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Abstract

The purpose of this paper is to investigate the existence and uniqueness of solutions to the Caputo sequential fractional
differential equations and inclusions with integral boundary conditions. When it comes to proving the existence of
solutions, the Krasnoselskii’s fixed point theorem is employed. Further, the Banach’s contraction principle and the
Leray-Schauder alternative are employed to prove the uniqueness of the results. Further, for the multi-valued case, we
employ the nonlinear alternative for Kakutani maps, and Convitz and Nadler’s fixed point theorem. We emphasize
our results with numerical examples.
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1 Introduction

Fractional differential equations (FDEs) have been used in a variety of domains, including biology, applied science,
physics, and bioengineering. Fractional derivatives (FDs) of FDEs include Riemann-Liouville, Grunwald-Letnikov,
Caputo, Hadamard, and others. For foundational notions in the theory of fractional calculus (FCs) and FDEs, we
recommend the article and books [IT], [I7, I8, 23] as well as the sources given therein [2] [5] 29].

FCs have gotten a lot of attention and popularity in the last few decades. Its extensive theoretical development and
applicability in a variety of technical sciences and technical fields are easy to see. Aerodynamics, operations research,
biological science, and other fields are examples. FCs have been proven to be an effective modeling technique for a
variety of real-world problems [6] O} [10] 2T, 28].

Many researchers have recently studied boundary value problems (BVPs), introducing a range of circumstances
such as multi-point, classical, non-local, periodic/anti-periodic, fractional order, and integral boundary conditions
[, 3, [, [8, 19, 20, 22| 25].
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In the study of nonlinear systems and stochastic processes, differential inclusions have proven to be extremely
useful. See [I, [, 8, 19, 24], 26] for some recent BVPs results for fractional differential inclusions.

For instance, multi-point boundary value problems for fractional differential equations were studied by Mujeeb ur
Rehman et al [27], is of the form

“Dy(7) = g(r,y(), Dy(r)), 7€0,1],
k—2
y(1) = 0, Dy(1)— > w;Dy(&) = vo,

j=1
where D¢ is the Caputo fractional derivative (CFDs) of order 1 < a < 2, and ¢: [0,1] x R — R is a given continuous
function and w; (j =1,2,...,k — 2) are non-negative real constants.

The boundary value problem (BVP) of the nonlinear fractional differential equation of order g € (1, 2] with three-
point integral boundary conditions (IBCs) was recently solved by the authors in [7], is given by

Dig(r) =f(r,e(r)), 0<7<1, 1<q<2,

€(0) = 0,5(1) = a / " Ho)do, 0<n <1,

where DY is the Caputo fractional derivative, f: [0,1] x R — R, « is a real positive number .

In [9], the authors discussed a existence of solution of a fractional differential equation of the form
(‘D7 + "D () = j(r.5(7)), 2<7 <3,

supplemented with IBCs 5
N (p _ o\B—1
) =0, ¢ =0, xi0)=a [ T

where “D% is the Caputo fractional derivative of order w,0 <n < ¢ <1, §:[0,1] x R — R,and ¢, a are non-negative
number. The existence and uniqueness results are established using the Banach’s contraction mapping principle,
Krasnoselkii’s fixed point theorem, and the Leray-Schauder nonlinear alternative. The boundary condition implies
that the value of the unknown function at any point ¢ € (n,1) is proportional to the unknown function’s the Riemann-
Liouville fractional integral. To the reader, we offer a series of articles on coupled systems of fractional differential
equations.

t(s)ds, 3 > 0,

More recently, Bashir Ahmad et al. [§], studied an sequential fractional differential equations and inclusions

(“DZ + ¢*DF V(7)) = f(7,2(7)," Do, x(7), T7x(7)), 7 € T :==[0,1],
(‘D + *D= (1) € F(7,1(7),° Dg+x(7),I'Yzc(T)), TeJ:=101],

with multi-point boundary conditions
! - n
W0)=0, ¥(0)=0, 3 ax(¢) =\ / =9
i=1 0

where “D¥ denotes the Caputo derivatives of fractional order, 2 < @ < 3,0 < §,7 < 1,9 > 0,8 > 0 Z() denotes the
left Riemann -Liouville integral of fractional order (.), f : [0, 1] x R* — R is given continuous function, § : [0, 1] xR3 — R
is a multi-valued map and A, a;,7 = 1,2, -m are constant. Authors discussed both existence and uniqueness results via
standard fixed point theorems for single-valued and multi-valued maps to obtain the desired results.

On the basis of our current understanding, we introduce and investigate the existence of solutions to the Caputo
sequential fractional differential equation and inclusion
(“DF + " DF Ne(r) = f(7,8(7)), 7 € T = [0,1], (1.1)
(“DZ + oD (1) € F(r,1(7)), 7 € T :=[0,1], (1.2)
with the IBCs 0
MO =0, ¥(0) =0, ¥'(0) =0, x(1)+1(r) = A [ (0)do. (13)
0
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where “D% denotes the Caputo fractional derivative of order w, ¢ > 0, v € (0,1], f : [0,1] x R — R is a given
continuous function and A, ¢ are appropriate positive real constants.

We prove the existence and uniqueness of the systems and in this work using basic concepts from
fixed point theory. The existence and uniqueness results are obtained using the Banach contraction mapping concept,
whereas the existence result is obtained using the Leray-Schauder method. while using Covitz and Nadler’s
fixed point theorem and the nonlinear alternative for Kakutani maps. It is essential to understand the concepts
between fractional derivatives and non-sequential Riemann-Liouville derivatives. If you’re interested in some recent
work on sequential fractional differential equations, see [19] and [9]. The overview of this article is given as follows:
Section 2, discusses the basic definitions of fractional calculus. On the other hand, an auxiliary finding about the linear
version of and is explained. Section 3, establish the existence and uniqueness of the given problem, the
Banach fixed point theorem and the Leray-Schauder alternative are utilized. Section 4 shows the existence of convex
and non-convex valued maps in the system - by applying a nonlinear alternative of Covitz and Nadler’s
fixed point theorem. Section 5 gives examples of direct results.

2 Preliminaries

Before providing an auxiliary lemma, we shall go over some of the fundamental concepts of FCs in greater detail
[13, [I7, I8, 23]. Let (S, | - ||) be a normed space and that U (S) = {A1 € U(S) : Ay is closed }, Ue p(S) = {A1 €
U(S) : Ay is convex and compact}. A multi-valued map W : S — U(S) is

(a) convex valued if W(s) is convex Vs € S;

(b) upper semi-continuous (u.s.c.) on S if, for each wy € S; the set W(wy) is a non-empty closed subset of S and if,
for each open set T of S containing W(wy), there exists an open neighborhood 7g of wy such that W(Ty) C T;

(c) lower semi-continuous (1.s.c.) if the set {m € S: W(m) N A # @} is open for any open set A in F;

(d) completely continuous (c.c) if W(A) is relatively compact (r.c) for every A € Up(S) = { A1 € U(S) : A; is bounded}.

A map W : [0,1] = Uy(R) of multi-valued is said to be measurable if, for every m € R, the function 7 —
dim,W(7)) = inf{|lm — k| : K € W(7)} is measurable. A multi-valued map W : [0,1] x R — U(R) is said to be
Caratheodory if

(i) 7 — W(r, s) is measurable for each s € R;
(ii) s — W(r,s) is u.s.c for almost all 7 € [0, 1].

Definition 2.1. The fractional integral of order o with the lower limit zero for a function f is defined as

“f(r) = 1 ’ 7(s) S, T «
If()F(a)/O (T—s)l—ad’ > 0,a > 0.

Provided the right-hand side is point-wise defined on [0.00), where I'(.) is the gamma function, which is defined

by I'(a) = [;° 7 e "dr.

Definition 2.2. The (R-L) fractional derivative of order o > 0,n — 1 < o < n,n € N is defined as

Dy, f(1) = % ((Z_) /0 (1 —8)" "7 f(s)ds, T > 0,

(n—a)
where the function k has AC derivative up to order (n — 1).

Definition 2.3. The (C-D) of order r € [n — 1,n) for a function f : [0,00) — (R) can be written as
n—1 Tk
"Dy, () = D, (fm - k!f(’“)(O)) r>0n-l<r<n.
k=0

Note that the CFDs of order r € [n — 1,n) exist almost everywhere on [0, 00) if f € AC™([0, c0), (R)).

Remark 2.4. If f € C"[0,00), then

1 T (n)
CD6+f(T):F(n—r)/O (Tis)fi)lnds:I”_rf(n)(T),T>0,n—1<7‘<n.
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The linear form of the problem ([1.1))-(1.3) is stated by the following lemma.

Lemma 2.5. For h € C([0,1],R), is a solution of linear sequential fractional differential equation
(D= + D= )e(r) = h(r), (21)

subject to the BCs (1.3)) if and only if

r(r) = l(@QTQ - 2<pTQ— 26?7 +2) {)\/On (/019 e—P(9—0) (/OQ mf(r,;(r))dg) dg) dd

+[je”7@<Ag%w:fbmﬂﬂﬂﬂﬂad4,

Proof . Where “D¥ denote the CFDs order w. Rewriting as D% (x(7) + ¢“D~1x(7)) = h(r). We can write its
solution as

a1
¥

n /0 . ( /O ‘ Mh(g)dg) do, (2.3)

where ag, a1, as, and as are unknown arbitrary constants. Using the BCs (1.3)) in (2.4]),

— T — T az — T as — T
(1) =ape "+ —(1—e* )JrE(QDTflJre ¢ )+E(<p27272g07+272e o7y

€(0) =0, mnza;%mzo,un+mwleﬂwmm (2.4)

we find that ag =0, a; =0, ax =0 and

where,

n
0= { [0* —2¢p —2e79 + 2+ *® — 201° — 2% + 2] — [/\/ (@*0% — 2092 — 2e7 %Y + 2)d19} } #£0, (2.5)
0

where (2.5) provides Q. Then, (2.4) becomes (2.2 by replacing the values of ag, a1, a2, and as. Conversely, this is a
direct result of the calculation. This concludes the proof. [J

3 Existence of Solutions

Let X = C([0,1],R) denote the Banach Space of all continuous functions from [0,1] — R with the usual norm
defined by ||z]| = sup{|e(7)|, T € [0,1]} < co. To make proofs easier, it is necessary to set upper and lower limits for
the integrals that will be introduced in future results.
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Lemma 3.1. For h € C ([0, 1], R), with [|h|| = sup,¢o 1) |h(7)| we have
n 9 2 (g— g)(w—Q)
)\/ / eme(0=0) (/ k(s d<> do | dv
0 < 0 o I'(w-1) ) ¢
: 2 (g— g™ 1
e—w(1—9)</ S hgdg)d‘: 1 — e ?)||hlf;
/ (e (i ) do| = 1=
v ol o (Q_ S (w—2) (=1 o
e ([ ey s ) de] = g el

T e _ \(w—2)
—p(T—0) u =D oy
%;e (A le—l)h@Mg‘m o (L= e #TI[n]l.

)\n(w_l) _
= (on+ e —=1)[|n|l;

(@ 2T(w)

(i)

(iid)

(iv)

Proof .
(i) Apparently

I'w-1) INw)’
and
9 w— w— 9 o — —
/ eww"’”( 1)dg< o 1)/ e P9y = A ),
0 INw) =~ I'(w) Jo I'(w) 2
thus 5
oo ([ le== 79D (1= )
)\/ /eW@)(/hgdg do dz9§h>\/ do
0(0 o I'(w-1) ©) 15 o I'(w) ®
)\n(w_l)
= +e ¥ —1)||h|].
(pQF(w)(son )IIR]|

The proofs of (ii) and (iii) are similar. The proof is completed. O

To make things easier for us, we’ve established a schedule

272 _ 907 — 26797 42 1
o= sup |7 WQ )| Z (¥ = 20— 27 +2), (3.1)
7€[0,1] | |

(w—1) 1 (w—1) 1
n - _ v — _
H:p|:{)\ (o4 e P — 1)t ——(1—e ) (1 — e ? }+{ 1—e %")H. (3.2)
N @) @ T @ T e
A fixed-point problem (|1.1)-(1.3) is transformed into an equivalent problem in the context of Lemma (3.1]).

r=6(), (3-3)

where & : X — X is defined by,

(Gr)(1) = [0‘0272 - QW-Q_ 277 +2) {/\/on (/019 e~ ¥(0-0) (/OQ (gl:(;)iﬂl_;)f(ﬂx(ﬂ)dg) dg) dv
- [ ([T T i) o [ om0 ([T DT i) dg}

+/OT em¥(7=0) </OQ Mf(m(ﬂ)&) d@] :

If the operator equation ([3.3) has fixed points, problem (1.1)-(1.3]) has a solution.

(3.4)
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Theorem 3.2. Assume that f: [0, 1]xR—R is a continuous function satisfying the condition

(T [f(r0) =f(m. D) < Llr — & (3.5)

for all 7 € [0,1], r,t € R, where £ is the Lipschitz constant. Then the problem (1.1))-(1.3)) has a unique solution if
IT< 1/L where II is given by equation (3.2)).

Proof .

As the first step, we show that the operator & given by (3.3) maps &' into itself. For that, we set sup ¢ 1) If(1,0)| =
Q < 00. Then, for r € X |, we have
1&(@)[| = sup

(0,1 — QWQ_ S {/\/o?7 </oﬂ S (/OQ mf(m(ﬂ)M) dé’) o
+/01 e7#(i70 (/OQ mf(m(ﬂ)dc) do + /O e o (/OQ mf(ﬂ;(ﬂ)dg) dg}

# [ v ( I mﬂr,x(r»dg) dg\
(@272 — 201 — 26797 4 2) ’

< sup
T€[0,1]

X {)\/On </09 e—w(0—0) (/OQ W |f(m,2(7) — f(7,0)] + | f (7, o)|)dg) d9> a9

! w—2
+/0 (/O |f(7,x(7) f(,0)|+|f(,o))dg>dg

Q

I'w-1)
Ve_so(”_") Qw 7, 1(1) — f(r T
+/0 (/0 I'w-1) [f(7,x(7) = £(7,0)[ + [ f( ,0))d§) dg}
T€7<P(779) @w T, 0(1) — f(7 T
+/0 (/0 I(w-1) |f(,e(r) = f(7,0)| + [ ( ,O)I)dc) do,

(w—1) p(==1)
<l + Q) [0 {W L om+ e -0+ e 4 S e

ez -]
~ (Ll + Q)T < o,

This shows that & maps X into itself. Now for 11,12 € X and for each 7 € [0, 1], we obtain

[(&r1) — (Sr2)|| = zl[lopl] [(&x1)(7) — (Sx2) ()l

(0272 — 207 — 2e7¥7 4+ 2) '
Q

< sup

7€[0,1]

< {A / ( /:e‘“””“” ( / g m Fru(m) — f(rea(r) dg) dg) i

" / e (/ (Qr_(;)i)) Fraa(m) — ()] dc) do
* /OV emmo (/Og m [F(r.00(r) = f(752(7)) dg) dg}

+ /OT e o(r—0) (/OQ M 1F(mx(r) - £(r, ;Q(deg) do
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(w—1) V(w—l)
stetn = o {1 Grpgytont =0+ g =+ G-+ {0 -
<L [[x1 — x2],

where IT is supplied by 1| I < %, G is a contraction. The conclusion of the theorem arises from the contraction
mapping principle. The proof is complete. O

To verify that (1.1)-(1.3) has at least one solution, we require a known result from Krasnoselkii’s [T1].
Theorem 3.3. Assume that f: [0, 1]xR — R is a jointly continuous function satisfying (77). In addition we suppose

that the following assumption holds
(T2)f(r,x)| < &(7), forever (7,1) € [0,1] x R with £ € C(]0,1],R). Then the BVP has at least one solution on [0, 1] if,

,r}(wfl) e 1 e V(wfl) g
e A R = (i [ag) IR 39

where g is given by equation (3.1)) and IT are defined by (3.2))

Proof .
sup [£(7)] = €],

T€[0,1]

r > Il

where IT is given by equation (3.2]) and consider B, = {r € X; ||z|| < r}. Define the operator &; and &3 on B, as

©win = [[ero ([T DT i) ae

(@ar)(r) = T2 2 T4 {A [ ( [ oo ([ ou) d@) a

It follows from that,

e+ &l < [p {0 L —ton+ e - 1+ - ey Zoa- e b { - e i <

G1r + Gar € B, is the result of this equation. The equation (3.6) makes it clear that the continuous function G,

is a contraction of the initial value. As a result of this, it follows that the operator &; is continuous. The uniformity
of the B, boundary on &s is also

(1= ligl

<
ISl < = Fs

The compactness of the operator &, is now established. It’s easy to see how this works: We define SUD(71,)eB,.

M,
/Orl e—e(ri—0) (/OQ Mf(ﬂp(r))dg) do

- /OT2 e #(mm0) (/09 (é}_(;)(_wlf) f(T,x(T))ck) dQ‘

f(ro)] =

[(617)(11) — (&11)(72)| =
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M,
ol'(w)

As 15 — 71 goes to zero, it is independent of r. As a result, &; is reasonably compact on B,.. As a result, according
to the Arzela-Ascoli theorem, &; is compact on B,.. So Theorem is satisfied in that all of its assumptions are
satisfied. As a result, according to the conclusion of Theorem BVP ([1.1)-(1.3) has at least one solution on the
interval [0,1]. This completes the demonstration. [J

W, —PT2

< (\7’1 - 75 \+|7’1 e T —157e |)

Lemma 3.4. Let P be Banach space, Q be a closed, convex subset of P, £ be an open subset of Q and 0 € U.
Suppose that F' : £ — C is a continuous, compact (that is, F(£) is a relatively compact subset of Q) map. That,
either

i) F has a fixed point in &, or

ii) There is u € OE (the boundary of £ in Q) and Q2 € (0,1) with u = QF (u).

Theorem 3.5. Suppose that § : [0,1]xR— R is a continuous function. Further, it is assumed that the following
conditions hold:

(T3) There exist a function p € C([0,1],R") and a non-decreasing function ¢ : R* — R* such that |f(7,1)| <
w(T)¢([[e]]) for all (7,x) € [0,1] x R.

(T4) there exists a constants A; > 0 such that,

A
(AL ([l 1T

where IT is supplied by (3.2)), A solution exists on [0, 1] for the boundary value problem ([1.1H1.3)).

> 1,

Proof . consider the operator & : X — X with r = &r , where

R e UM Al P A R P
_ /O Lo ( /0 ’ 7@} Z;)(:;) h(g)dg) do
~ /0 Y —el-o) ( /O ‘ mh(g)dg> dg} + /0 " —e(r—0) ( /0 ‘ 7(? ‘(;)(_wl)z) h(g)dg) do.

we show that & maps bounded sets into bounded sets in C([0,1],R). For a positive number r, Let B, = {r €
C([0,1],R) : ||z]] < 7} be a bounded set in C([0, 1], R). Then

(12 21— 2e-W+2>{ [ < [ ([ e sar) dg) di

+/01 o—e(1-0) </Ogmf(7,;(7))dc> dg+/oye@<”9> </OQMf(T,x(T))d<) d@}
i+ [[emetrmo ([T i ate ) o

A ( [ oo ([T nea) dg> cw

. /Osewg) (% (o (leld )d9+ / e 0) ( / % ()¢ (lell)dc) dg}

+/Ofe—¢<r—g> (/Ogm ()¢ (llel) d§> dg‘|

<ullel) () ) o {W L n+ e -0+ -+ Zoamem e { e ]

S())] <
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< P(llel) () I

thus,
1Szl < o(r) [l 1.

Next we show that & that maps bounded sets into equi-continuous sets of C ([0, 1],R). Let 71,72 € [0,1] with
71 < 72 and ¢ € B,., where B, is a bounded set of C ([0, 1], R). We then arrive at

(&6)(r2) — (S8) ()
[ eerro oo ([M8 I piroyis ) o [T et ([*EZITE s arac) af

(0 i) = 2e(rs ) 22 e { ( T ( /Ogmf(m@)d@) de) iz
v [emeoco ([T T a0 dg— [ e ( / e IT o) dQH

[0 —ena ([1e T i ags [ emena ([T i) ag
(£ o) 2o ) B ) {A [ ( / o ([lecd=d >(_“1; st dg> "

The right-hand side of the inequality above, regardless of ¢ € B, as 75 — 7, — 0, obviously tends to zero. This
implies that & : C ([0, 1],R) — C ([0, 1], R) is totally continuous because & satisfies the aforementioned conditions.

<

+

<

The Leray-Schauder nonlinear alternative will yield the desired outcome (Lemma. Once the set of all solutions
to equations ¢ = &(x) for 8 € (0,1) has been proven to be bounded.

Let ¢ be the answer. For 7 € [0, 1], and using the computations used to prove that & is bounded, we obtain
e(7)| = 18(&x)(7)]
()= - 1 - vl _ 1 _
<t (llel) el [p{lA (pn+e " —1) + (1—e?)+ (I—e")p + (1—e"%)
@*I'(w) @
=O([[l]) [|l| 1.

as a result of this,

llll 1
S el T =

To put it another way, there exists a (T4) in which A; such that ||g|| # A1. Let’s get started

V=reC(0,1],R) : [lz]| < A;z.

Be aware that the operator & : V — C([0,1],R) is both continuous and completely continuous. It can be seen in
the following equation: If V is chosen, then there is no ¢ € 9V there is no ¢ € &(x) for some 8 € (0,1). Since the
nonlinear alternative of Leray-Schauder type (Lemma leads to a solution of problem — , we conclude
that the function & has the fixed point ¢ € V. Finally, we have conclusive proof. [J

4 Main results ((1.2)) and ([1.3)

4.1 The Lipschitz case

We prove the existence of solutions for the problem (1.2))-(|1.3|) with a non-convex valued right-hand side by applying
a fixed theorem for multi-valued map due to Covitz and Nadler [[12]].
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Definition 4.1. A multi-valued operator 91: Y — Q()) is called
(a) O- Lipschitz if and only if there exists & > 0 such that, Ha(M(y), N(z)) < dd(y, z) for each y,z € V; and
(b) a contraction if and only if is @ -Lipschitz with § < 1.

Definition 4.2. Let 2 be a subset of [0,1] x R. 20 is £ Q) B measurable if 2 belongs to the w - algebra generated
by all sets of the form 7 x D, where T is Lebesgue measurable in [0, 1] and D is Borel measurable in R.

Lemma 4.3. [26] let (), d) be a complete metric space. If 9t : Y — Q((}) is a contraction, then fix 9 # p.

Theorem 4.4. Assume that the following conditions hold:
(A1) §:[0,1] x R = Uep(R) is such that F(.,x(7)) : [0, 1] = Uep(R) is measurable for each ¢ € R.

(A2)94(F(7,1), F(1,1)) <U(T)|x — 1| for almost all 7 € [0,1] and ¢,T € R with & € (C([0,1],R") and d(0,F(7,0)) <
x1(7) for almost all 7 € [0, 1]. Then the boundary value problem has at least one solution on [0, 1], if

all <p [{w :;;(:) (on+ e 1) + wf(w) (1=e™)+ w(}v(w)) (- >} * {@pl(w)“ - >}D <t

Proof . Define the operator Y5 : (C([0, 1], R)—=U(C([0, 1], R)). Since set &5 , is nonempty by Inference ¢ € (C([0, 1], R)
for each S5, (1) has a spectrum that can be calculated. We will now see if operator Tz conforms to the lemma
assumptions. To show that Yz(r) € U (((C[0,1],R)) for each y € (C([0,1]), let th,>0 € Yz(r) ,such that
i, — (n — o0) in (C([0,1],R). Then il € (C([0,1],R) and exists v, € &g, such that, 7 € [0, 1],

—|—/OT e ?r=0) (/09 (Q]{;)(wl_;)vn(c)dc) dg} .

as § has compact values, we pass onto a sub-sequence to obtain that v, converges to v in £!([0,1],(R)). Thus, v
€ 65, and for each 7 € [0,1], we have

t4,(7) > 8(r) = [(W  a— {A I < [ e ([T o) d@) as
[ ([ Ssom) oo ([ et aon) s

—i—/OT e~ ?(r=0) (/OQ Wv(c)d() dg} .

Hence, ${ € Tz(r). Next, we show that there exists. Such that, $H4(Y3(z), Tz(r)) < §||x — 1|, for each 1,7 €

AC*([0,1],R). Let r,¥ € AC*([0,1],(R)) and h; € Tz(x). Then there exists v1(7) € F(7,(7)) such that, for each
T €10,1],

hi(1) = [(‘PQTQ - 2<PTQ— 2e”¢7 +2) {)\/On (/019 e—P(9—0) o (/OQ (QF—(;)(EI;) vy (§)d§) dQ) dd
_ /O Lo ( /0 ’ (7? E;)(w:)vl(g)dg) do - /O " el ( /O ’ 7(? _(;)(wl_;) o (g)dg) dg} (4.3)




Caputo sequential fractional differential equations and inclusions with integral boundary conditions 3055

(™Az), We've got it H4(F(7,1), F(7, 1)) < x1(7)[|x(7) — E(7)|]. So, there w € F(7,z(7)) such that
[v1(7) = w| < xa(7)[x(r) —2(7)], 7€[0,1].
Define 4 : [0,1] — U(R)by

U(r) = {rw € R |ui(7) — | < xa(7)[e(r) = (7)][}-

As the multivalued operator $(7) N F(7,¥)) is measurable, which is a measurable selection for ${(7) N F(7,¥)). So
va(7) € F(7,1)) and for each 7 € [0,1], we have |v1(7) — v2(7)| < x2(7)|x(7) — E(7)|. For each 7 € [0, 1], let us define

ba(7) = [(@272 - 2@7@— 2e7%7 +2) {A/on (/019 e~ P (0-0) 5 (/OQ (QF—(;)(“':) v2(§)d§> dg) dv

Ceea ([ (é}(;)i;)wo (o)l ) de}

-/ T etr— ( / ‘ Ww (6) - v2<<>|d<) de]

p{ A /0 ! ( /0 Y etio) ( /O ’ M|m<c> - vz(c)lck) d@> @
R (I mmm (o)l ) de

Y o) (/OQ mm(g) - v2(<)|dg) dg}
)

T oo Q(g_g)(w—2)
oo ([T s 6) - wa(olas

thus,

b1(7) = ba2(7)] <

_|_

+
S— S

_|_

S—

+

S—

n(w—l) Con 1 g V(w—l) g
<lhall (0| { W s on + e =D+ - o) + Lo e

iz} -l

Hence

b1 = b2l[ <
all (o [{ 0 22 ten+ e -1+ —sa—en + s -e b {doa-en ) el

Analogously, interchanging the role of ¢ and r, we obtain

9Ha(T5(x), T5(F))
<thal (o [{W Zrsten+ e -0+ -+ S - e i el e

©?I'(w)
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Since Y is a contraction, it follows by Lemma (2.5) that Yz has a fixed point ¢ by Lemma[4.3] which is a solution
of and . This completes the proof. [
4.2 The Upper Semi-Continuous case.

In this case when § has convex values we prove an existence results based nonlinear alternative of Leray-Schauder
type.

Lemma 4.5. [I3] If V : Y — Q.(2)is us.c., then Gr(V) is a closed subset of V x Z; i.e., for every sequence
{Yntnen C Y and {Yn}neny C Z if when n — 00, yn — Yu, 2n — 2« and 2z, € V(yn), then z, € V(y.). Conversely, if V
completely continuous and has a closed graph, then it is upper semi-continuous.

Lemma 4.6. Let ) be a Banach space. Let § : [0,1] x R? — 9., () be n £!-Caratheodory multi-valued map and
let © be a linear continuous mapping from £'([0,1],Y) to C([0,1],)). Then the operator

Oo Gg,y : C([07 1}73}) - Qcmc(c([oa 1]’y))ay — (9 o 6&1/)(19) =0o (Gf’?,y7z)v
is a closed graph operator in C([0, 1], x C([0,1], V).
Lemma 4.7. Let € be a Banach space, C a closed convex subset of &, [ an open subset of C and 0 € ${. Suppose that
T U — Qepc(C) is a upper semi-continuous compact map, then either

(1)§ has a fixed point in 4, or
(ii) there is a u € 94 and A € [0, 1] with u € AF(u).

Definition 4.8. A subset 2 of £1(]0,1],R) is decomposable if for all u,v € 2 and measurable 7 C [0,1] = T, the
function u) 7 + vY;_7 € A, where V7 stands for the characteristic function of 7.

Theorem 4.9. Assume that;

(91) §:10,1] x R — U(R) is £'-Caratheodory and has nonempty compact and convex values;
($2) There exists a function p € (C([0,1],R"), and a non decreasing, sub-homogeneous function
T :RT — R* such that

18 (7, )lly := sup{[w[ : w € F(m 1)} < p(r)T([le]l) for each (7,x) € [0,1] x R;
($3) There exists a contact 0 > 0 such that

m

— s > 1,
|l [T (9)

where IT are defined by equation (3.2)). Then the boundary value problem (BVP) (1.2]) — (1.3) has at least one solution
on [0,1].

Proof . Define an operator Tz : C([0,1],R) — U(C([0,1],R)) by Tz(xr) = {h € C([0,1],R) as h(7) = MN(x)(7)} where

N)(r) = l(@2T2 — 2@7’9— 207+ {)\/On (/019 e (V=0 % (/OQ mv(C)dg) dQ) dd

T o _ \(w—2)
+/0 e—e(T—0) </0 %Mng) dg} , V€ GBg,.

We will show that Yz satisfies the assumptions of the nonlinear alternative of Leray-Schauder type. The proof
consists of several steps. As a first step, we show that Y5 is convex for each ¢ € C([0, 1], R). This step is obvious since
G5, is convex § has convex values, and therefore we omit the proof.




Caputo sequential fractional differential equations and inclusions with integral boundary conditions 3057

In the second step, we show that Tz maps bounded sets into bounded sets in C([0, 1], R). For a positive number
p, let B, = {r € C([0,1],R) : ||z|]| < p} be a bounded ball in C([0,1],R). Then, for each h € T(z),r € B, there exists
v € &3, such that

b(r) = [(90272 _ QWQ— 247 4 2) {A/On (/019 o= 9(9—0) o </Og (Qp(;)iﬂlf)v(g)dg) d9> d
(@-2)

Then, for 7 € [0,1] we have

) < l(*"w —2pr 277 +2) {A [ ( [ e ([T o) dg)) a0

+/OT e~ e(7—0) (/Og (i{;)(_w:) |v(§)|d<> dg]

<t (o | {1y mwwe-w D 1) %(1 et { g a-en]).

<I ||| ([[xl]2)

Consequently,

161 < [l (e[ x)-

Now we show that Tz maps bounded sets into equi-continuous sets of C([0, 1], R). Let 74,72 € [0, 1]
with 7 < 75 and ¢ € B,. For each h € Tz(r). We obtain

(p?7% — 2</?TQ* 2e7°7 4 2) {,\/077 (/019 e—P(9—0) o (Ag (?(;)iwl)Q)v(g)dc> dQ) dv

+ /O Lemelio ( /0 e JE ‘(;)(_wl_;) U(g)dg) do + /0 " o= ( /0 R _(;)(_wl_;)v(g)ck) dQH
/OT (e_“’(”_@) — 6_90(71_9)) (/OQ mw(C)d§> do

e ([ o)

(272 — 2<pTQ— 297 + 2) {A/On </019 e~ (9=0) (/OQ mv(g)dg> d9> do
/OT (e—vs(rz—g) B e—sﬂ(ﬁ—g)) (/OQ (QF_(;)(wl_;) 'U(c)dC) do

[ (s on)a].

Obviously, the right hand side of the above inequalities tends to zero independently of r € B, as 7o — 71 — 0. As
T; satisfies the above assumption, therefore it follows by the Arzela-Ascoli Theorem [? ], that Yz : U(C([0,1],R) —
U(C(]0,1],R)) is completely continuous.

Ih(m2) — b(m)| <

+

<

+
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In our next step, we show that Yz is upper semi-continuous. To this end it is sufficient to show that Y5 has a close
graph, by Lemma Let rp, — s, by € T5(rn) and b, — b,. Then we need to show that b, € Tz (y.). Associated
with b, € Tz(r,), there exists v, € &5, such that for each 7 € [0, 1],

b () = [(so%z _ 2<pTQ— 297 4 2) {A/On (/019 e~ ?(9-0) (/OQ mvn(g)dg> d9> do

+/OT e ?(r=0) (/09 (Ql{;)(wl_;)vn(c)d() dg] :

Thus its suffices to show that there exists v, € &g . such that for each 7 € [0, 1],

oo ([ S moma [ oo ([ om)al

Let us consider the linear operator © : £1([0, 1], R) — C([0, 1], R) given by

v O)(7) = [(@272 - 2‘”9_ 2677 +2) {/\/On (/: e (0=0) (/Og mv(g)m) dQ) a9

L e (p—¢)®=2)
—|—/ e e 9)</ ——— v(s)ds ) do| .
0 o I'(@w-1) ©)
Observe that

_ _ (@272 — 27 —2e”¥T + 2) K v e e(0—0) ¢ (o~ C)(w_2) v _w
19,(7) mmn-[ - {A/ (/ ([ 0~ vy ) de | a0
1 s 2 (gp— g)(wﬂ)
- e ([T ) - v ) de
v (o [ (Q _ g)(wﬂ)
—/O e~ Plv—e) (/0 m(”n(q —04())(s)ds dg}

+/OT e~ #(1=0) (/Og W(vn(c) - v*(g))(<)d<> dQ} —0, as n— oo.

Thus, it follows by Lemma [4.6] that © o & is a closed graph operator. Further, we have b, (7) € ©(S5.;, ). Since
In — L+, therefore, we have

bu(r) = VQPQTQ — 2@7’9— 277 +2) {)\/On (/019 e ?0=0) </OQ (sz;)iwl_;)v*(g)d{) dg) dv
B /01 e e (/09 (é}_(;)(wl_;) v*(c)d<> do— /OD e #=o) (/OQ (é}_(;)(wl_;) v*(C)dc) d@}

T o _ \(w—2)
+/O e—e(t—0) </0 %v*(g)dg) dg] , for some h, € &3;.
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Finally, we show there exists an open 3 C C([0, 1], R) with ¢ ¢ YT5(r) for any 6 € (0,1) and ¢ € 9(3). Let 6 € (0,1)
and ¢ € 0T z(r). Then there exists v € £'([0, 1], R) with v € &5, such that for 7 € [0, 1], we can obtain

= —pn _ 1 _ ¥ = _ eV 1 _e¥
e = [{ I ey tont e = 1)+ - e+ Lo - e b dosa-en |
<[l Tl ).

which implies that

[lellx
H[pl (el l2) —

In view of (9)3), there exists 9t such that ||r|| # 9. Let us put it in place
3={r € C([0,1],R) : [[¢]| < 2}

In the upper case, operator Yz : 3 — U(C(]0,1],R)) is semi-continuous, while in the lower case, it is continuous. It’s
nothing like ¢ € 03 such that ¢ € 0Tz (x) about any of 3, optlons 6 € (0,1). As a result, we can deduce that YTz has
a fixed point r € 3, which is a solution to the problem amd [1.3 . ) by the nonlinear form of the Leray-Schauder
alternative (Lemma [4.7). This contributes to the proof. [J

5 Example
The following is an example of a Theorem [3.2] that is illustrated.

Example 5.1. Consider the problem

{%ﬁ%D+mxﬂ LI+ +wm> <>+mn%v» 0<r<1, (5.1)
£(0) = 0,'(0) = 0,2”(0) = 0,(1) +x(v) = A [ x( ‘

Here, @ = 5/2, f(1,2(7)) = L3(V72 + 1+ sin(r) + 1(7) + tan~'x(7)), v = 1/2, n = 1/3 Clearly

m\h >

[f(rp) = f(12)] < 5 [r = 2+ tan™ e — tan™"2| < Lfr - 2],

Using the provided values, we can calculate that € is approximately 1.54196, p is approximately 1.1121513, and I
is approximately 1.0628829. As long as the Theorem is followed, the example problem (|5.1)) has a unique solution
for £ < 1/IT ~ 0.94083.

Example 5.2. Using the nonlinear function f given by, we then demonstrate the applicability of Theorem

Fre(r)) = —— (sin(e) (7)) + —. (5.2)

9+ 10

Using this formula, the value of L= % and LIl ~ 0.132435. The conditions of Theorem are manifestly met.

That theorem’s conclusion implies at least one solution in [0, 1] for the problem (5.1) with the given value of f.

Example 5.3. For the illustration of Theorem , let us choose

{ *D32(D + 2)x(r )63(7 x7)), 0<7 Sl (5.3)

£(0) = 0,'(0) = 0,2”(0) = 0,x(1) +x(v) = A [ & .

Here, w =5/2, v =1/2, p =1, n=1/3. Clearly, §(7,x(7)) = {0, 12j_72 (8(4‘_1:_‘“‘)) + (15}‘_7)}
94(3(7,8),3(7,0) < 155 e~ Tl (.4

Letting x1(7) = ﬁ It is easy to check that d(0,F(7,0)) < x1(7) holds for all 7 € [0,1] and that ||x1|[IT <
0.97430 < 1. As the hypothesis of theorem are satisfied. we conclude that the problem (5.3) with § given by (5.4) has
at least one solution on [0, 1].
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6 Conclusion

We have constructed particular existence and uniqueness results for a boundary value problem of the Caputo type
sequential fractional differential equations and inclusions with integral boundary conditions using Banach’s contraction
mapping principle, Krasnoselkii’s fixed point theorem, and the Leray-Schauder alternative. In the multi-valued case
we proved existence results for both convex and non-convex multi-valued map via the nonlinear alternative for Covitz
and Nadler’s point theorem. We realize that new outcomes follow from altering the variables involved in a given
problem. The results of this work, for example, apply to a sequential fractional differential equation and inclusions

with integral boundary conditions of the form ¢(0) = 0,x'(0) = 0,2”(0) = 0,x(1) = [, ("}S();)ilx(s)ds.
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