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Abstract

In this paper, we investigate the global behavior of positive solutions of the system of difference equations

P q

T
Tp+1 = 0+ gfna Yn+1 :a+q7n7 n=0,1,2,..
n—2 Lpn—2
where parameters «,p,q € (0,00) and the initial values z;, y; are arbitrary positive numbers for ¢ = —2,—1,0.

Moreover, the rate of convergence of positive solutions is established and some numerical examples are given to
demonstrate our theoretical results.
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1 Introduction

Recently, nonlinear difference equations and systems have been received great attention due to their practical
applications [1-20]. These equations appear naturally as mathematical models that describe biological, physical, and
economic phenomena. It has been observed that, difference equations might sometimes have a very simple form,
however, there have not been any effective general methods to deal with the global behavior of their solutions so far.
Therefore, the study of a certain form of difference equations is worth further consideration.

In [I2], Stevié et al. studied the boundedness character of the positive solutions of the following system of difference
equations

Y n
Tn+1 :A+q77yn+1 :A+ —q > n:Oa17"'a
Lpn—1 n—1
where A, p,q € (0,00) and the initial values z;, y; are positive numbers for i = —1,0.

In [5], Glimiig introduced the system of two recursive sequences

Un—k Un—k

Un+1 = A+ y Unt1 = A+

n un

,n=0,1,...,

where A € (0,00), u;,v; are arbitrary positive numbers for i = —k, —k +1,...,0 and k € ZT. The global asymptotic
stability of the unique positive equilibrium point and the rate of convergence of positive solutions of the system were
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examined by the author.
In [I7], Tagdemir suggested the following system of difference equations contained quadratic terms

z
yn-‘rl:A—"BZQin) zn+1:A+B:2yin7 n=0,1,...,

n—1 n—1

where A, B € (0,00) and the initial values y;, z;, are positive numbers for ¢ = —1,0. The author studied the global
asymptotic stability and the rate of convergence of solutions of mentioned system.
All the above-mentioned systems have motivated us to consider the following system of difference equations

Yn Ty
Tpp1 =+ 5, Ynp1 =+ ——, n=0,1,2,... (1.1)
n—2 Lp—2
where «,p,q € (0,00) and the initial values x;,y; € (0,00),7 = —2,—1,0. To our knowledge, no papers have been

published about the dynamics of this system. In this work, we investigate semi-cycle analysis of solutions of .
We also study the boundedness of the positive solutions and the global asymptotic stability of the unique equilibrium
point in case « > 1,0 < p <1, 0 < ¢ < 1. Furthermore, the rate of convergence of the solutions of is established
and some numerical examples are given to verify our theoretical results.

2 Semi-cycle analysis of (|1.1)

In this section, we study the behavior of positive solutions of system (|1.1)) with the help of semi-cycle analysis.
Obviously, the system (1.1) has a unique possitive equilibrium point (Z,y) = (o + 1, + 1).

Lemma 2.1. Assume that {(2,,y,)}52 _, is a solution of the system (1.1). Then, either {(x,,y,)}52 _, does not
oscillate or it oscillates about the equilibrium (Z,7) = (a4 1, 4+ 1) with semi-cycles that if there is a semi-cycle with
at least two terms, then each successive semi-cycle will have at least three terms.

Proof . Here we limit our consideration to the situation of oscillatory solutions of the system . Suppose that
{(zn,yn)}2 _5 is a solution of that oscilates about the equilibrium, and there is ng > 0 with (z,,,yn,) is the
last term of a semi-cycle that has at least two terms. Then, the following two cases can occur.

Case 1: ..., Zpg—1,%ny <@+ 1< xpo11 and ..., Yng—1,Yno < @+ 1 < Ypot1.

Case 2: ..., Zpg—1,Tny > @+ 1> zpo11 and ..., Yng—1,Yne > @+ 1> Ynot1.

Now we look at the first case, the second case is similar and is neglected. With the happening of the first case and

from (|L.1)), we obtain

P q

x

T2 = O + <yn°+1> >a+1, ypor2 =a+ (n“H) >a+1. (2.1)
Yno—1 Tng—1

Similarly to , we have Z,,13 > a + 1 and y,,+3 > o + 1. Hence, the semi-cycle begining with (Znq41, Yng+1)
has at least three terms. Suppose that the semi-cycle which starts with (41, Yne+1) has length three, then the
next semi-cycle will begin with (2,44, Yng+4) SO that Tpo41, Tng+2, Tno+3 > @+ 1> Tpota a0 Yng+15 Yne+2s Yno+3 >
o+ 1> yyy44, then

P q

x

Tnots = @+ (yno+4> <a+1, ypgr2 =a+ (no+4> <a+1. (2.2)
Yno+2 Tng+2

By arguing similar to (2.2), we have x,,46 < o+ 1 and yn,4+6 < o + 1. From above arguments, we can conclude
that the semi-cycle containing (.41, Yn,+1) and every semi-cycle after that has at least three terms. The proof is
completed. [J

Lemma 2.2. System (|1.1)) does not have nontrivial two periodic solutions.

Proof . Suppose that system (1.1]) has a two periodic solution. Then (z,,—2, Yn—2) = (Tn,yn), for all n > 0. Therefore,

Yn
Yn—2

Tn

q
) =a+ 1,for all n > 0.
Tp—2

P
$n+1a+< > =a+l, yn+1a+<
So, the solution (z,,yn) = (¢ + 1, + 1) is the equilibrium solution of system (1.1)), which is contradiction with our
assumtion. [
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Lemma 2.3. If system (1.1)) has an increasing solution then it is non-oscillatory positive solution.

Proof . Assume that {(2,,y,)}52 _, is an increasing solution of the system . Then, either o +1 < z; and
a+1 <y orz; <a+1andy; < a+ 1. The first case is trivial and therefore left out. The second case is now
considered. If 1 < @+ 1 and y; < a + 1, then we can assert that the negative semi-cycle containing (x1,y;) has at
most three terms. Assume by contradiction that the negative semi-cycle begining with (z1,y;) involves (x4,y4). Then
from
o () et (2
ry=a+ =) <at+landys=a+(— | <a-+1
Y1 T

imply that ys < y; and z3 < 21 which contradicts the fact that the solution is increasing, so any increasing solution
of system is non-oscillatory positive solution. [

Lemma 2.4. Every solution of system (1.1)) has no infinite negative semi-cycle.
Proof . Assume contradictorily that the system (1.1)) has a solution {(z, yn)}>2 _, that contains an infinite negative

semi-cycle, and assume that this semi-cycle begins with (xn,yx), where N > —2. Then for all n > N, (z,,y,) <
(e +1,a+1). From,

P q
T
xn+1=a+( Un ) <a+1, yn+1:a—|—<"> <a+1l,foralln >N+ 2
Yn—2 Tn—2
we imply vy, < ynp—2 and x, < Tp_2. S0, we have a < ... < Tpio < Ty < Tpo < a+land a < ... < Ypq2 <

Yn < Yn—2 < a+1 for all n > N + 2, which means that {x,}, {y,} have two subsequences {x2,}, {x2,+1} and {yan},
{yan+1} that are decreasing and bounded from below. Hence, there exist a1, as, by, ba such that

lim Ton = aq, lim Ton4+1 = A2,
n—r oo

n— o0
lim yo, = b1, lim yon41 = ba.

So (a1,b1), (ag,bs2) is a periodic solution of period two of system , which contradicts the Lemma unless the
solution is a trivial solution. Therefore, the solution converges to the equilibrium, this will not happen because the
solution moves further and further away from the equilibrium point. Hence, system does not have any solution
that includes infinite negative semi-cycle. [

Lemma 2.5. System (|1.1)) does not have any decreasing non-oscillatory solution.

Proof . Assume that {(z,,yn)}>2 _, is a decreasing non-oscillatory solution of system (I.1)). Then, either
r1>a+landy; >a+1

or
r1<a+landy; <a+1

We now consider the first case. If 1 < a+ 1 and y; < a4+ 1, then we can say that the positive semi-cycle starts with
(21,y1) have at most three terms. Suppose contradictorily that the positive semi-cycle containing (x1,y1) ends with
(24,v4). Then from
() ()
ry=a+ =) >a+landyy=a+|(—| >a+1
W T
imply that y3 > y; and z3 > x1, which contradicts our assumption that the solution is decreasing. In this case, the
solution has an infinite negative semi-cycle which begins latest from (x4, ys).
If the second case occurs, then we have

co<az<a<zi<a+land ...<ys<y<yy <a+1

In both cases, the solution of system (|1.1) has an infinite negative semi-cycle, which contradicts the Lemma
Therefore, system (1.1]) has no decreasing non-oscillatory solution. [

Lemma 2.6. If 0 < p < 1,0 < ¢ < 1, then every semi-cycle of system (1.1)) has at most five terms and every solution
osillates about equilibrium point (Z,7) = (e + 1, + 1).
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Proof . Let {(zn, yn)}S2 _5 be a solution of system (1.1). We now study the case of positive semi-cycle, the case of
negative semi-cycle is similar and is not considered here. Let (2y,, Yn,) be the beginning term in a positive semi-cycle,
and assume that this semi-cycle has five terms. Then,

xn07xno+17xno+27xno+37xno+4 >« + 1

and
Ynos Yno+1s Yno+25 Yno+35 Yno+4 >a+ 1
We have , v v
T L= + yno+3 + yn0+3 — Oé(CY + 1)1) + yn0+3
o Yno+1 (a+1)P (+1)P
(a+1)yp 43 _
T = Peralo D' < s,
q q q q
Tpg+2 Lno+2 ala+1)7+ Lpo+2
= —_— < —
Yno+3 o+ ( g > a+ (a T l)q (a T l)q
(o + 1)2d 4o 3
(o + 1T)LZ =2 o(a+ 1)1 <24,
SO
Tno+a < Yng+3 < Tng+2- (23)
Similarly, we have
Yno+4 < Tng+3 < Yng+2- (2.4)

Now, from (2.3)) and (2.4)), we obtain

p q
T
xn0+5:a+(yno+4) <a+1andyn0+5:a+(no+4> <a+1
yn0+2 xn0+2

S0 a positive semi-cycle has at most five terms. Therefore, we can conclude that every semi-cycle of system (1.1]) has
at most five terms, this also implies that the solution osillates about equilibrium point (z,9) = (e + 1, + 1). O

3 Boundedness and persistence of system ([1.1)

In this section, we will examine the boundedness and persistence of system (1.1]) in the case of @ > 1,0 < p < 1,
and 0 < g < 1.

Theorem 3.1. Assume that & > 1,0 < p < 1, and 0 < ¢ < 1. Then every positive solution of system (|1.1]) is bounded
and persists.

Proof . Assume that {(zn,yn)}o2_5 is a positive solution of the system (1.1). Obviously, from (1.1)) we have

T, Yn > o for all n > 1. (3.1)
By combining (1.1)) and (3.1]), we obtain
P
_ 1 1
Tp =a+ (yn1> <a+ 7yﬁ_1 <a+ —Yn-1,
Yn-3 « (€3
. p ) ) (3.2)
_ n—1 . -
Yn = O+ (xn—s) <a+ aq:vnfl <a+ aqmn,l,
for all n > 4.
Assume that {s,,t,} is a solution of coming system
1 1
Sp =+ —ptn_l, t, = o+ an_l’ for all n > 4, (3.3)
!

such that
S; = Tq, ti :yi,i: 1,2,3. (34)
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By induction we have
Ty < Sp, Yn < tp, for all n > 4. (3.5)

From (3.3]) and (3.4]), we get

1 _ 1 _
Sni2 = —osn+ Pt by = —ratn T oo, n>2, (3.6)

for simplicity, let a = b=a'"P+aand ¢ = a'"?+ a. Then (3.6 turns into

apta’
Snao = aSp + b, thao =at, +¢, n>2, (3.7)
Solve , we obtain
Sonta = xa2a" + 17(1 —a"), Sopts =x3a" + 17(1 —a"), for all n > 0, (3.8)
—a —a
and ¢ c
tonto = y2a" + 17(1 —a"), topts = yza" + 17(1 —a"), for all n > 0. (3.9
—a —a

Then, from (3.1)), (3.5)), (3.8) and (3.9), it follows that for all n > 0, we have

a < Topy2 < x2a" + 17(1 — a”),

(3.10)

a < Tontz < z3a” + T (1—a"),

—a

and .

a < Yapya < yga" + m(l — a"),
c (3.11)
a < Yonts < ysa + 14 a(l —a").

The proof is finished. [

4 Global behavior of system (/1.1)
In the following theorem, the global attractor for system (1.1)) will be established.

Theorem 4.1. If &« > 1, 0 < p < 1, and 0 < ¢ < 1, then every positive solution of system (1.1)) converges to the
equilibrium point (Z,7) = (e + 1,a+ 1) as n — oo.

Proof . Let

[y = liminf z,, Iy = liminf y,,
n—oo n—oo

L, =limsup z,, Lo =limsup y,.
n—oo n—roo

Obviously, 1 <y < Ly and 1 <y < L. From system (1.1)) we indicate that

hrat (L) 2ot brar Lot <ot (4.1)
1 = L2 et LQ’ 2 = le 1= l27 2 > ll‘ .

From (4.1]), we get
l1Ly > aly + s,

(
oLy > aLy +14, (
oLy < als + Lo, (
LiLy <ali+ L. (

From (4.2) and (4.5 imply that
als +1s < aly + L. (46)
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From (4.3) and (4.4) indicate that

OéLl + ll S Ozlg + L2. (47)
From (4.6) and (4.7, we obtain
als+ 1o —alys — Ly < aly + Ly —aly — 1, (48)
which is equivalent to
(a — 1)(L2 — o+ Ly — ll) <0. (49)

Since « — 1 > 0, so we can infer from (4.9) that (Lo — o+ L1 —1;) < 0. But Ly —ly > 0 and Ly —1; > 0, so

(Lo —lo+ Ly —1;) > 0. Hence, Lo —ls =0 and Ly —; =0, s0 Ly =y and L; = [3. Back to (4.2) and (4.4), we get

lh>a+land L1 <a+1,s0 lim =z, =L; =11 = a+ 1. Similarly, we imply lim y, = Ly = Iy = a+ 1. The proof
n—,oo n— oo

is finished. [

Theorem 4.2. Assume that « > 1, 0 < p < 1, and 0 < ¢ < 1, then the unique positive equilibrium (Z,y) =
(a4 1,a+ 1) of system ([1.1)) is locally asymptotically stable.

Proof . Set

Ug) = Tn, UE«?) = Tn—-1, Ugf) = Tn-2, U57,4) = Yn, US)) = Yn—1, U%G) = Yn—2,

U, = (US), ug), uf’), ug), usf), u;6)> ! .

Then the linearized equation of system about the equilibrium point (Z,y) = (o + 1L, + 1) is
Uny1 = AU,,

where

T
1 2 3 4 5 6
Un+1 = (u;—i)-h ugH)-l; ugz-t,)-lv ugL-‘y)-l? u1(1-i)-1v u'SL-‘,)-l)

@)\ ” w®y\* r
=(a+ 2] ,u®u® o+ 22 L u® )
uld) ()

and A is the Jacobian matrix, which is determined by

p p
0 0 0 -
a+1 a+1
1 0 0 0 0
A 2 1 Oq 0 0 0
0 - 0 0 0
a+1 a+1
0 0 0 1 0 0
0 0 0 0 1 0
Let A1, Ag, ..., Ag denote the eigenvalues of matrix A and let
D = diag(dl, d27 N ,dﬁ)
be a diagonal matrix in which
d1:d4:1,d2:d5:172€,d3:d6:1736, (410)

1
with 0 < e < 37 50 det D = (1 — 2¢)(1 — 3¢) > 0. Therefore, D is an invertible matrix. Computing matrix DAD™!
we have

0 0 0 h_p U
y dya+1 de a+1
=2 0 0 0 0 0
d .
1 0 di 0 0 0 0
pt— 2
DAD™! = 4 g A g ; . ;
d1a+1 d30[+1 d
0 0 0 =2 0 0
dy .
0 0 0 0 6 0
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We know that A and DAD~! are two similar matrices so they have the same eigenvalues as DAD~!. Therefore, we

imply
p(DAD™!) = max|\;| < [|[DAD ™| (4.11)
i€{1,...,6}

where p(DAD™!) is a spectral radius of DAD~! and

_ di diy do d3g  q dy dy, ds ds
DAD™Y||o = A . SO Y 412
” H max{()é+1(d4+d6) dl’ dy’ a+1 d1+d3 dy’ dg ( )
From (4.10)), we imply that
d2 d3 d5 d6
— <1, =<1, =<1, — < 1. 4.13
A A S d S ds (4.13)
From (4.12) and (4.13)), in oder to show ||[DAD™ ||, < 1, we only need
p ,di di
—+ —)<1
a+1"dy + dﬁ)
and J J
q 4 4
— 4+ — 1.
o+ 1(d1 dS) =
Now, we consider
p d1 dl P (2 — 36) 2p
—+ =) = 1 4.14
o1 T T ario30) “erna—39 - (4.14)
it follows +1-2
a —<p
< 415
‘S 3B+l (4.15)
Similarly, from
q ,dy  dy
—_— —) <1 4.16
a+1(d1 d3) (4.16)
we imply
a+1—-2q
< 4.17
¢ 3(a+1) (4.17)
From (4.14)-(4.17), we can choose € such that
a+1-2p a+1-2¢q
0<e< , , 4.18
‘ max{ Satl) ’ Batl) } (4.18)
then J J J J
p 1 1 q 4 4
AT L S 4.19
max{a+1(d4+d6) a+1(d1+d3)} ( )

Combining (4.13]) and (4.19]), we have
max |\;| < [[DAD ™| < 1.

It means that all eigenvalues of A are in the unit disk. This indicates that the unique positive equilibrium (z, ) =
(a4 1,a+ 1) of system (|1.1)) is locally asymptotically stable. Thus, the proof is finished. OJ

Connecting Theorem [4.1] and Theorem we get the last theorem in this section.

Theorem 4.3. Assume that @ > 1, 0 < p < 1, and 0 < ¢ < 1. Then the unique positive equilibrium point
(Z,9) = (¢ + 1, + 1) of system (1.1]) is globally asymptotically stable.
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5 Rate of convergence

In this section we give the rate of convergence of a solution that converges to the equilibrium point (Z, §) =
(e +1,a+ 1) of the systems (Ll.1) fora>1,0<p<1,and 0 < ¢ < 1.
The following results provide the convergence rate of solutions for a system of difference equations

Vi1 = [A+ B0)V, (5.1)

where V,, is a k-dimensional vector, A € CF** is a constant matrix, and B : Z+ — CF** is a matrix function
satisfying
|B(n)|| — 0 when n — oo, (5.2)

where ||.|| denotes any matrix norm associated with the vector norm.

Theorem 5.1. (Perron’s Theorem, [9]) Consider system (5.1) and assume that condition (5.2) holds. If V,, is a
solution of system (|5.1)), then either V,, = 0 for all large n, or

p= lim {/[[V,|
n— o0

. Vol
. n+1

p= lim ————

n—oo [Vl

exists and is equal to the modulus of one of the eigenvalues of matrix A.
We now present and prove the main result of this section.

Theorem 5.2. Assume that « > 1,0<p <1,0< ¢ <1, and {(zn,¥yn)} is a solution of the system (L.1)) such that

lim z,, =z, lim y,, = . Then, the error vector
n—oo n—oo

n Tp —T
1 Tp—1—T
€ = 71z—2 _ Tp_2 —T
" 721 Yn — g
a Yn—1—Y
n2 Yn—2 —Y

of every solution of (1.1]) satisfies both of the following asymptotic relations:

ILm YNEnll = | Nidr(Z,7)| for some i € {1, 2,...,6}

or

= |\iJr(Z,y)| for some i € {1, 2,...,6}

where |\; Jr(Z, )| is equal to the modulus of one of the eigenvalues of the Jacobian matrix evaluated at the equilibrium
(,9)-

Proof . In order to find a system satisfied by the error terms, we set
2
Tp41 — T = Z ai(Tn—i —T) + Z bi(Yn—i — T)
i=0 j

2
Ynt1 — Y = Z ci(Tp—; — ) + Z di(Yn—i — T)
=0

=0

Let £& = 2, — Z and &2 = y,, — ¥, then system (5.3) can be written as following form

2 2
1 1 2
Ehp1 =D @by i+ Y bk,
1=0 =0
2

2
2 1 2
n+l — Z Cign—i + Z dl'gn—h
1=0

1=0
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where
ap =a; =az =0,

-1
b= PYn g p, = PYn
0 — D ;U1 — U, 02 — _W
Yn—2 n—2

-1
_ qxf 0ey = 1T
Co = —3 €1 = U, C = — q+1
Tp—2 Tp_2

do = dy = dy = 0.

Taking the limits of a;, b;, ¢; and d; as n — oo for ¢ = 0, 1,2, we obtain

lim a; =0, for i =0,1,2,

)

)

n—oo
lim by = 2, lim by = 0, lim by = —2,
n—oo y n—oo n—oo
lim ¢y = g, lim ¢; =0, lim ¢p = —g,
n—oo T n—oo n—o0 x
limd; =0, fori=0,1,2.
n—oo
That is » »
bO:i+6n, b2:*i+7’na
Y Y
q q
co=—=+0n, 2= —=+1np,
z z

where 8, — 0, 7, = 0,4, — 0 and 5, — 0 as n — co.
Now, we have the following system of the form (5.1)):

Ent1 = [A + B(”)]gna

T
where &, = ( rlwgrlth %7275721’53717572172) and

0 0 P
a+1
1 0 0
o 0 1 0 0
A=Jr(z,9) = ¢, _ 4 0
a+1 a+1
0 0 0 1
0 0 0 0
0 0 0 Bn 0 7
0O 0 O 0O 0 O
0 0 O 0 0 O
Bn)= |5 o m, 0 0 0
0 0 O 0 0 O
0O 0 O 0O 0 O

and
IB(n)|| = 0asn— oo.

Thus, the limiting system of error terms can be written as:

] 0 0 P_ o _
n+1 a+1

& 1 0 0 0
Lol 0 1 0 0 0
1 4 o __4 0 0
52 a+1 a+1

5" 0 0 0 1 0
n-l 0 0 0 0 1

—_— o O oo o

D
a+1

oo O OO

a+1

OO O O o
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The above system is an exactly linearized system of (1.1]) calculated at the equilibrium (Z, §) = (o +1, @+ 1). From

Theorem we deduce the result. O
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6 Examples

To verify our theoretical results, let us look at some interesting numerical examples. These examples perform
different kinds of qualitative behavior of solutions of the system (1.1)). All the graphics in this section are drawn using
MATLAB.

Example 6.1. Consider a = 1.3,p = 0.9,¢ = 0.8 and initial conditions x_5 = 2.6, x_; = 1.8, g = 3, y_2 = 3,
y—1 =5, yo = 1. Then system (1.1)) can be written as

0.9 x 0.8
xm4=13+(y"> ,ym4:L3+( ”) (6.1)
Yn—2 Tn—2

In this case, the unique positive equilibrium (Z, ) = (2.3, 2.3) is globally asymptotically stable (see Figure Theorem

13).

1 . . . . .
] 20 40 60 BO 100 120

n

Figure 1: The plot of system (6.1)).

Example 6.2. Consider « = 2, p = 1, ¢ = 1 and initial conditions z_9 = 2.5, x_1 =6, 20 = 2, y_2 = 4, y_1 = 2,
Yo = 5. Then system (|1.1)) can be written as
Ty

Iy =2+ : (6.2)
Yn—2 Tn—2

Tpt+1 = 2+

In this case, the unique positive equilibrium point (Z, §) = (3, 3) is also globally asymptotically stable (see Figure
Theorem H.3)).

Example 6.3. Consider « = 0.6,p = 0.8,¢ = 1.9 and initial conditions z_s = 1.6, z_; = 2.8, g = 4, y_o = 4,
y—1 = 1.5, yo = 6. Then system (|1.1)) can be written as

y 0.8 x 1.9
Tpy1 = 0.6 + ( = ) s Ynt1 = 0.6+ ( = ) (6.3)
Yn—2 Tn—2

In this system, since a < 1 and ¢ > 1 are not satisfied conditions of Theorem [£.3] so the unique positive equilibrium
point (Z, y) = (1.6,1.6) is not globally asymptotically stable, see Figure

Example 6.4. Consider « = 0.3, p = 1.2, ¢ = 1.5 and initial conditions x_3 =6, z_1 =8, xg =3, y_2 =3, y_1 = 5,
yo = 1. Then system (|1.1)) can be written as

y 1.2 z 1.5

Yn—2 Tp—2
In this case, the conditions for a, p and ¢ in Theorem are not satisfied, so the unique positive equilibrium point
(z, y) = (1.3,1.3) is not globally asymptotically stable, see Figure
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o 20 40 60 80 100 120
n

Figure 2: The plot of system (6.2)

Figure 3: The plot of system (6.3)

350
—x
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