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Abstract

One of the generalizations that were studied from metric space was multiplicative metric space. The main idea was
that the usual triangular inequality was replaced by a multiplicative triangle inequality. The important thing is that
logarithm of every multiplicative metric is a metric. In this paper, we introduce multiplicative norm space and present
three norms in bounded multiplicative operator spaces and we investigate conditions that bounded multiplicative
operator spaces be complete norm multiplicative spaces. It is notable that the logarithm of every multiplicative norm
is not a norm and so we have new results in multiplicative norm spaces. We give an important extension of the
Hahn-Banach theorem to nonlinear operators and their ramifications and indicate some applications.
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1 Introduction

In Bashirov et al. initiated a new kind of spaces, called multiplicative metric spaces[d]. By defining multiplicative
distance they provided the foundation for multiplicative metric spaces and many authors give theoretical concepts and
applicable results about this subject; we refer the reader to [Il [10].

But until now, the authors of the results in a norm space did not extend to the results of a multiplicative norm
space. Of course, Grossman and Katz [8] established a new calculus called multiplicative calculus also termed as
exponential calculus in 1970. Florack and Assen [6] used the idea of multiplicative calculus in biomedical image
analysis. Bashirov et al.[2] demonstrated the efficiency of multiplicative calculus over the Newtonian calculus. They
elaborated that multiplicative calculus is more effective than Newtonian calculus for modeling various problems from
different fields. Bashirov and Bashirova [3] used the concept of multiplicative calculus for deriving function that shows
dynamics of literary text. The aim of this work is to introduce multiplicative space and normed multiplicative space
that we consider in the second section. Also, we present three norm in the bounded multiplicative operator space
M(A, B) for a pair (A, B) of normed multiplicative spaces and we investigate, in what conditions, M(A, B) will be a
complete space. In the third section, we will give an important extension of the Hahn Banach theorem to nonlinear
operators and its ramifications and indicate some applications.

In the following we start by definition of multiplicative spaces and normed multiplicative spaces.
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Definition 1.1. A multiplicative space over a field F is a nonempty set M of elements x, v, ... together two algebraic
operations. These operations are called multiplication and multiplicative of scalars. We denote the multiplicative
operator by o : M x M — M, which associates to any pair x oy of M, we call multiply of = by y, multiplicative
operator associates to any ordered pair (z,y) of M x M, an element oy in M in such a way that, called the multiply
of x to y, such that the following properties hold. The multiplicative operator is commutative and associative, that
is, for all elements z,y, z € M we have

(a) 2oy =you,

(b) xo(yoz)=(xoy)oz
Furthermore, there exists an element 1 € M, called the unit element, such that for any nonzero element z € M
there exists an element £~ !, such that for all x € M we have

(¢c) zol=ux,

(d) zo(x~t) =1.
multiplicative of scalar associates to any z € M and a scalar o € F, an element z® in M. For all elements
x,y € M and scalars a, 8 € F, we have

(e) (z%)f =P,
2! =z, and 20 =1,
and the distributive laws

—
)
=

(8) (xoy)* =20y,

(h) 20T = 2% 0 28,

A multiplicative combination of x1, ..., z,, of a multiplicative space M is an expression of the form

Am

[e5] a2
x{t oxg?o--oxpm,

where the multiplicative aq, ..., a,, are any scalars. Let M be a multiplicative space. The properties of multiplicative
operator and multiplicative of scalars on M x M imply the following statements.

(a) fz,y,z € Mand x oy =z 0z then y = z.
(
1

)
b) If x,y € M and z oy = x then y = 1.
(c) fz,ye Mand zoy =1 then y =z~ .
)

(d) If z € M then (z71)~! = a.

A multiplicative subspace of a multiplicative space A is a subset B of A that is a multiplicative space under the
operations obtained by restricting those of A to B. In other words, if 1 € B and for all y;,y2 € B and o, € F, we
a B
have y{', y5 € B.

We define x-norm on a multiplicative space that plays a key role in the main results.
Definition 1.2. Let M be a multiplicative space. A mapping .5 : M — [1,00) is said to be x-norm if
(i) tzh=1< z=1, z € M,
(ii) pzh = hafle!, 2 € M, a €R,
(ili) gooyh < balh by, z,y € M,

the ordered pair (M, f.5) is called a x-normed multiplicative space.

Remark 1.1. The important thing is that logarithm of every multiplicative metric is a metric, but logarithm of every
multiplicative norm is not a norm. Therefore results in the multiplicative metric space are similar to metric space,
but we have new results in multiplicative norm spaces. Namely in R if ||z|| = loghzt, then ||zy| < ||z|| + ||y]|-

In the following we give some examples of multiplicative metric space that are not multiplicative norm space
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Example 1.3. Let x be a multiplicative space and o # 1. A function p, on M x M is defined by

(2.9) 1 if z=y,
o\, = .
P Y o} if  xF#y.

Then it is obvious that (M, p,) is a multiplicative metric space that is not a multiplicative norm space.

Example 1.4. [2] Let d* : R} x R} — R be defined as follows

e E Y A
d*(z,y) = |22 2] 22
Y1 Y2 Yn
where x = (z1, , %), ¥y = (Y1, -+ ,yn) € R and |.|" : RT — RT is defined as follows
. a if a>1,
a* =141
la - if a<l
a

Then it is obvious that(R;", d*) is a multiplicative metric space. On the other hand since R;! is not a multiplicative
space hence R} is not a multiplicative norm space.

Definition 1.5. Let M be a *-normed multiplicative space. A sequence (z,) € M is said to be *-convergent to
x € M if for all € > 0 there is N € N such that for n > N we have fx,z7'f < 1 + ¢, hence bz, 27 — 1 as n — oo
and it denoted by x,, — . On the other hand, a sequence (z,,) C M is said to be x-Cauchy sequence in the x-normed
multiplicative space M, if for all € > 0 there is N € N such that for n,m > N we have fz,7,,'1 < 1 + ¢, hence
Bt — 1 as n,m — oo. Also, a x»-normed multiplicative space is said to be complete x-normed multiplicative space
(CNM space) if every x-Cauchy sequence is a x-convergent sequence.

In the following we give an example of x-normed multiplicative space.

Example 1.6. The set (0,00) is a x-normed multiplicative space that is a CNM space. Because, Suppose (a,) is a
Cauchy sequence in (0, 00), i.e.

Ve>0 dNeN; Vm,n> N, an(am)*1<ee.

Therefore,
2%

In(a,(a,)""') =1In ( ) = In(a,) — In(am) < e

Qm
Since R has been a complete space, there exist a > 1, such that
In(a,) —In(a) <,

and so a
In (—") <e = apal<e.
a

Thus (0, 00) is a x-normed multiplicative space that is a CNM space.

Definition 1.7. Let A and B be two multiplicative spaces. The operator ® : A — B is a multiplicative operator if

®(z°y’) = ®(2)*®(y)’, Vz,y € Aa,BER.

Let A and B be two x-normed multiplicative space with x-norms f.f 4, .z respectively on A and B. Let
M(A,B) ={®: A— B| ® is a bounded multiplicative operator} ,

and

A* = M(ARY).

In the following we give an example that it give a relation between a Banach algebra and a CNM space.
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Example 1.8. Let A be a Banach algebra. Then inv(A) is a CNM space.

Proof . Suppose X = inv(A). Put

We show that

seyn < grg fyy, Yo,y € X.

The proof is in three parts: (i) Let z,y € Bx. Then a2y € Bx and so

ICzy) =l = lly ==~

ly= ==
hays.

hryh

IN

(i) Let x € Bx and y ¢ Bx. Then, if 2y € Bx, hence we have

= al

I(zy) ly~'z
Iyl
hzh

nabgyt,

hryh
!

INIACIA

else, if zy ¢ Bx, hence we have

[yl
/Iyl
1yh
hrihyh.

hryh

IN A CIA

(#t) Let x,y ¢ Bx. Then zy ¢ Bx and so

qeyh = [leyll
(vl
nehgys-

IN

Therefore (inv(A),f.h) is a x-normed multiplicative space. O
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We show that the space M (A, B) is a x-normed multiplicative space. Hence, in the following we define three norm

on M(A, B).
Example 1.9. We define a x-norm on M(A, B) as follows

1P = sup {h@xhﬁ} ,

If @ = 1rq(4,8), it follows that ®x =1 € B for all x € A and so §®xf = 1 which implies

gdhy = sup h@xhﬁ =1
zeA

If hPb; = 1, it follows that §Pay = 1, for all € A(since Pzl > 1). As f.f is a »-norm, so = = 1 for all z € A,

that is ® = 1,4(4,8). For a € R and ® € M(A, B), we consider,

D (f) = (Df), forall feA, for all

a € R.
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Since for a € R, ®*z = (®x)® and §(Pz)*f = §(Pz)yl*! and so
10, = sup bz
zeA
Lo

= sup (§Paly) ==
zeA

||
= (Sup h@mhhzlh>
z€A
= pos)”,
Therefore, (ii) of Definition [1.2] is satisfied. For condition (iii) of Definition let @, ¥ € M(A,B)

DU, = sup [P TahEE < jdh hUh;.
zeA

The last inequality follows by &Pt < §PgyWh. In this example, we prove that .h; on M(A, B) is a *-norm.
Example 1.10. On M (A, B), we define a x-norm as follows
E Py = 21613 {uth—hwh : forall T € M(A,B)}.
As in the previous example, it proves that §®hy is a x-norm on M (A, B).

For f§®t5, we have
_1
ndxh < §dp, =, for all z € A.

Since
1®hy = sup {fPah 0 z€ M(AR)},
we have
gdxy 8 < ydyy,  forall z € A,
and so

_1
h®zh < o, .
In the following we present an example that is suitable for the extension of the Hahn-Banach theorem

Example 1.11. We define a x-norm on M(A, B), as follows

hdPhs = oup{ AR a1, zeA}

Clearly, condition (i) of Definition is satisfied. For condition (ii),

In hd%axh .
su : x#l, IGA}
ey = el e

sup{%: z#1, CE€.A}
=€

Inhoz
sup{ |°’\lnr‘hihﬂ"h: Tr#1, zE.A}

=€
[ el |
_ GbuP{ Tngag  TFL weA})

o,
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Finally the triangle inequality follows by

1D, = P MR ¢ a7l vea}
In bz

< esup{w T x#£l, xGA}

1 b h+1 z
_ esup{w a1, z€A}

Tn hah

< SWPUTRRE  ##1, € M(AR) Hsup{ R « o1, zeA}

_ esup{ l?nh;;rhh s £l IEM(A,R)}.esup{l?nn;;ﬁh s x#l, ze A}

= 1®y3.001s.

For §®hs, we have 1dzf < §dgy’ W forallz 1, v € Aand T € M(A, B). Since

hq)h3 _ esup{%: T#1, IEA}7

it follows that In 3 = sup{l?nhﬁc“;h o x#£l, xeE .A}, and so, forallz #1, z € A

In Py
In by

< In h@hg

Therefore
In 1Py < In Py 274,

2 Main Results

We investigate, in what conditions, M (A, B) will be a CNM space? This is a central question, which is answered
in the following theorem.

Theorem 2.1. If B is a CNM space, then M(A, B) is a CNM space with respect to f.43.

Proof . Let (®,,) be a x-Cauchy sequence in M (A, B). So we have
Ve>1, INeEN, Vmn>N, 1P,(P,,) s < e

Which implies that

I R Sk SRS a;EA}
: ;

h‘bn(q’m)_lhz), _ esup{ ngzg <€,

and so

S {ln 1Py (D)t

In 72t J;;«él,xeA}<e,

and we have
Ing®,2(®,,r) "1t

In hzh

<e forall z#1, xe€ A

Fixed = € A, we have

Inf®,2(P,,z) "'y < ¢,
10,2 (Pr) M < €.
So (®,,) is a x-Cauchy sequence in B. As B is a CNM space, there is &z € B such that &,z — Px. We define

be MAB)asT: A— Bforz € A Pz is the limit of the sequence (®,z), that is, ,z — Pzx. Since (P,) is a
*-Cauchy sequence in M(A, B), we have

Ve>1, INEN, Vm,n>N, §8,(P,) 't3<e,
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which implies that for all x € M(A,R)

hq)nx(Qmm)_lh < h(I)n((I)m)_lhgn bt < elnhfh.

Let m — oo, we have for all x 21, . € A
1P, x(Px) "ty < il

and so
Inf®,2(Px) "' < Infzqlne,

which implies
In @,z (Px)~1h

In o2t <lIne.

The supremum being taken over all z € A, and so

sup{W: x # 1, xGA}<1ne,

therefore,

71']“}“%(@@)71“: T#£1 CEG.A}

10,03 = ] <e

It follows that ®,, — ® in M (A, B). This shows that M(A, B) is a CNM space. O
Theorem 2.2. If B is a CNM space, then M(A, B) is a CNM space with respect to ..

Proof . Let (®,) be a x-Cauchy sequence in M (A, B). So we have

Ve>1, INeEN, Vm,n>N, 1P,(P,,) ' < e

Which follows that
sup {§®,2(P,2) 1T 2 € M(AR)} <e,

and so for any x € A, we have
1P, x(Pppz) LT < e

Thus for fixed = € A, we have
10, 2(Pr) M < €.

That is, {®,z} is a »-Cauchy sequence in B, since B is a CNM space, there exists ®x € B such that &,z — Px.
Which implies that for all z € A we have

1P (Bpz) L < 4P, (P) "y T < @ EeE,

Let m — oo, we have for all z € A
10, 2(Pa) "1 < e wE,

and so
1P,z (Px) LR < et

The supremum being taken over all x € A, and so

1P, &1y = sup {h@nx(éx)_lh_hm i ze A} <e

It follows that ®,, — ® in M(A, B). This shows that M (A, B) is CNM. O
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3 Applications in the Hahn Bananch theorem

Suppose that M and Q are multiplicative spaces and M is a multiplicative subspace of P. It is important to know
whether a bounded multiplicative operator from M into Q can be extended to a bounded multiplicative operator
of M into Q. When this is possible, it can also be important to know whether it can be done without increasing
the multiplicative x-normed of the multiplicative operator. When Q is a CNM space and M is dense in M, there is
nothing to do. We obtain the following theorem for b.hs.

Theorem 3.1. Let M be a dense subspace of a multiplicative space M, and Q be a CNM space, and that &g : M — Q
is a bounded multiplicative operator. Then there is a unique extension bounded multiplicative operator ® : M — Q
that ® |M: (I)O and h@u = hq)()u

Proof . Let x € M be arbitrary. Since M is a dense subspace of M, there is a sequence (z,,) in M which converges
to z. So (z,) is a x-Cauchy sequence in M. As we have

n :cnr71
1o (Pom) 1 < BPoly

thus (®ox,,) is a x-Cauchy sequence in Q, since Q is a CNM space, the sequence (Pox,) is a x-convergent sequence
in Q. We define the operator ® : M — Q as follows, for any x € M, there exists a sequence (x,) in M such that
(zn,) is *-converge to z, we define ®x = lim,_, Pox, which is a x-convergent sequence in Q. Now we show that &
is a well defined. Let (y,) and (x,) be two x-convergent sequence in M, such that lim, . €, = lim,_cc Yn, which
implies that lim,, oo Poz, = limy, o0 PoYn.

For any © € M, we consider the constant sequence (z,) with for each n € N, z,, = z. So we have ®z =
lim,, o0 Pox,, = Pox, that is & and Py equals on M.

Let @ € R, and (z,) and (y,) be two convergent sequences in M, which is x-converging to = and y respectively,
then 8y, — %y, which follows that
O(z%) = lim Po(zhyn),

n—roo

= g, Po(an)® lizg Bolun),

O(z)" @ (y)-

That is ® : M — Q is a multiplicative operator. For a sequence (x,) in M, and x € M, as x,, — x implies
Oz = lim,, oo Pox, and so §Pxh = lim, o 1Pox,l, and M is dense in M, we have

Kbl = P %7 T#1, wEM}’

In @
_ 6sup{ nhblhg;h’ T#1, IEM},

= 1 Poli3.

Since ®( is bounded and §®hs = hPohs, it follows that ® is a bounded multiplicative operator. The uniqueness of
® obtained straight. [J

The main purpose of this section is to show that a bounded multiplicative functions on a multiplicative subspace
of a multiplicative space can always be extended to a bounded multiplicative functional on the entire multiplicative
space without increasing its multiplicative x-normed. The plan is to prove this for real multiplicative spaces. In this
manner we need some preliminary result about real multiplicative functionals on multiplicative spaces.

Definition 3.1. Let p be a real valued function on a multiplicative space M. Then p is called multiplicative positive
homogeneous if p(z') = p(z)t for ¢ > 0 and x € M, and is called multiplicative subproduct if p(zy) < p(x)p(y)
whenever x,y € M. If p has both properties, then it is said to be a submultiplicative functional.

In the following we give an important extension of the Hahn Banach theorem to nonlinear functionals.

Theorem 3.2. Suppose that p : M — [0, 00) is a submultiplicative functional on a multiplicative space M and that
fo: @ —[0,00) is a multiplicative functional on a multiplicative subspace Q of M such that fo(y) < p(y) for y € Q.

Then there is a multiplicative functional f on M such that the restriction of f to Q is fy and f(z) < p(x) whenever
xr e M.
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Proof . First we show that if @ # M, then there is a multiplicative extension f; of fy to a multiplicative subspace of
M larger than Q such that f; is still dominated by x on this subspace. Let 21 € M\ Q and Q; = (Q U {z1}), where
{z}) ={2*: zeM,aecR}, a multiplicative subspace of M that properly includes Q. Notice that if yz! = y'z}
where y,y' € Q and ¢,t' € R, then xﬁxft =zl - =9y '€ Q, and sot =t and y = '. Thus, each member of Q;
has unique representation in the form yz!, where y € Q and t € R. Whenever y;,y2 € Q, since fg is a multiplicative
functional, we have

Jo(y1) fo(y2) = fo(yrye),
< pyray ' w1ys),
< pyrzy p(z1y2).

and so

-1 -1

So)p(rar ) ™" < plarys) fo(yz)

It follows that
sup{ fo(y)p(yzy ")~ 1y € Q} < inf{p(z1y) fo(y) " 1y € Q},

so there is a real number t1 such that
sup{fo(y)p(yz1 ") ' 1y € QF <t <inf{p(z1y)foly) ' :y € Q)

Let f1(yx!) = fo(y)t} for each y € Q and t € R. We show that f; is a multiplicative functional on Q;. Let y,y' € Q
and t,t’ € R. We have
Aillyz))*(y'af)) = fuly*y @),
fO( )tta+t
= (folw))* foW)tie e},
= (fo)t)* oy},
= (A(at)*A).

For y € Q, we have f1(y) = fi1(yx°) = fo(y)®Y = fo(y), that is restriction of f; on Q agrees fo. It follows from the
definition of ¢; that for any y € Q and any positive ¢, we have

Filyzt) = fo)th = (foly™)tr)",

and

that is, for x € Q1, we have f1(x) < p(x). Now, Let F be the collection of all multiplicative functionals g : Q" — R,
where Q' is a multiplicative subspace of M that includes Q and the restriction of g |g= fo and g is dominated by x on
Q’. We define a partial ordering < on F by declaring that for g1, g2 € F, we have g1 < g2, whenever Dom ¢g; C Dom g
and go restricted to Dom g; agrees g;.

Each nonempty chain C in F has an upper bound in F. Consider the multiplicative functional f with domain D
is equal to union of the domains of the members in chain C, and for all t € Dy, f(t) agrees with evrey member of
chain C that is defined at ¢t. By Zorn’s lemma, F has a maximal element fy. We must have Dom fy = M, because if
Dom fy # M, we apply the first part and get h in F such that fy < h but fy # h, which contradict the maximality
of fo. 00 We obtain the following theorem for f.h3.
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Theorem 3.3. Let Q be a multiplicative subspace of a multiplicative x-normed space M and ® : @ — [0,00) be a
bounded multiplicative functional on Q. Then ®( can be extended to a bounded multiplicative functional 7" defined
on M with the same x-norm, i.e. §&f = §Pof.

Proof . Let p(z) = ™ f®obn&24 for any 2 € M. For t > 0 and z,y € M, we have
p(.’l?t) _ elnh@ghlnhwth — elnh@ghlnhwht _ etlnhtbohlnhwh :p(x)t,

and
play) = eln %ol Inbzyl eln ot In(hzbyl) — JInhPol(ln bzh+Inhyh) _ p(z)p(y).

Thus p is a submultiplicative functional on M. On the other hand, by definition f.53, we have

hdol = esup{lnlrllqn)g;l’ e, au;él}7
and so
In |®gx|
e s <fdoy, forallze Q, x#1,
In|®gx|

< InhPoh, forallz € Q, x #1,
In hzh

In |®pz| < lnfPofln fah, forallz € Q, x # 1,

which follows that
Doz = |Pox| < e APorInGTE — () forallz € Q, = # 1.

That is, ®ox < p(z) for all x € Q. By Theorem and its proof, there is a real positive extension T' of ®( defined on
M such that for all z € M,
Pz < p(z),

and so for all x € M, we have
|®!L‘| < elnh@ghlnhxh’

and so for all x € M with x # 1, we have
In |Dzx|

In by

< IngPoy,

which implies
In |z,

b(bh _ esup{IH‘W. TEM, m#l} < hq’Oh
Also, we have

In @] . n|®x|

h(I)h _ 6sup{m. TEM, 7;751} > 6sup{m. z€Q, I#l}

In @z
_ esup{ lirl‘ngglz r€Q, a:;él}

= §Pof.
Therefore it implies that §®h = §Ppl. Since @ is bounded and §Pf = 4Py, it follows the boundedness of T. [J

Theorem 3.4. Let Q be a closed subspace of a multiplicative normed space A. Suppose that z € A\ Q. Then there
is a f € A* such that ify = e, f(z) = d(z, Q), and f|g = {1}.

Proof . Let fo(yz®) = d(x, Q)* for each y in Q and each scalar «. Then fy a multiplicative functional on Q(span{z}),

)
such that fo(z) = d(z, Q) and fo(y) = 1 for each y in Q. Whenever y € Q and « # 0, | fo(y)] < hybs, and so,
In| fo(y)] <Intyls. Then we have

8o fo is bounded and ffohs < e. Also, we have

elnhmyflhlnhfohs > Lfo(xy_l)J = d(l’, Q)
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We get the infinite on the left. As a result

elnd(z,Q) Infifolls > d(z, Q),

and so,

Ind(z, Q) Intfons > d(z, Q).

Since, Inffolis > 1, it follows that ffolis > e, and so ffolis = e. To finish, let f be any extension of f; to A by

Theorem O

Some of the immediate consequences of Theorem are as follows:

Corollary 3.5. Let x be a nonzero element of a multiplicative normed space A. Then there exists f € A* such that

f(z) = bzl and 4f3 = e.

Corollary 3.6. If x is a nonzero element of a multiplicative normed space A, then there is a f € A* such that

0f1s = e and f(x) = gat.

Corollary 3.7. If x and y are different elements of a multiplicative normed space A, then there is a f € A* such that

f(x) # f(y).

Definition 3.2. A subset Q of a multiplicative space A is said to be multiplicative convex or x-convex if y*z(1=" € Q
whenever y,z € Q and 0 < t < 1.

Definition 3.3. A CMN space A is said to be strictly convex if

el = e byl = e with z #y = "My < e for all X € (0,1).

For example RT with norm bzl defined by

8=

O0<z<1

hal =

is strictly convex.

Proposition 3.8. Let A be a strictly convex CMN space and Q a nonempty convex subset of A. Then there is at
most one point x in Q such that fzf = inf{zf : 2 € Q}.

Proof . Suppose, there exist two points z,y € Q, x # y such that
bzl = hyh = inf{hz : 2z € Q} = d(say).
If t € (0,1), then by strict convexity of A we have that
gyt < d,
which is a contradiction, as z(!="y* € Q by the convexity of Q. [
Theorem 3.9. Let A be a multiplicative norm space. Then the following are equivalent:

(i) A is strictly convex.

(ii) For each f € A*\ {1}, there exists at most one point z in A such that fzy = e and f(z) = §fbs.
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Proof . (i) = (i7). Let A be a strictly convex CNM space and f an element in A*. Suppose there exist two distinct
points z, y in A with faf = iy = e such that f(x) = f(y) =tfhs. If t € (0,1), then

2fis = F@)' F@)"Y (asf(w) = f(y) = bfts)
= flaty" ")
< b fhshaty
< bfts,
which is a contradiction. Therefore, there exists at most one point  in A4 with faff = e such that f(x) = §f8s.

(ii) = (i). Suppose haf] = e and fy = e with x # y such that §(zy)25 = e. By Corollary there exists a functional
f € A* such that

[N

ifta=e  and  f((ay)?) =4(zy)5
Because f(z) < eand f(y) < e, we have f(x) = f(y). This implies, by hypothesis, that x = y. Therefore, (b) = (a)
is proved. [

Theorem 3.10. Let A be a strictly convex multiplicative norm space. If fxyl = fxfyh for 1 # z € A and y € A,
then there exists ¢ > 0 such that y = zt.

Proof . Let z,y € A\{1} be such that tzyh = hzigys. From Corollary there exists f € A* such that
flzy) =tzyy  and  fffz =e.

Because f(z) < gz and f(y) < fyh, we must have f(z) = fzff and f(y) = hyh. This means that e nEf1) — ¢
and since ffli3 = e, we have faf = e. Similarly fyi = e. Therefore by strict convexity of A, it follows from Theorem
B:9], result holds. OJ
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