2.6) from the (2.8]), we obtain
m+1 Bi1(bam — com
oamin = "L <25> 2.17)

From the equations (2.16]) and (2.17), it follows that
A2m+41 — 5@2 1= By h((S) + i bom + h((S) - i Com
m 28 28 ’

where
Bi(m+1—26)
2[(B(m +1) — 2ay) B — 202Bs ]’
We know that all B; are real and B; > 0, which implies the inequality (2.15)). This completes the proof of Theorem
2.10l O

Taking m = 1 in Theorem [2.10} we obtain the following corollary.

h(é) =

Corollary 2.11. Let the function f(z), given by (1.1, be in the class Ss (A, ¢). Also let § € R. Then

B, 1
_ for 0 < |h(d _—
|a3_§a§’ < 2(2/\2+1)7 orr= | ( )| < 41(2/\2+1)
> -
2By |n(6)], for |h(8)| > 2D
where )
h(s) = B (1-9)

©2[(120 — 283 + 1502 + 2\ + 1) B — (1 + 3\ — 2A2)2B, |
Taking 6 = 1 and 6 = 0 in Theorem we have the following corollaries.

Corollary 2.12. Let the function f(z), given by (1.1]), be in the class Sy, (XA, ¢). Then

B 1
|a2m+1 - CL,QW_H‘ <
2B1|h(1)], for |n(1)| > 1]

where
B?(m —1)

M1) = 2[(B(m + 1) — 2a7) B2 — 2a2B,]’
a=m+2Xm? — Am? — 4\% 4+ 4,
B =2(m +4X>m? — 2xm? — 2X2 + 2X) # 0,
y=(2A-1)((m+2)A-1).
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Corollary 2.13. Let the function f(z), given by (1.1]), be in the class Sy, (A, ¢). Then

B
Eil
B +1 -B)+2 +1 +8)—2
forée(ooﬁm )81 -2 av)u(m )1+5) aw;m)
|azm+1] < Bj(m +1) ,
|(B(m + 1) — 2ay) B} — 202 Bs|’
B +1)(18] = B) +2ay B(m+1) -2
forB—§€ _(m )(‘2|a? ) a’y; (m 2@)2 a’Y>U
Blm+1) —2ay (m+1)(|8]+8) — 207
202 ’ 202

where
a=m+2\2m? — Am? — 4X\? 4+ 4\,

B =2(m 4+ 4X?m? — 2Am? — 2X? +2)) # 0,
=02 =1)((m+2)A—1).

Taking A = 0 in Theorem [2.10] we obtain the following corollary.

Corollary 2.14. Let the function f(z), given by (1.1, be in the class Mx (0, ¢). Also let 6 € R. Then

B 1
, — for 0 < |h(d)| < —
|a2m+1 — 5am+1| << 2m 1 dm
QBllh((S) , for ‘h(é)‘ > y
where B2 5
1-2
h(é) _ l(m + )

4m? (Bf — Bg) '
Remark 2.15. The result of Corollary is obtained taking A = 0 in Theorem 6 in [I8].
Taking A\ = %, Theorem reduces to the corresponding result of H. Tang et al. [18].

Corollary 2.16. [I8, Th. 2, p. 1070] Let the function f(z), given by (1.1)), be in the class Hx m(¢). Also let § € R.
Then

B 1
’112m+1—5a2 +1| < om+1’ for 0 < |h(5)‘ <m |
2B |h(5)], for |h(8)| > e

where
Bi(m+1—26)

2(m +1)[(2m +1)B} — 2(m + 1)Ba]’

h(8) =

Taking A = 1 in Theorem [2.10, we obtain the following corollary.

Corollary 2.17. Let the function f(z), given by (L.1), be in the class My ,,,(1, ¢). Also let 6 € R. Then

By 1
Qa1 — 002, 4| < 2m(2m + 1)’ Or0_|h(6)|<4rln(2m+1)
m m41| > y

where
Bi(m+ 1 —26)

- 4m?(m + 1) [B% —(m+ 1)32] '

h(5)

Remark 2.18. The result of Corollary is obtained taking A =1 in Theorem 6 in [I8].
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