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Abstract

In this paper, we introduce some differential subordinations and superordinations results for a subclass of analytic
univalent functions in the open unit disk U using the Darus-Faisal operator GY*(o, 6, 7). Also, we study some sandwich
theorems.
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1 Introduction

Let B = B(U) the class of all functions that are analytic in U, where U = {z € C : |z| < 1} is the open unit disk.
Let Bla,n] be a subclass of the functions f € B, which is given by

f(2)=a+apnz" +ans 12" 4 ..., (a€C).

We also assume A C B, where A is said to be subclass of analytic and univalent functions in U, of the form:
fR) =2+ anz", (z€U). (1.1)
n=2

Now, we suppose that f and g € A, so that the function f is said to be subordinate to function g, or the function g
is said to be superordinate to f, if there exists a Schwarz function w such that f(z) = g(w(z)), where w(z) is analytic
function in U with w(0) = 0 and |w(2)| < 1, z € U, then one can say that f < g or f(z) < g(2)(z € U) [13]. In
addition, if ¢ is univalent in U, then f < g if and only if f(0) = ¢g(0) and f(U) C ¢(U) [13| 17, [I§].

Definition 1.1. [I7] Let 0 : C3 x U — C and let h(z) be univalent in U. If p(z) is analytic function in U and fulfills
the second-order differential subordination:

D(p(2), 2p(2), 2°p" (2); 2) < h(2) (1.2)
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then p(z) is said to be a solution of the differential subordination (1.2]), and the univalent function ¢(z) say it a
dominant of the solution of the differential subordination (1.2]), or more simply dominant, if p(z) < ¢(z) for each p(z)

satisfying (1.2)). A dominant function §(z) that satisfies §(z) < ¢(z) for each dominant ¢(z) of (1.2} is called the best
dominant of (|1.2)).

Definition 1.2. [I8] Let p,h € A and O(r,s,t;2) : C3 x U — C. If p and 0(p(2), 2p'(2), 2%p" (2); 2) are univalent
functions in U and if p satisfies the second-order differential subordination:

h(z) < 0(p(2), 2p'(2), 2°p" (2); 2) (1.3)

then p is said to be a differential superordination solution, (1.3). An analytic function ¢(z), which is known a subordinat
of the solutions of the differential superordination (|1.3)), or more simply a subordinant if p < ¢ for each the functions
p satisfying ((1.3). If ¢ is univalent subordinant and that satisfy g < ¢ for each the subordinats g of (1.3)), then is the
best subordinat.

Many authors [11, 2, [ 10} 17, 20, 2I] obtained the necessary and sufficient conditions on the functions h,p and
whereby the following implication is true

h(z) < 0(p(2), 2 (2), 2°p" (2); 2),
then
qa(z) < p(z) (1.4)

Using results of other authors (see [4, 5] [6], [7, [TT], 12| 15} [T6], 18] 19}, 22]) to obtain sufficient conditions for normalized
analytic functions to satisfy:
2f'(2)

f(z)
where ¢; and g are given univalent functions in U and ¢; (0) = ¢2(0) = 1. Also a number of authors look [2, [, 6] [7], [8] [9]

they found some differential subordination and superordination results and sandwich theorems. For f € A, Darus and
Faisal [I4] introduced the following differential operator:

G007 f(2) = (2 (15)
GG = "I s + [T e
G?\(Uv 9, T)f(z) = G(G%\(‘L 9, T)f(z))

qi(z) < < q2(2)

GT(U’ 6a7)f(z) = G(G;\lil(av 9, T)f<z))

If f is given (1.5)), then from (??), it can obtained

- - o+ (T +NE-1)+61"
Gmmaﬂﬂw—z+;;[ gt an, (16)
where f € A;0,0, 7,A>0; 0+ 6 #0; n € Ny. From , we note that
m ;| TEA s B o+6—A—-7| .
AGR a0 = [P s i) - [T A G o) (1)

The main object of the present investigation is to find sufficient conditions for certain normalized analytic function
f to satisfy:
T
GY'(a, 9, T)f(Z)]

z

= Q2(’z)7

q1(z) < {

and
T

Gy (0,4, T)f(Z)]
q1(z) < [ o < q2(2),
G (0,6, 7)f(2)
where ¢; and ¢y are given univalent functions in U with ¢;(0) = ¢2(0) = 1. In this paper, we derive some sandwich
theorems, involving the operator G¥' (o, 6, 7) f(2).
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2 Preliminaries

We need the following definitions and lemmas to prove our results.

Definition 2.1. [I7] Denote by Q the set of all functions ¢ that are analytic and injective on U\E(q), where U =
U U {z € U}, therefore
E(q)={e€dU: liin q(z) = oo}

and are such that ¢'(¢) # 0 for € € QU\E(q). Further, let the subclass of @ for which ¢(0) = a be denoted by Q(a),
and Q(0) = Qo,Q(1) = Q1 ={q € Q: q(0) = 1}.

Lemma 2.2. [I§] Let g be a convex univalent function in U and let o € C, 8 € C\{0} with
> (3)y
Re< 1+ >maxs 0,—Re | — .
{ q'(2) B

ap(z) + Bzp'(2) < aq(z) + Bzd (2), (2.1)
then p < ¢ and ¢ is the best dominant of (2.1)).

If p is analytic in U and

Lemma 2.3. [5] Let ¢ be univalent in the unit disk U and let 6 and ¢ be analytic in a domain D containing ¢(U)
with ¢(w) # 0, when w € q(U). Set Q(z) = z¢'(2)¢(q(2)) and h(z) = 0(q(z)) + Q(z). Suppose that

e ()(z) is starlike univalent in U,

. Re{zg((j))} >0 for z € U.

If p is analytic in U, with p(0) = ¢(0),p(U) C D and
0(p(2)) + 2p'(2)¢(p(2)) < 0(q(2)) + 24 (2)p(a(2)), (2.2)

then p < ¢ and ¢ is the best dominant of (2.2)).

Lemma 2.4. [I8] Let ¢ be a convex univalent in U and let 8 € C, that Re(8) > 0. If p € Bg(0),1] N @ and
p(z) + B2p'(2) is univalent in U, then
q(2) + B2q'(2) < p(2) + Bzp'(2), (2.3)

which implies that ¢ < p and ¢ is the best subordinant of (2.3]).

Lemma 2.5. [I3] Let g be a convex univalent function in the unit disk U and let § and ¢ be analytic in a domain D
containing ¢(U). Suppose that

0 (a(2)
o Re{GlNL > 0forzeU.

e (2) = 2q¢'(2)p(q(2)) is starlike univalent in U.
If p € Blg(0),1] N Q, with p(U) C D,0(p(2)) + 2p'(2)d(p(z)) is univalent in U and

0(q(2)) + 24’ (2)p(a(2)) < 0(p(2)) + 20/ (2)(p(2)), (2.4)
then ¢ < p and ¢ is the best subordinant of (2.4)).
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3 Differential Subordination Results

Here, we introduce some differential subordination results by using the Darus-Faisal operator.

Theorem 3.1. Let ¢ be convex univalent function in U with ¢(0) = 1,0 # ¢ € C\{0},7 > 0 and suppose that ¢

satisfies: ")
2q" (z ~
refi4 ZE > e {o.-pe (2)) (3.1)
If f € A satisfies the subordination condition:
T+ [GY (0,6, 7)f(2)]7 (G (0,6,7)f(2) B Gy (0,6, 7)f(2)]” €
) [ apeanic )T - DA
then C 5 y
Yo,0,7)f(z
[ BLDID g1, (33
and g is the best dominant of (3.2)).
Proof . Define the function p by
G (o,6,7)f(2)]”
p(2) = [*( - 2 )} : (3.4)

then the function p(z) is analytic in U and p(0) = 1, therefore, differentiating (3.4) with respect to z and using the
identity (|1.7) in the resulting equation, we obtain

w7 aeanna 09
Hence,
o =] (G )]
Therefore,

[ ] (G )]

The subordination (3.2]) from the hypothesis becomes
€ €
p(z) + ;zp’(Z) < q(2) + ;ZQ'(Z)

An application of lemma with # = £ and o =1, we obtain 13.3). O

Putting ¢(z) = (}fz) in Theorem [3.1f we obtain the following corollary:

Corollary 3.2. Let 0 # e € C\{0},v > 0 and

Re{1+ 12_ZZ} > max{O,—Re (g)}

If f € A satisfies the subordination condition:

[TH} {GT(J,é,T)f(z)]’Y <GT+1(0,5,T)f(z) B 1) N [G;n(o,a,T)f(z)]v . (1 -2 +2iz> |

o446 z GV (0,0,7)f(2) z (1-2)2

then

|:GT(J,§,T)f(Z):|’Y - (1 +z>

z 1—z

and q(z) = (ﬁi) is the best dominant.
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Theorem 3.3. Let g be a convex univalent function in U with ¢(0) = 1,¢'(z) # 0(z € U) and assume that ¢ satisfies:

m m—1 o 4()  d"(?)
Re<1+ —(q(z)™ + gz)m -z +z >0, 3.6
{14 2y + P e - T T (36)
where m € C,e € C\{0} and z € U. Suppose that z(f;((zz)) is starlike univalent in U. If f € A satisfies:
: mo1 _ 4()
(v, 70,0, k,mi 2) < (1+4(2))q(2)" " +ez ) (3.7)

where,

GT (0,5, 7) f(z)] L {GT*;(U, 5,7)f(2) ] v(m=1)
GV (0,9,7)f(2) GV (0,0,7)f(2)
THA] (GR (0,6, 7)f(2)  GRT(0,6,7)f(2)
+ L+6] (GTH(a,a,T)f(z) G (0,6,7)f(2) > (3.8)

U(y,7,0,\,0,k,m,e;2) = [

then

[GT“(U» 5,7)f(2)

GKL(O', 5’ T)f(Z) :l = Q(z)v (39)

and ¢ is the best dominant of (3.9).

Proof . Define the function p by

p(2) = [GT“w, 5, r)f(z)}”
GY'(0,0,7)f(2) |~
then the function p(z) is analytic in U and p(0) = 1, differentiating (3.10)) with respect to z and using the identity

(L.7), we get,

(3.10)

75 - [0 (Gt - S

By setting
O(w) = (1 +w)w™ ' and p(w) = E, w # 0.
w

We see that 6(w) is analytic in C and ¢(w) is analytic in C\{0} and that ¢(w) # 0,w € C\{0}. Also, we get

= Z ! z z — Zq/(Z)
Q(2) = 2q'(2)d(q(2)) = € ER
and |
) = 0(0(:) + Q) = (1 -+ a(:))a()™ ! 2T,

It is clear that Q(z) is starlike univalent in U, we have

Re{zg((j))} = Re {1 + g(q(z))m A e S A GO un(z)} > 0.

By a straightforward computation, we obtain

U(y,7,6,\0,k,m,e;2) = (14 p(2)(p(2))™ ! +ez o) (3.11)
where (v, 7,0, \,0,k,m,¢; z) is given by . From and , we have
(14 PN+ B < (1 g+ L (3.12)

Therefore, by Lemma [2.3] we get p(z) < ¢(z). By using (3.10), we obtain the result. [

Putting ¢(z) = (ﬁfj) ,(-1<j<¢<1)in Theorem we obtain the following corollary:
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Corollary 3.4. Let -1 <j< /¢<1 and
m o (1+0\" m—1[1+0\""" 1+4jz(4+302)
Rel = —_— — ¢ >0,
e{s (1+jz> T (1+jz> LT e
where € € C\{0} and z € U, if f € A satisfies:

m—1 .
U(vy, 7,0, 0,k,m,e;2) < HlJr <1+€z)} <1+€Z) +€z( {—j

)

1+jz 1+jz 14+42)(1+jz2)

where U(v,7,0,\,0,k,m,e; z) is given by (3.8)), then

[ ] (1)

and ¢(z) = (ﬂ‘;j) is the best dominant.
4 Differential Superordination Results

Theorem 4.1. Let ¢ be convex univalent function in U with ¢(0) =1,y > 0 and Re{e} > 0. Let f € A satisfies

[Gmm&ﬂﬂ@reBmmuﬂQ

z

and

[ (G )« [Fee]

be univalent in U. If

() + %Zq,(z) . 'r+/\} {GT(J, 5,T)f(z)]7 (GTH(U,&T)f(z) _ 1) n [GT(U,&T)J”(Z)}7 (41

lo+6 z GV (0,0,7)f(2) z
then
q(2) < [W] ’ : (4.2)
and ¢ is the best subordinant of .
Proof . Define the function p by
o) = [SRENI) ws)

Differentiating (4.3]) with respect to z, we get

zp'(2) _ [2(GX(0,6,7)f(2)
- Seran 1 )

After some computations and using ([1.7]), from (4.4)), we obtain

[l [ (Tt )+ [F ]

and now, by using Lemma [2:4] we get the desired result. O
Putting ¢(z) = (Hz) in Theorem we obtain the following corollary:

1—=
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Corollary 4.2. Let v > 0 and Re{e} > 0. If f € A satisfies
[GT(m 6,7)f(2)

ML e Bao)a1ng

and

[ (St ) (]

be univalent in U. If

(555 < et (g (e

then

(1 —i—z) - |:GT(U,(S,T)f(Z>:|’Y7

1—=2 z

and ¢(z) = (%) is the best subordinant.

Theorem 4.3. Let ¢ be convex univalent function in U with ¢(0) =1, ¢'(2) # 0 and assume that ¢ satisfies:

m—1

Re {m(Q(Z))qu(Z) + (Q(Z))m_lq’(Z)} >0, (4.5)

9 3

where m € C,e € C\{0} and z € U. Suppose that z(¢'(z))/(q(z)) is starlike univalent in U. Let f € A satisfies:

[GT‘H (0,6, 7)f(z
GV (0,0,7)f(2)

and U(vy, 7,6, A, 0,k,m,e; 2) is univalent function in U, where (v, 7,8, \, 0, k, m,¢; z) is given by (3.8). If

>] € Blg(0).1]N Q.

/
(1+a(2)(a(=)" " + EZ(Z]((ZZ)) < U(y,7,6,\0,k,m,e;z2), (4.6)
then - N
Gy (0,9, T)f(Z)]
z) < , 4.7
o) < | G n it o
and ¢ is the best subordinant of .
Proof . Define the function p by
Gy (0,4, T)f(z)}W
zZ) = 4.8
W= |G a1 (45)
Differentiating (4.8]) with respect to z, we get
2p'(2) _ HTﬂL/\] (GT”(U, §,7)f(z)  GYF(a,4, T)f(z)ﬂ
) e r s\ e e ) T e nit) )]
By setting
O(w) = (1 + w)w™ " and ¢(w) = %, w # 0,
we see that f(w) is analytic function in C and ¢(w) is analytic in C\{0} and that ¢(w) # 0,w € C\{0}. Also, we get
/
2) = zq' (2 z _Ezq(z)
Q) = 2 ()ola() = ==L

It is clear that Q(z) is starlike univalent function in U,

GI(Q(Z)) — Re T Py m/Z m—1 2 m—1 /z
re{ SUDY — e {2 (o )+ o) ) >0
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By a straightforward computation, we obtain

U(y,7,6,\,0,k,m,e;2) = (1 +p(2))(p(z)™ 1 + az];l ((3 , (4.9)

where U(v,7,0,\,0,k,m,e; 2) is given by (3.8]). From (4.6)) and (4.9)), we have

q'(2)
q(z)

()

p(2)’

(1+a(2))(a(2))" ! +ez < (L +p(2)(p(2))" " +ez (4.10)

Therefore, by Lemma [2.5] we get ¢(z) < p(z). O

5 Sandwich Results

Theorem 5.1. Let ¢; be a convex univalent function in U with ¢;(0) = 1,4 > 0 and Re{e} > 0 and ¢z be univalent
function U, with ¢2(0) = 1 satisfies (3.1)). Let f € A satisfies:

{GT(G 6, 7)f(2)

ol
] € B[1,1]NnQ,
z

and

Sl (B o) o[

be univalent in U. If

2q,(2) < {Tig] [GT(O, 5,T)f(2)r (GGZ::(J(;& )T}J(”(;) _ 1) n {GT(G <5,T)J“(Z)]7
o P 7 (0,8,7) f(z P

0 (z) + < g2(2) + %zqg(zx

=
v
then

< )
, q2(2)

(o)« [SRlesnt )]

and ¢; and ¢o are respectively the best subordinant and the best dominant.

Theorem 5.2. Let g; be a convex univalent in U with ¢1(0) = 1, and satisfies (4.5)). Let g2 be univalent function in
U with ¢2(0) = 1 satisfies (3.6). Let f € A satisfies:

[GTH(G 6,7)f(2)
GV (0,0, 7)f(2)

v
] € B[1,1]nQ,
and U(vy,7,0,\,0,k, m,¢e; z) is univalent in U, where U(v, 7,6, \,0,k, m,e; z) is given by (3.8]). If

14+ q(2)(qr(z)™ + 523/18 < U(y, 7,0, \,0,k,m,e;2) < (14 q2(2))(ga(2)™* + Ezzlzz;

then
IR R YIO)
a(z) < Gy (o,0,7)/(2) < a(z)

and ¢; and g9 are respectively the best subordinant and the best dominant.
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