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Metric dimension and neighbourhood resolving set for the zero
divisor graphs of order at most 10 of a small finite
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Abstract

Let R be a commutative ring and T'(R) be its zero-divisor graph. All the vertices of zero divisor graphs are the
non-zero divisors of the commutative ring, with two distinct vertices joined by an edge in case their product in the
commutative ring is zero. In this paper, we study the metric dimension and neighbourhood resoling set for the zero
divisor graphs of order 3,4,5,6,7,8,9,10 of a small finite commutative ring with a unit.
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1 Introduction

The concept of zero-divisor graph of a commutative ring was introduced by I. Beck in 1988 [2]. He let all elements
of the ring be vertices of the graph and was interested mainly in colorings. In [I], Anderson and Livingston introduced
and studied the zero-divisor graph whose vertices are the non-zero divisors. This graph turns out to best exhibit the
properties of the set of zero-divisors of a commutative ring. The zero-divisor graph helps us to study the algebraic
properties of rings using graph theoretical tools.

The concept metric dimension of connected graphs and its related properties are first introduced by Slater [§] in
1975, independently by Harary and Melter [5] in 1976. A subset of vertices S resolves a graph G if every vertex of G
is uniquely determined by its vector of distances to the vertices in S. A resolving set of minimum cardinality for a
graph G is called a minimum resolving set. A minimum resolving set is usually called a basis for G and the cardinality
of basis is called the metric dimension of G, denoted by B(G).

Let G(V, E) be a graph. For any element v € V, the collection N [v] of all elements which are adjacent to v and also
v itself. A subcollection N is known as 7i — set of G if the total graph G is the finite union of N[v] for each v € N .The
least number of elements in 7iset is called the neighbourhood number of G and is denoted by n(G). Sampathkumar [7]
is first introduce the concept of neighbourhood number. The least number of elements in 7 — set is known as resolving
number of G and is represented by r(G). A neighbourhood resolving number nr(G) is the least number of elements
in the nirset. The concepts of resolving set introduced by Slater [8] and independently by Harary [5].
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2 Preliminaries

Lemma 2.1. [I0] For any graph G of order k, nr(G) < k — 1.

21 forn<3
e _ 5 <
Lemma 2.2. [9] For any positive integer n, nr(P,) = { {Z} for n > 4.
e 3 for k=14
. . > = ?
Lemma 2.3. [9] For any positive integer k > 3, nr(Cy) { 11, otherwise

The following definition will be used in the paper:

Definition 2.4. [4] A Commutative Ring < R, +,. > is a set R together with two binary operations +, and ., which
we call addition and multiplication, defined on R such that the following axioms are satisfied.

< R,4+ > is an abelian group.

Multiplication is associative

For a,b,c € R, a.(b+ ¢) = a.b+ a.c and (a + b).c = a.c + b.c, hold.

a.b =b.a for all a,b € R.

A unity (or identity) in a ring is a nonzero element. that is an identity under multiplication.

GU o=

The set of all zero divisors in R is denoted by Z(R) and the set of all non zero zero divisors in R is denoted by
Z*(R).

Definition 2.5. [3] Let v1,vq,v3 € V. If the metric between vy , v2 and vs , vo are different then we say that vertex
Vg is resolve the vertices v1 and vs.

Definition 2.6. [10] Let P = {p1,pa,...,pr} of V and any w € V. The distance of w to the subset P is the r
touple of metric between w and p;, i = 1,2,...r, represented by r(w/P) = (x1,x,...,x,) where z; = d(w,p;). If
r(z/P) # r(y/P), for any x,y € V then P is known as resolving set for G.

Definition 2.7. [II] Let R C V and R = {k1, k2,....,k} r > 1 and w € V. A binary neighbourhood metric of w to
1 if weNk], 1<i<r

the r touple (k1, k2, ..., k) is defined by Mg(w) = (p1,p2, ..., pr), where p; = { 0 otherwise

If Mp(x) # Mg(y) for each x,y € V, then R is known as 7nir — set or neighbourhood resolving set.

Example 2.8. Consider the ring R = Zg = {0,1,2,3,4,5}, Z*(R) = {2, 3,4} and corresponding zero divisor graph
G = K, » is given below. From the figure W = {2} is the resolving set and metric dimension dim(K;2) = 1 and since
N [2] # G So S = {2,4} is also a resolving set for G and N [2] U N [4} = G so the least cardinality of neighbourhood
resolving set for G is nr(Kj 2) = 2.

2 3 4
® @ L
Figure. 1
Kip

3 Metric dimension and Neighbourhood resolving set of zero divisor graphs

In this section, we consider a simple connected zero divisor graphs G with countable number of vertices, examined
some graphs for find the metric dimension and neighbourhood resolving set obtained the following results.

Theorem 3.1. If any Zero divisor graph with 3 vertices have the metric dimension (8(G)) and the least cardinality
of neighbourhood resolving set (nr(G)) are given in the table
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Table 1: Zero divisor graphs with 3 vertices

No. Vertices Ring |[R| Graph G B(G) nr(G)
Zg 6
Zs 8
3 g : Kis 1 2
(%)
Zy [x] 8
(2z,2% —2)
3 Z[z,y] 8 Ky 1 0
(z,y)°
Z4 [.13 8
(2,2)?
Filal 16
(#?)
Zila] 16
(x24+2+41)

Proof . Case.l: The zero divisor graphs Ko is the special cases of bipartate graph K, ,, with m = 1,n = 2.
Therefore 8(K12) = 2, nr(Ki2) = 2.
Case.2: The zero divisor graphs K3 is the complete graph K,, with n = 3. Therefore §(K3) = 2 and nr(K3) =0. O

Theorem 3.2. If any Zero divisor graph with 4 vertices have the metric dimension (8(G)) and the least cardinality
of neighbourhood resolving set (nr(G)) are given in the table

Table 2: Zero divisor graphs with 4 vertices

No. Vertices Ring |R| Zero divisor graph B(G) nr(G)
Zg X Z4 8 K]_yg 2 3
4 Zy X Zz 9 K 2 3
Zs 25 Ky 3 0
Zs [z]
25 K 3 0
(+%) )

Proof . Case.l: The zero divisor graphs K 3 and K are the special cases of bipartate graph K, ,, with m =
l,n=3and m=n=2.

Therefore S(K1,3) =2, nr(K13) = 3.

Case.2: The zero divisor graphs K4 is the complete graph K,, with n = 4. Therefore 8(K4) = 3 and Inr(Ky,) =00

Theorem 3.3. If any Zero divisor graph with 5 vertices have the metric dimension (8(G)) and the least cardinality
of neighbourhood resolving set (nr(G)) are given in the table

Proof . Case.1: The Zero divisor Graph K 4 and K> 3 represents the special cases of the bipartate graph K, , with

m=1,n=4 and m = 2,n = 3 respectively. Here 5(K;14) =3, nr(K14) =4, B(K23) =3, nr(Kz3) =3

Zs|x]
2

From this Figure three vertices have the degree one and the remaining two vertices have degree more than one. The

set {1,4} is the resolving set for the graph. Therefore 5(G) = 2. Also set {2,3,4} act as a neighbourhood resolving

set for this graph. Therefore nr(G) = 3.

Case.2: The Zero divisor graph for the rings Zs x Z4 and Z5 X

is in Figure.2
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Table 3: Zero divisor graphs with 5 vertices

No. Vertices Ring |R| Zero divisor graph S(G) nr(G)
Z2 X Z5 10 K1,4 3 4
5 Z3 X F4 12 K2}3 3 3
Z2 X Z4 8 Flg 2 2 3
A
zox 2l g g 2 3
x
1
2 4 5
@ ®
3
Figure.2

O

Theorem 3.4. If any Zero divisor graph with 6 vertices have the metric dimension (8(G)) and the least cardinality
of neighbourhood resolving set (nr(G)) are given in the table

Table 4: Zero divisor graphs with 6 vertices

No. Vertices Ring |R| Zero divisor graph B(G) nr(G)
Zg X Z5 15 K274 4 4
Fy x Fy 16 K373 4 4
6 ZQ X Z2 X Z2 8 Fig. 3 2 4
Zila] 49 K 5 0
x
Zio 49 K 5 0

Proof . Case.l: The zero divisor graphs K34 and K3 3 are the special cases of bipartate graph K, ;.
Therefore 8(Kg.4) =4, nr(K24) =4 and B(Ks3) =4, nr(Ksz3) = 4.
Case.2: The zero divisor graph for the Ring Zs x Zs X Zs is in the Figure 3.

From the figure there are 3 vertices with degree 1 and remaining 3 vertices have degree 3. Therefore {2,3} is the
resolving set and its metric dimension is 2. Set {2,4,5,6} is the least neighbourhood resolving set for the graph shown
in the Figure 3.

3

—_
[\

4 5

Figure. 3

O

Theorem 3.5. If any Zero divisor graph with 7 vertices have the metric dimension (8(G)) and the least cardinality
of neighbourhood resolving set (nr(G)) are given in the table

Proof . Case.1l: The Zero divisor graph K;¢ and K34 are the special case of K,,, with m = 1,n = 6 and
m = 3,n = 4. Therefore 8(K1) =5, nr(K16) =6. S(K3.4) =5, nr(Ks4) =5
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Table 5: Zero divisor graphs with 7 vertices

No. Vertices Ring |R| Zero divisor graph S(G) nr(G)
ZQ X Z7 14 K176 5 6
F4 X Z5 20 K3’4 5 5
7, x 220 12 Fig. 4 4 5
Zy[x] )t 16  Fig. 5 4 0
Zy[z]/x* + 2 16 Fig. 5 4 0
Zy[z]/2® + 3z 16 Fig. 5 4 0
Zylx]/(2® — 2,222, 22) 16  Fig. 5 4 0
Zslx,y)/ (23, 2y, y?) 16  Fig. 6 5 0
Zg[r]/ (2%, 2?) 16  Fig. 6 5 0
7 Zy[x]/ (23, 222, 22) 16  Fig. 6 5 0
Zy[z]/(2* + 22) 16  Fig. 7 3 0
Zg|z]/ 2z, 22 + 4) 16  Fig. 7 3 0
Zolw,y]/ (2%, y? — zy) 16  Fig. 7 3 0
Z4[’ll’,y]/($2,y2 7‘Tyaxy7272$72y) 16 Flg 7 3 0
Zylr,y)/ (2%, 92, 2y — 2,27, 2y) 16 Fig. 8 3 0
Zalr,y]/ (2%, y?) 16  Fig. 8 3 0
Z4[z]/(2?) 16  Fig. 8 3 0
Zy[x]/(2® — 2% — 2,222, 22) 16 Fig. 9 4 5
Zslx,y, 2]/ (x,y, 2)? 16 Kr 6 0
Zylr,y]/ (2%, 92, 22, 2y) 16 Ky 6 0
Fg [l‘]/((E2 64 K7 6 0
Zylx]/(x® + 2+ 1) 64 Ky 6 0
Case.2: The zero divisor graph for the Rings Z3 x Z; and Z3 x Z;[f] are in the Figure. 4. From the Figure we can
show the metric dimension and neighbourhood resolving set for the graph. Therefore 5(G) = 4, nr(G) = 5.
1 4
3 7

Figure. 4

Case.3: The zero divisor graph for the Rings Zis, Za[z]/x?, Zy[z]/a* + 2, Z4[z]/2® + 3z, Zs[z]/ (23 — 2,227, 22) are
in the Figure. 5. From the Figure we can show the metric dimension and neighbourhood resolving set for the graph.
Here 8(G) =4, nr(G) = 0.

6
2 5
3 7
4 Figure. 5

Case.4: The zero divisor graph for the Rings Zs [z, y]/ (23, vy, y?), Zs[x]/ (21, 2%), Z4[x]/ (23, 222, 22) are in the Figure.
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6. The metric dimension and least neighbourhood resolving set for the graph is 8(G) = 5, nr(G) = 0.

Figure. 6

Case.5: The zero divisor graph for the rings
Zala]/(2® + 22), Zs[]/ (22, 0% + 4), Zo[z, y]/ (2*,y® = 2y), Za[w, y]/ («*,y* — 2y, 2y — 2,22, 2y)

are in the Figure. 7. The metric dimension and least cardinality of neighbourhood resolving sets are determined from
the figure for the above graphs. Here 5(G) = 3, nr(G) = 0.

Figure. 7

Case.6: The zero divisor graph for the Rings Zy[z,y]/ (22,92, vy — 2,22,2y), Za[z,y]/(x?,4y?), Z4[x]/(2?) are in the
Figure. 8. The metric dimension and least cardinality of neighbourhood resolving set of above graphs are 5(G) = 3,
nr(G) = 0.

Figure. 8

Case.7: The zero divisor graph for the Ring Z4[z]/(2® — 2% — 2,222,22) is in the Figure. 9. Also, determined the
metric dimension and least cardinality of this graph is 8(G) = 4, nr(G) = 5.
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4

Figure. 9

Case.8: The zero divisor graph of K7 is the case of K,, with n =7, so the 5(K,) =n — 1, nr(K,) = 0. Therefore
B(K7) = 6, TLT‘(K7) =0.0

Theorem 3.6. If any Zero divisor graph with 8 vertices have the metric dimension (8(G)) and the least cardinality
of neighbourhood resolving set (nr(G)) are given in the table [f]

Table 6: Zero divisor graphs with 8 vertices

No. Vertices Ring |R| Zero divisor graph S(G) nr(G)
Zz X FS 16 K177 6 7
Zg X Z7 21 KQ,G 6 6
Z5 X Z5 25 K4,4 6 6
T 97 Fig. 10 6 0
Zg[x]/(3x,2% —3) 27  Fig. 10 6 0

8 Zol2]/(3z,22 —6) 27  Fig. 10 6 0
Z3[x]/(z?) 27 Fig. 10 6 0
ZS[‘Tay]/(I7y)2 27 KS 7 0
Zg[x]/(3,x)? 27T Ks 7 0
Fg[$]/(l‘2) 81 Kg 7 0
Zg|x] /(2% + 1) 81 Kj 7 0

Proof . Case.l: The Zero divisor graph K; 7, K¢ and K44 are the special case of K, , with m = 1,n =7,
m = 2,n =6 and m = 4,n = 4. Therefore S(K17) = 6, nr(K17) = 7. B(Ka2s) =6, nr(Kas) =6 [(Ks4) =6,
TLT(K474) = 6.

Case.2: The zero divisor graph for the Ring Za7, Zo[x]/(3x, 22 — 3), Zg[z]/(3z, 2% — 6), Z3]x]/(2®) From the figure.
10 there are 2 vertices with degree 7 and remaining 6 vertices have degree 2. The resolving set contains 5 vertices of
degree 2 and one vertex of degree 7. Therefore least cardinality of resolving set is 6. From the figure there are two
vertices have the neighbourhood set contains all vertices of this graph. Therefore neighbourhood resolving set of this
graph is zero. Here 8(G) = 6, nr(G) = 0.

Figure. 10
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Case.3: The zero divisor graph of Kg is the case of K,, with n = 8, so the 5(K,) =n — 1, nr(K,) = 0. Therefore
ﬂ(Ks) = 7, nT’(Kg) =0.0

Theorem 3.7. If any Zero divisor graph with 9 vertices have the metric dimension (8(G)) and the least cardinality
of neighbourhood resolving set (nr(G)) are given in the table

Table 7: Zero divisor graphs with 9 vertices

No. Vertices Ring |R| Zero divisor graph S(G) nr(G)
Z2 X Fg 18 Kl,S 7 8
Z3 X Fg 24 K2’7 7 7

9 F4 X Z7 28 Kg’(; 7 7
Z2 X ZQ X Z3 12 Flgll 3 )
Zy X Fy 16  Fig.12 5 6
Zo[z]/(z?) x Fy 16  Fig.12 5 6

Proof . Case.l: The Zero divisor graph K g, Ko7 and K3 are the special case of K, , with m = 1,n
m = 2,n =7and m = 3,n = 6. Therefore B(K13) =7, nr(K13) = 8. f(Kao7) =7, nr(Koz7) =7 B(Ksp
nr(K376) =T.

Case.2: The zero divisor graph for the Ring Zs x Z; x Z3 is in the Figure. 11. From the figure the graph of 9
vertices in which four vertices with degree 1, another four vertices with degree 3 and remaining one vertex of degree
2. Therefore the resolving set contains three vertices. Here the least cardinality of neighbourhood resolving set is 5.
Therefore 8(G) = 3, nr(G) = 5.

8,
7,

Figure. 11

Case.3: The zero divisor graph for the Ring Z4 x Fy, Zs[x]/(2%) x Fy is in the Figure. 12. From the figure the graph of
9 vertices in which five vertices with degree 3, three vertices with degree 1 and remaining one vertex of degree 6. The

resolving set contains 5 vertices. And the least cardinality of neighbourhood resolving set is 6. Therefore 5(G) = 5,
nr(G) = 6.

5

214 9

. )
3
Figure. 12

0

Theorem 3.8. If any Zero divisor graph with 10 vertices have the metric dimension (3(G)) and the least cardinality
of neighbourhood resolving set (nr(G)) are given in the table

Proof . Case.1l: The Zero divisor graph Ky s, K37 and K46 are the special case of K, ,,. Therefore 8(Kzs) = 8,
nr(Kag) =8. B(Ksyz) =8, nr(Ksyz) =8, B(Kye) =8, nr(Kse) =8.
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Table 8: Zero divisor graphs with 10 vertices

No. Vertices Ring |R|  Zero divisor graph B(G) nr(G)
Zg X Fg 27 KQ’S 8 8
F4 X Fg 32 K3’7 8 8

10 Zsx Zr 35 Kig 8 8
Z191 121 KIO 9 0
le[x}/(x2) 121 KlO 9 0

Case.2: The zero divisor graph K7 is a case of K,, complete graph with n = 10, so the 8(K,) =n —1, nr(K,) =0
Therefore 8(K19) =9, nr(Ki9) =0. O
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