N
A
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Abstract

In this paper, we establish the global well-posedness result of the viscous primitive equations of geophysics in the
P -
critical Fourier-Besov-Morrey space with variable exponents FAN p(-)p;Z-) q(R3), when the initial data are small and

Pandtl number P = 1, we also show the Gevrey class regularity of the solution.
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1 Introduction

It is known that the viscous primitive equations are a fundamental mathematical model in the field of fluid
geophysics. In this paper we study the initial value problem of this model in R? which reads as follows:

Ou — pAu+ Qez x u+ (u.V)u + Vp = ghes  (t,x) € RT x R3,

040 — kA + (u.V)0 = —N?us3 (t,z) € Rt x R3,
V-ou=0 (1.1)
U |t=0=uo, 0 |t=0= 0O x € R3,

where the unknown functions wu(t,z) = (u'(t,z),u?(t,x),u?(t,x)) denote the fluid velocity , p = p(t,z) denote the
pressure of the fluid, 8 = 6(¢, z) is a function representing the density fluctuation in the fluid. p, x and g are positive
constants related to viscosity, diffusivity and gravity, respectively. ug = ug(x) denotes the given initial velocity field
satisfying the incompressible condition V - ug = 0. Moreover, € is the so-called Coriolis parameter, it is the speed of

rotation around the vertical unit vector e3(0,0,1) and N is the stratification parameter. The ratio P := 2 i known
K

Q
as the Prandtl number and B := — is the Burger number of geophysics.
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There is a rich literature about global-in-time well-posedness for fluid dynamics PDEs with singular data in
different spaces, where the smallness conditions are taken in the weak-norms of the critical spaces. For instance,
we have results in the Lebesgue space L3, homogeneous Besov BE ;01, Fourier-Besov ]—"B;;J%, Fourier-Besov-Morrey
FN, 1. o[10, 111, 12} T3], 4], Besov-Morrey spaces J\f and BMO™!, among others (see, e.g., the book [36] for a
nice review). It should be noted that the variable exponent Fourier-Besov-Morrey space .7-7\/ (- )pﬁgz ), q(R3) is invariant
under the scaling of 1) In fact, if (u(t x), M) is the solution of 1) with the initial data (ug, \/ffeu ), then

(uw (t,z), %@’I)) with (u,y(t, z), Y2 x)) (*yu(”yQt yz), M) is also a solution of the same system with

the initial data
(000, Y222 o= (a1 Y1) (1)

koo’

and

oo ) =Nt 5

3
()R >k(>(R)

Definition 1.1. Let A be a Banach space such that A € S'(R™), then A is a critical space for initial data of the
system ([1.1)) if and only if whose norm is invariant under the scaling (1.2 for all v > 0, i.e

(o )] = 28

Under these scalings, we can show that .7:J\f (- )pz() ), q(R3) is critical for 1) In this regard, there are numerous

studies on global-in-time well-posedness for ([1.1)) in various functional settings. For example, Babin, Maholov and
Nicolaenko [I6] showed that the problem globally well-posed in H*(T?) with s > 3/4 for small initial data
when the stratification parameter A is sufficiently large. Later, Charve [22] obtained the global well-posedness of
in Hz(R3) N H(R3) for arbitrary initial data (ie not necessarily small ) when @ and A are large. In 2008,
Charve [23] proved the global well-posedness of (|1.1)) in less regular initial value spaces, also in [24] Charve and Ngo

A

considered the global well-posedness of l.b with anlsotroplc v1scosmes In Fourier-Besov spaces F Bp q (]R3) Jinyi
Sun and Shangbin Cui [39] proved that the Cauchy problem (L.1)) with the Prandtl number P = 1 is locally well-posed
for 1 < p < o0, 1 < g < oo and globally well-posed in these spaces when the initial data are small. In 2019, Abbassi,
Allalou and Oulha [I] considered the local well-posedness, the global well-posedness and stability for global solutions
of the viscous primitive equations of geophysics in critical Fourier-Besov-Morrey spaces when Prandtl number P = 1
and the initial data are small. In [J] Leithold et al. established well posedness result for fractional version of system
in Fourier-Besov-Morrey. We refer to the monographs [20, [21] for the other studies of the problem .

We remark that if 6 = 0,/ = 0 and = 0, then we have the classical Navier-Stokes equations:

—pAu+ (u.V)u+Vp=0 (t,r) e RT xR3
V-u=0,
w(0, ) = uo(x) r € R3.

The local and global well-posedness of the classical Navier-Stokes equations have been established by a lot of researches
in a different function spaces, for instance [35, [37].
Also, we have the Navier-Stokes equations with Coriolis force when 6 = 0, A/ = 0 and Q # 0,

—pAu+ Qes x u+ (uV)u+Vp=0 (t,z) € RT x R3,
V-u=0,
u(0,x) = up(x) z € R3.

In [3T] Iwabuchi introduced Fourier spaces of Besov type, Fourier-Besov spaces .7-'BS 5g With p = 1 in the context
of parabolic-elliptic Keller-Segel system. Later, Iwabuchi and Takada [32] established the global existence and the
uniqueness of the mild solution for the Navier-Stokes-Coriolis system in F Bl,2~ Taking in particular £ = 0, they also
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proved the global well-posedness result for 3D Navier-Stokes equations in the same spaces and they showed the ill-
posedness in the space ]-'B ; for all Q € R, if 2 < ¢ < oo. Konieczny-Yoneda [34] obtained global well-posedness and

asymptotic stablhty of small solutions for 3D Navier-Stokes-Coriolis equations (and Navier-Stokes) in critical Fourier-
3

Besov spaces F Bp,OO with 1 < p < oo. After, Ferreira and Lima [29] introduced Fourier-Besov-Morrey spaces FN© kg
to analyze a class of active scalar equations and showed the well-posedness and asymptotic behavior results. Almeida
et al. [§] obtained the uniform global well-posedness for the Navier-Stokes-Coriolis equations with small initial data
in the framework of Fourier-Besov- Morrey spaces FN° where 1 <p <3 and 1<k <3 with k # 0 when p=1.1In

p,k,00
Fourier-Besov-Morrey spaces }'N IALAR , El Baraka and Toumlilin [27] obtained the global well-posedness of the
fractional Navier-Stokes equatlons Wthh the model as follows

up + p(—A)u+ (uV)u+Vp=0 (t,z) € Rt x R3
Vou=0 (1.3)
u(0,2) = ug(z) z € R3,

when the initial data are small.

Function spaces with variable exponents have been attracted the attention of many researches in the recent years,
not only by theoretical reasons but also by the special role played in some applications, for instance resolution of
some equations (fractional Navier-Stokes equations, fractional magneto-hydrodynamics equations, Generalized Porous
Medium equations... ).

In 2018, S. Ru and M. Z. Abidin [4] proved the global well-posedness result of (1.3) in critical variable exponent
Fourier-Besov spaces ]—"Bs( )2;’ 3. Later, in 2021, M. Z. Abidin and J. Chen [3] generahzed this result to the Fourier-
—2a—

Besov-Morrey spaces ]7./\/ PO )pf; (R3) and they proved the global well-posedness result for 1| with small initial

data belonging to ]:./\/p( )i( )p;) (R3).

In this work, we prove that the Cauchy problem (|1.1)) is globally well-posed when Prandtl number P = 1 and the
initial data are small, we also show the analyticity of the solution.

2 General notation

In this paragraph, we introduce some general notations which we will use throughout the paper.
We denote by R™ the n-dimensional real Euclidean space. B(x,r) is the open ball in R™ centered at x € R™ with
radius 7 > 0, C' will denote a positive constant such that whose value may change at different places, z < y means
that there exists a positive constant C such that z < Cy, we also use (U, V) € X to denote (U,V) € X x X for a
Banach space X, ||(U, V)| x to denote ||(U,V)||xxx and we denote ||-|gnr = ||| + ||-]|7. The symbol S (R™) is the
usual Schwartz space of infinitely differentiable rapidly decreasing complex-valued functions on R™.
By ¢ we denote the Fourier transform of ¢ € S (R™) in the version

1

P(x) := Fo(z) = W /Rn e @ p(6)dE, e R™

and we define its inverse Fourier transform by
PO =F o) = 2m 7t [ "Epla)da,
The convolution f * g of two complex or extended real-valued measurable functions f, g on R"™ is given by

(f*xg)(x) = - fx —v)g(y)dy, forxeR™

suppf is the support of the function f, i.e. the closure of its zero set and x4 is the characteristic function of A.

3 Preliminaries and main results

Let us introduce some basic properties of the Littlewood-Paley theory and Fourier-Besov-Morrey spaces with
variables exponent.
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Let ¢ € S (R™) be a radial positive function such that 0 < ¢ <1, supp(p) C {{€R": 2 < |¢[ < &}
and

Y p(277¢) =1, forall £ #£0.

JEZL

We denote ‘
0i(€) =0 (279€), i)=Y w(©)

k<j—1
and
h(z) = F to(x), g(z) = F ().
Now, we present some frequency localization operators:

Ajf = F (o F(f) = 2 / h(2y) fx — y)dy,

Sif = 3 Af=F T FE) =2 [ g(2) fa -
k<j—1 "
where A; = S; — S;_1 is a frequency projection to the annulus {|¢] ~ 27} and S; is a frequency to the ball {|¢] < 27}.
By using the definition of A; and S, we easily check that
AjALF =0, f[j—K =2
A (Sp—1fARf) =0, if|j—k|>5.

The following Bony para-product decomposition will be applied around the paper:
uv = T, + Tyu + R(u,v),
where T,v = Yjez S;_1ulju, R(u,v) = Yiez Ajuljv and Ajo = 2oj—jl<1 Ajiv. We define the Lebesgue spaces

with variable exponent LP().

Definition 3.1. ([0]) Let Py denotes the set of all measurable functions p(-) : R™ — (0, co) such that

0 <p_ =ess inf p(z), ess sup p(z) =py < oo.
x€R? xERn

The Lebesgue space with variable exponent is defined by

LPO(R") = {f :R® —» Ris measurable,/ |f(z)|P@dx < 00}7

n

with Luxemburg-Nakano norm
w0 =t {0 [ (s <1},

The space LPC)(R™) equipped with the norm || - || ;» is a Banach space.

Definition 3.2. ([6]) Let p: R® — R.
i) We say that p is locally log-Holder continuous, p € Clos (R™), if there exists a constant c¢jog > 0 with

loc

Clog

Ip(x) — p(y)| < forall z,y€R"andz #y.

- log (e + Tin)

ii) We say that p is globally log-Holder continuous, p € C'°8 (R"), if p € C
constant ¢, > 0 with

log
loc

(R™) and there exists a po € R and a

c
_ < R™.
[p(2) — poo| < og(e + [2]) for all x €

iii) We write p € Péog(R") if 0 < p~ < p(z) < pt < oo with 1/p € Cl°8(R™).
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Definition 3.3. ([5]) Let p(), k(-) € Po(R™) with 0 < p_ < p(z) < k(z) < oo, the Morrey space with variable
exponent /\/lk( ) Mﬁgf; (R™) is defined as the set of all measurable functions on R™ such that

n__ _n
||f||M’;E; = GSRIWILP » ||7vk(m) p(z) fXB(J;o,T')”LP(') < 00.
) o \T

According to the definition of the LP()-norm, | f|| k() also has the following form
p(-)

. f
I llagscy = sup lnf{A>Oiﬂp<~>(7"“<” T XBGeon) S 1

zoER™ >0

We now give some important lemmas.
Lemma 3.4. ([5]) Let p(-) € Po(R™). For any measurable function f

sup - Pp(- )(fXB (z r)) pp(~)(f) .

z€R™ r>0
Lemma 3.5. ([B]) If p(:) € Po(R™), then ||fHMp8 = [|fllec-
Lemma 3.6. ([I8]) Let X be a Banach space with norm ||-|| and B : X — X a bilinear operator, such that for any
1
x1,x2 € X, ||B(x1,22)|| < nl|1]||z2]|, then for any y € X such that ||y|| < ™ the equation = y + B(z,z) has a
1
solution z € X. In particular, the solution is such that ||z| < 2|ly|| and it is the only one such that ||z| < o
n
Definition 3.7. ([5]) Let p(-), q(-), k(-) € Po(R™) with p(-) < k(-), the mixed Morrey-sequence space lq(')(/\/lf;g:;)

includes all sequences {f;};jez of measurable functions in R such that
plq(->(M;((j;)(>‘{fj}j€Z) < oo for some A > 0. For {f;}, € ZQ(‘)(M];E:;) we define

. Jj
H{fj}jEZqu(-)(M’;é_';) := inf {)‘ >0, plq(-)(M’;E:))) <{)f}jEZ <1lp <o,

where -
n __n p(z
| [P 5 X0
qum(M’“('))({fJ}jeZ) = E inf ¢ v >0, / ( 1] (ro.7) dr <1
»(+) . n q(x)

j€Z Y
Notice that if g1 < 0o or ¢4 < oo and p(z) > q(z) , then

Pracy (i) U fitiemo) = > sup  [[([rF T filX B )q()H »)

i€No zoER™,r>0 a()

Definition 3.8. ([]) Let s(-) € C(R") and p(-), q(-) € Po(R™) N C"9(R") with 0 < p_ < p(-) < oo. The
homogeneous Fourier-Besov space with variable exponent F B;((g ) is defined by the set of all f € Z'(R™) such that

1f e = {205 F 12 lliacr (zocry < 0.
p().a()
The space Z’'(R™) is the dual space of

ZR™) ={f € S(R") : (D“f)(0) = 0, Vo multi-index} .

Definition 3.9. ([5]) Let s(-) € C'9(R"™) and p(-), q(-), k() € PO(R") N CI(R™) with 0 < p_ < p(z) < k(z) < oco.
The homogeneous Besov-Morrey space with variable exponent AC frd ) ()a() is defined by the set of all f € Z/(R™) such
that

1] s

— |[{235CIA £,
Pk al) 12 Aﬂf}JeZHl“”(Mﬁg:;) =
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Definition 3.10. ([3]) Let s(-) € C'°9(R") and p(-), q(-), k(-) € Po(R™) N C°I(R") with 0 < p_ < p(-) < k() < oo.
The homogeneous Fourier-Besov-Morrey space with variable exponent ]:N;((:)),k(.),q(.) is defined by the set of all f €
Z'(R™) such that

1£e5 o, = 00 s res) < o0

Definition 3.11. ([3]) Let s(-) € C9(R"), p(-), q(-), k(-) € Po(R")NC!°9(R"), T € [0,00) and 1 < ¢, p < c0. We
define the Chemin-Lerner type homogeneous Fourier-Besov-Morrey space with variable exponents £°([0, T); .7:./\/ s() ().5(), q)
by

£ (OTRFNGE 1) = {7 € 2@ Wl eogumym) 0 <

with the norm

js(°) a
||f||£P([O’T);.]:_/\'/';E:;’k %HQ @JfHLP(OT)Mk())
VIS

Proposition 3.12. ([3]) For Morrey spaces with variable exponents, the following inclusions are established.
(1) (Holder lnequahty)([?)]) Let p()]_’ pl(')a1p2(')? k<)7 1kl()7 kQS) € PO(][-Rn)7 such that p($> < k‘(.’IJ), pl(x) <

ki(x), z) < ko(x), = + and = + . Then there exists a constant C
T B Ry M) k@ @
depending only on p_ and p; such that

”ngM,’;g;; =< CHf||M’;;§;§||9||M’;§§;;’

g and g € Mmé

Yy ko(+), k1(5), q(-) € Py, and so(-), s1(-) € L= N CY9(R™) with so(-) > s1(-). If1 and

holds for every f € M];ig
( q

(2) (B)  Let po(-), p

so(z) — oy = si(z) — (o are locally log-Holder continuous, then

NSO( Nsl (

(-)yko(+),q (-),k1(+),q

(3) ([5]) For p(-) € C'°9(R™) and ¢ € L'(R"), assume ¥(x) = sup | (y)| is integrable. Then
y&B(0,|z|)

I f = we”M’;E:;(Rn) S Hf”M};E:;(]Rn)||\II||L1(R"')7
¥ R L.
for all f € /\/l (R ), where 1 = —4)(-) and C depends only on n.
€ €

The following result will be used to prove the main theorems.

PI‘OpOSitiOl’l 3.13. ([3]) Let I = (OaT]a s> Oa 1< Y Ps P1s P2, 4 < o0, p()7 k()? 7”‘() € Clogn,PO (Rn), ﬁ =

1 11 _ 1 41 1_ 1 1
50t mo 5= o T 5 a0d 5 = 55 + 57 Then, we have

Habllzocr s, ) SHl on (g paks 0y 1Bl o (1,72

k()sa ()k()q)

+ ||b||£pl(1 Mkl( >)||a||cpz(u\/ ka(ha)

Below, we shall present our first main result that establishes the global existence.

Theorem 3.14. Let Prandtl number P = 1,i.e. u =k, Q € R, p(-), k(-) € C'°8 (R*)NPy (R™) such that p(-) < k(-) <
3

00, 2<p(-) <6, 1 <p<oo, 1<g<3. Then there exists a small o such that for any vy = (ug, \@90) € .7-“/\[12) )pz() ).

satisfying V - ug = 0 with ||(uo, */E[OO)H ,-—s_ < o0, the problem (1.1) admits a unique global solution v = (u ngo)

50
FN oS hiy.a

in
2_,’_2
2,k(-).q

L([0, )]—'N e )N LP([0,00), FNZ

P()ok()a ) N L>2([0,00), FN3 5 ,)-
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Moreover, let p;(-) € C°8 (R?) NPy (R™), 51(:) =
2 <pi(-) <c < p(-), then we obtain that v = (u, L

pl( j+2 and s1(-) € C'° (R™), if there exists ¢ > 0 such that
1(+)
£7([0,00), FA . () k(0 1.0)-

2
) €

The next theorem assures the Gevrey class regularity of the solution.

Theorem 3.15. Let p(-),k(-) € C°8 (R™) N Py (R") such that p(-) < k(-) < oo, 2 <p() €6, 1 <p<oo, 1<

q < 3. Then there exists a small oy such that for any vy = (ug, ‘/ffgo) c .7:/\/ () () satisfying V - vy = 0 with

Il (uo, \/f;%)” 23 <00, the solution v = (u, nge) obtained in Theorem [3.14]is analytic, in the sense that
p(-
TN oy k0
e/ 1Pl 241 o Sl e

p(-)

£ ([0,100) FA P e ((0,00) FATS T o

p().k(),q Qk()q)ﬂﬁm([o‘x’)]‘—/\/zaq)

Moreover, let p;(-) € C'°8 (R?) NPy (R?), 51(:) = % pl( y 2 and sy (- ) € C'8 (R™), if there exists ¢ > 0 such that
2 < p1(-) < ¢ < p(-), then we obtain that e#VIIPly(t) € £P([0,00), ]7./\/;12 )EC))-
where e#ViPl is a Fourier multiplier and e*Vlél defines its symbol.

4 Global well-posedness

To ensure the existence of global solution with small initial data, we first transform (1.1]) to an equivalent Cauchy
problem.

By setting N := N,/g, v = (v',v?03%0%) = (ul u?,u?, fe), v = (vg,v8,v8,v8) = <ué,u§,u8, ‘/jz}%) and
V := (01,02, 03,0), we can convert the system (1.1 to

qt+Av+Bv+?p=—(v-@)v (t,z) € RT x R3,

V-ov=0 (t,x) € RT x R3, (4.1)
v(0,x) = vo(x) r € R3,
where
“uA 0 0 0 0 -Q 0 0
[ o —ua o0 0 e o o o
A= 0 0 —pA 0 andB=1 o o _y
0 0 0 —kKA 0O 0 N 0
In order to solve the problem (4.1]), we consider the following integral equation:
t
o(t) = T (t)vo — / Ton(t— TPV - (v ® v)dr
0 (4.2)
=Ta n(t)vo + B(v,v)
where, B(v,v) = — fo Ton({t—7)PV-(v®@v)dr and P = (ﬁ”zg) . is the Helmholtz projection onto the divergence-free
4x

vector fields defined by

~ {5,»j+RiRj 1<i,j7<3
]Pij:

dij otherwise,

where §;; denotes the Kronecker symbol and R; (j = 1,2,3) are the Riesz transforms on R3. T n(-) denotes the
Stokes-Coriolis Stratification semigroup corresponding to the linear problem of (4.1]), which is given by

Ton(t)f=F" {cos (E/ > M; + sin ('E{ ) Moy + Ma} w F1 (efulﬁlﬂ}—(f)) 7

€=+ &+ 8, el = lelh, == \/N26F + N2 + 023

where
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Q¢ 0 _N%gs QNG
Gk o Gk Gk
0 Q% _N%6¢  _QN&igs
M. — G T G
L= Q%6165 Q%6a¢s N (51+£2) 0 ’
Hig Gk G I
QNE2Es _ON&&s 0 N (El+§2)
1€ €17 €1
0 S R o 515 Né&s
) [ISE l€ller 1€l1€l
Q&3 0 R YSTS NEo8s
M. — | T efleT fellel”
2 _96& 046 0 N(€1+¢3)
el Tellel D HIGK
_ N&i&s _ N&¢&s N(51+53) 0
lellel’ leflel’ l€llel”
and
NZ%¢2 _ N%¢16 0 _ ON&¢Es
€] ¢~ €1
_N*ag NP QNG
M = |2 HE HE
0 0 0
_QN&E&  QNG& g 94
€l 1€ 1€

We now prove our first main theorem.

4.1 Proof of Theorem [3.14]

o3 241 o1
We consider X = { £>([0, 00), ]:/\/:)(_)’j;c'é_)ﬁq) N L*([0, 00), .FN;’:(?) )N L>2(]0, 00), .FNQZ,M)} , to solve the problem

(4.1), we define the mapping

»d

D TQ7N(t)'U0 + B(U,U).

Thus, it suffices to show that & admits a fixed point.
We start with linear estimate, according to Proposition we obtain

(241 _ 2 <
| Teo.n (t)vo| 20 < Hza(pﬂ)%e tule] UO‘

LP([O,OO),]:N;M.)YQ) -

<

k=0;%+1
S |17t
S U

»(-)
FN y( k().

%’%HM;(@;

YAl

Le ([o,oo),M’g('))

—3((

Z 21(2=585) , 4 Sl 20
I 0l pee)l

202 3 3
3 9i (5 =53+ %)

ra

)—2) _ 2
Pj+kC uldl [ 2p(:)
Lr| [0,00),LP()—2

/a4
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where we used the following estimates

73(17() 2) _ 3, .3 2 —3®()—=2) 3 _ 3 -2 2(j+k
H,r 2]( 2+p('))(pj+k€7t'u‘§‘ 20() S r 2p(+) 2J(P(‘) 2)235¢j+k67t/¢2 vEn ‘ 2p(-)
L ([0’00)’11”“_2) Le [0,00)711?(')_2)
—3(®()=2) .2 2(j+k) 772
< |y~ 200) 2]peft”2 H 27 J( 70 5) ’
k 2p(-)
~ Lo ([0,00) Pt 502
(.3 3
I~ 2
S leirr2FO 2| 0,
Lpr()—2
i(535—%)
. 270 P0) 2p ()
< inf )\>O:/ |‘p’+f |72 dg < 1
R3

AN

; p(x) .
inf{A >0 ;/ | Lith |p22x>—2 273 dy < 1}
RS A

Ok 2p(2iz)
< inf /\>0:/ | == |p@To)—2 dx < 1
RE A

<C.

Consequently, one obtains
[T, n (E)voll Slvoll - 2 s
£e([0,00).FNZ :(2> a) i(-)’fl(ek)»,q
Analogously, for p1(-)< ¢ < p(-), we have
. P
ITo,n (#)voll £ 10,00y Fara) ) < HZJSl()apje tulel UOH

27 (10,00), M5

p1()k()q p10)) || ga

A

. —3(c=p1()) 2,3 3 2(j+k
2-3) & : J(24+2— 3 — 22T
E ||27( c)gpijHMk(_)Hr er1Cy 27T e T e | ep1()
k=0,4+1 ‘ Le|( [0,00),Le=P10)
0a

i=355)
S D P50l pr)

k=0,+1 p
Slvoll 2=y
FN k()
where
—3(c=p1()) 2,3 3 2(j+k
b j(242 ~) _tp220+k)
r p1() 20 p e p1() Pjrke ® cpy ()
Le | [0,00),Le=P1()
i(2-2-25)
=3(c=p1() .2 2(j+k) X e T @ cpy (2)
= ||r— 3 20hemtn2 inf<¢A>0: | Pirks ~ T |==r1® dor <1
L2([0,50)) R® A
. ik cpy () o
gmf{)\>0:/ |(’DJTJr |e=P1(@) 2 3bdr <1
RS
<C.
Therefore,

(")

s <
”TQ’N(t)UO”ﬁp([o’oo)’f/\f;)ii.)),k(.),q) < lvoll L2- -3
p(-).k().q

On the other hand, if p = oo and p;(-) = p(-), then

||TQ,N(t)'UOH ? ,S ||'U0|| .2*% ’
L2 ([0,00), me )Pk a) FN o3k ()a
similarly, we get
T t)v 1 <|w _ 3
| To,n (t) 0||£m([0,00),ﬂ\-[2;12,q) < O||FN2 o)

p(-),k(-).q
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Consequently,

[To,n (Dol x < Crllvoll 2o s - (4.3)
p(),k(-),q

For bilinear estimate, according to Holder’s inequality, Hausdorf-Young’s inequality, and Proposition , we
obtain

||B(v,w)||£p([ )fo:ii?mq)
t
= / Ton(t—T)PV - (v®@w)dr
0 £0([0,00) FN D cr.0)
< / 9351(") pje —p(t—)l¢? ]:( (v @w))dr
Le([0,00), ML) ) t
< / 21O == F(y @ ) k
Le(o,00) My ) ||,
q
< 91 (3 =55 )cp_efu(tfr)lslﬂn% | F (v @ w)| k<>d7
~ 6p1() M
6—p1() Lr([0,00)) ¢,
S / “P e hlt=TlEI? Tt o =31 S [v® wll ) dr
6p1 ( 6/5
6=p10) Le([0,00)) llg,,
< 23( +5) g —n(t—7)I¢? .7»73(61711(7-1)('))2 31 s lv@wl|, & dr
~ v 6p1 () Mg
6—p1(-) Lr([0,00)) ¢
< 9i(3+3 )HU®UJHM’C(> H22jefutzzj
/5 1l Le([0,00)) Lo |,
< v 2.1 Jwl| e + JJw V| foo
| ”LP([O,OO),N;’),:;?)YLI) wll ([0,00),L3) | ||U([ )N;’k()q ol ([0,00),L3)
<
N HU||£P([O,oo),]-'/\'f2%,k(_)yq) ||w||£oo (0,00),FB3/?) + ||w|| £o((0,00) N7 k() || ||coo [0,00),FB5/?)
S ol 211w 3 Tl || | 1
£0([0,00), FNy (5.0 L£=([0,00),FN5 o) £ ([0,00),F N k< 3 £([0,00),F NG )
As a result, it follows
Bv®w s < 2 w 1 + [|w 2 1 .
L T L RNY Ty L pUe W L JSPRNESe T L JRE
Hence, if p = 0o and p(-) = p1(+), we obtain
[1B(v @ w) < vll 2,1 wll el 2,1 vl 1
2 ([0,00), }'Np( )p;c()) q) £r([0,00),FN, K ,;:2) q) L£2°([0,00 N222 o) £7([0,00),FN, S ,:;2) q L>=([0 Oo)va22,2,q)
Similarly, we get
[1B(v @ w) z+p Sl 2p1 Nl b i 24 Hvll N
Le ([ ) ]:Ng (), q) ([ 700) ]: 2 (), ,1) L ([0,00),]: 2,2,q) Le ([ ) ]:NQ k(- ) q ’ )’]: 272,'-1)
and
IBoewl o Sl ey el el sy Mol
> ([0,00), 52.q) I:P([O»OO)»-FNQ,,C(_)A ([0,00),FNZ, ) £7([0,00),FN, S k(). q ([0,00),FN2, q)
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Consequently,
1Bv@w)llx S [vllx [lwllx -

Finally,

IBw®v)lly < Callvlly folly foral veX. (4.4)

Then, by (4.3)) and (4.4]), one concludes

t
18015 < [T (B)ool + H [ Tt =79 - e vir
0
< [Tan (t)vol + B © o)y

< C ||voll PR N + Cae?.

X

p(-),k(-),q
P L f .7:./\/ ith
ut€<m or any vg € ()k() wit
ol < g
Vo 23 SRS
) ,5(>) 2max(Cy, Cs)

we get

c €
& c ¢
12(v)[lx < "2maz(Cy, Cs) * *2maz(Cy, Cs)

<E.¢
2 2
< eE.

Then, according to Lemma [3.6] we obtain a unique global solution when the initial data are small.
Moreover, let us present the space

Y_{Lp([o 50), FNL) i) M L0, )pr()p;g)q)mzp([ ), FN{TE, )HEOO([O,OO)“F/\'/’f)Q’q)}.

By following a similar argument to the one presented above, we obtain

[2(0)]ly < ITan@)volly + (1B, v)[ly -

Thus, in an analogous way to the case of the space X we can show that the problem (4.1]) has a unique global solution,
when
lvoll -2 <o

(")
p(),k(-),q

5 Gevrey class regularity

The analyticity of the solution is also an important subject developed by several researchers, particularly with
regard to the Navier-Stokes equations, see [I7] and the references therein. In this section, we will prove the Gevrey
class regularity for (1.1]) in the Fourier-Besov-Morrey spaces and the following lemma is so helpful.

Lemma 5.1. [40] Let 0 < s <t < 400 and 0 < « < 1. Then, the following inequality holds

1
tla|® =5 =) o P —s o=y " —s |y "< 5

for any x,y € R3.
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5.1 Proof of Theorem [3.15]
We note V(t) = e#ViPly(t). Using (4.2), we get

V(t) = e"VIPITo N (t)ve + e*VIPI B(v, v)
= Lvg + B(v,v).

For linear estimate, it is easy to show that

ngsl(-)%ljvo’

) < H2jsl<->¢j€f%t|s|2ewﬂa\f%tw@

Le([0,00), M50 1y

k()
Lp([01oo)1M pl()

p1()

< Hstm-)%ef%ﬂsF@

Le([0.00).M; )
where we used the following inequality ePVHEI=BHE”® = o~ 5 (VEEI-D +4 < e%. Taking {4-norm, we obtain

)5 HQJ‘SM-)%Q*%M\?@O

1Zv0ll o 0,00, 205163 .

rs1(-) .
LP([O’OO)"FNP1(')J€(~),<1)

Hence, by following a similar process as in the proof of Theorem , we obtain

e (e <
1Ev0ll oo,y 71 ) L ) 0 = M0ty
p(-),k(-),q

Notice that the estimate (5.1)) also hold for p = oo and p; = p. i.e,

V0 0yt 8,0 = " el
also, it is easy to see that
10l gt ) STl
and
12000y S W0l ooty
Then

[1Lvollx S llvoll 235
p(-),k(-).q

For bilinear estimate, we have

¢
B(v,w) = —/ e“ﬁ‘DngN(t — 7PV - (v ® w)dr.
0

Then, we can rewrite (5.2)) as follows:

t
BV, W) = _/ VDI, (t = 7)BY - (=YD g e=mVAIDI ) gy
0

with W = e#V7IPly, Taking the Fourier transform, multiplying with 2jsl(')apj7 taking the L”([0, o), Ml;f()

))-norm and
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using Lemma [5.1] one obtains

o —

20 BV, W)

Le([0,00), ML) )

t —
< 2j<sl<-)+1)%./ et VIIEl =1t (oD g e-ivFIDIT )y
0

LP([O,OO),Mig().) )

N

t
2j<sl(~>+1><pj/ e%“(t—T)\ﬁ\z/ e (=T E+uVEIEl=nv/FE=2 1+ (7 (¢ = 2. 1) @ W (2, 7))dedr
0 R3

Le([0,00),M* () 1y

p1(+)

t
2j(51(')+1)<pj/ et (t-7)é? V(§ —2,7)® W(Z,T)dsz
0 R3

A

Le([0,00), ML) )

t —_—
< Qj(sl<->+1>¢j/ e =TI (T o W )dr
0

LP([O,OO),MZ;()_))
By using an analogous argument as in the proof of Theorem , one reaches
|Bv.m)| s v iwil

and
C2— %4_%

enVilPly(t) e X = {E‘X’([Q 00), J\/'p(.)f'(?z%q) N Lr(]0, oo),f./\'/'lk(,)’q) N L>([o, oo),f/\./'é"&q)} .

From the above and in a similar manner to the case of the space X, one checks that

s1(-) [eS) '27;0- %J’_% ) %
GN\/E‘D"U(t) ey = {[ZP([O, OO)"FNpl(~),k(~),q) NnL ([0, OO)7pr(-),§<:E-),q) N ,Cp([o, OO)"FNZ,k(-),q) aps ([0, OO),\FNQ’Q,(I)} .
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