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Abstract

The purpose of this paper is to study the bivariate extension of the generalized Baskakov-Kantorovich operators
and obtain results on the degree of approximation, Voronovskaja type theorems and their first order derivatives
in polynomial weighted spaces. Furthermore, we illustrate the convergence of the bivariate operators to a certain
function through graphics using Matlab algorithm. We also discuss the comparison of the convergence of the bivariate
generalized Baskakov Kantorovich operators and the bivariate Szasz-Kantorovich operators to the function through
illustrations using Matlab.
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1 Introduction

The approximation of functions by linear positive operators is an interesting area of research in approximation
theory. Many new sequences and classes of linear positive operators have been considered in the literature and
extensively studied by researchers. After the integral modifications of Bernstein polynomials by Kantorovich and
Durrmeyer, the Kantorovich and Durrmeyer variants of several sequences of linear positive operators were defined and
studied.

In [T1], Erengin defined the Durrmeyer type modification of generalized Baskakov operators introduced by Mihesan
[15], as

err N N~tia 1 > tk
L) = S Wik g 1 | a0 >0,

where

—ax k

k
_ =9 Pi(na)  a _ n ki _ o . .
Wi (z) = eTe Zp® 7(1+x)n+k,Pk(n,a) = Z; (kz) (n);a®*", and (n)o =1,(n); =n(n+1)...(n+i—1) for s > 1 and
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discussed some approximation properties. Very recently, Agrawal et al. [4] studied the simultaneous approximation
and approximation of functions having derivatives of bounded variation by these operators.

Inspired by the above work, in [3], we proposed the Kantorovich modification of generalized Baskakov operators
for the function f defined on C,[0,00) := {f € C[0,00) : f(t) = O(t") as t — oo, for some v > 0} as follows :

k+1

Ko(f;z) = (n+1) Z /"“ F(t)dt, a>0. (1.1)

n+1

In the present paper, our aim is to consider the bivariate extension of these operators. In this direction, Stancu
[20] first introduced new linear positive operators in two and several dimensional variables. After that Barbosu [§]
studied the bivariate extension of Stancu generalization of g—Bernstein operators. Dogru and Gupta [10] constructed
a bivariate generalization of the Meyer-Konig and Zeller operators based on g—integers while in [2] Agratini presented
two-dimensional extension of some univariate positive approximation processes expressed by series.

Many papers were published on approximation by modified Szdsz-Mirakyan and Baskakov operators for functions
of one or two variables cf. [5, [6l 12, T3] I8, 19, 25] which deal with convergence, degree of approximation and
Voronovskaja type theorems as well as convergence of partial derivatives of these operators. Wafi and Khatoon [21]
defined the generalized Baskakov operators for functions of two variables in polynomial and exponential weighted spaces
and discussed the rate of convergence and direct results. Later, in [22], the convergence of first order derivatives of
these operators and a Voronovskaja type theorem were studied. For the recent background knowledge in this direction,
readers can refer [T, 14}, 16}, [I'7, 23] 24].

2 Construction of the operators

Let I = [0,00) x [0,00) and w,(z) = (1 +27)~! for v € N(set of all non-negative integers). Further, for fixed
Y1,72 € N9 let woy, v, (7, Y) = woy, (2)wo, (y).

Then, for f € C,, 1,(I) :=={f € C(I) : wy, 4, (x,y) f(z,y) is bounded and uniformly continuous on I}, we define a
bivariate extension of the operators as follows:
K3 na (fi2,9)

ko+1 k41
Mo+l ny+1
=(ny+1)(n2+1) Z Z s Ky e (T3 Y / / f(u,v)dudo, (2.1)
k1 Okz 0 "2+1 771‘*’1
where
we (o) = TPk (10, @) (nzy @) T T
ni,n2,k1,ka 3y - k’l'kQ'(l+w)n1+k1(1+y)n2+k2

If feC, ) and if f(z,y) = fi(z)f2(y) for all (z,y) € I, then

Ky o (flu,v);2,y) = Ky (fi(u);2) Ky, (f2(v); ), (2.2)

for (z,y) € I and ny,no € N. The sup norm on C,, ., (I) is given by

Il f ||’y17'yz: ( Su)PI |f(=’177y)‘w’ym/2 (z,y), f € (O (). (2.3)
z,y)E€

For f € C,, »,(I), we define the modulus of continuity

(f’ Y1v2) 75) = sup ” Ah,éf(-, ) H71,’Yz> t,s >0, (2'4)
0<h<t,0<6<s

where Ay 5 f(z,y) := f(x+h,y+0)— f(x,y) for (z,y) € I and h,§ > 0. Moreover, for fixed m € N, let C™* _ (I) be the

V1,72
ok f

space of all functions f € C., 4, (I) having the partial derivatives S dy— €Cyn),s=1,2,.. ki k=12 ...,m

The paper is organized as follows:
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In Section 3 of this paper, we give some definitions and auxiliary results. In Section 4, we prove the main results of this
paper wherein we study the degree of approximation, Voronovskaja type theorems and simultaneous approximation of

first order derivatives for bivariate Baskakov Kantorovich operators K, .. The section 5 is devoted to the illustrations

of the convergence of the operators K , to a certain function and the comparison of convergence with bivariate

Szasz Kantorovich operators to the function using Matlab.

3 Auxiliary Results

Lemma 3.1. In [3], for the rth order central moment of K2, defined as

usy (x) := K2((t —x)";x), we have

n,r

ax 1

(i) ul ofe) = 1,un1<x>—rﬁ1(—x+m+2>

1 a’x? 11—z 1
a - - 1) 22 -1 e~ 2 T ;
and ug 5(z) (n+1)2{(n+ Jam+ (n -1z + (1+z)? +oaw (1—1—3:) " 3}7

a

(ii) ug .(x) is a rational function of x depending on the parameters a and r;

(iii) for each z € (0,00),uy, .(v) = O< ) where [5] denotes the integer part of 3.

nl5]

Lemma 3.2. Let ¢;; : [ — I,e;; = 2'y7,0 < 4,j < 2 be two-dimensional test functions.
Then the bivariate operators defined in (2.1 satisfy the following results:

(1) Kp, ny(e00;7,y) = 15
(i) K° . ( ) = 1 n ar +1 )
1) Ky na(€10;%,Y) = S me 1rz 2)
1 ay 1
@I eon ) = g (e 12 5
1 2an1z2 a?z? 2ax 1
. Ka . — 2, .2 2 9
(iv) Ky, n,(€2052,9) 7(n1+1)2 <n1:13 + nix® + 212 + Ttz 0t0) 1+x+3
1 2ansy? a?y? 2ay 1
v) K¢ €02; T, n2y? + noy® + 2oy + + + =
(0) B, s (0232, 9) (n2+1)2< 2 T2y Ty (1+y) 1,73
1 3niz? 3nix? 3ax3n?
(vi) K, ny(e3052,y) = W(n?z3+;(3+2x)+ ; (4:1: +6x +5) + 1+x1
1
3anix? ax 7T 7T ax
3 eiadil .t
1ra {( M } 1—|—x{2 2(1+2) 1—1—33 } >
.. 1 n3y? o n 3ay®n3
(vit) Ky, (e0352,y) = W(ngy?’—k ;y (3+2y) + 2y +%y(4y +6y+5)+ y 2
2
3anqy? ay ay [T 7 ay
+ 3+y)+——,+ -+ =
Ty G T T2 Ty 1+y
Lemma 3.3. For ny,ne € N, we have
1 ar 1
K¢ . — _ - .
(0) By (v = 32, 9) n1—|—1( Cchrleer2>’
1 ay 1
K o _ o ).
(1) Kp, ny (0 = Y32, 9) n2+1( y+1+y+2>,
1 a’z? 1—=x 1
2, _ 2 .
(iii) Ky, o, ((u — )75 2,y) = W((m-ﬁ-l)x +(n1—1)x+(1+x)2+2ax(1+x>+3>,
aQy2 1—y

a : _ 1 1
() Kp, oy (0= 9)%2,) = W((n2+1)y2+(n2—l)y+(l+)+2ay<1+y>+3>
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Remark 3.4. For every z € [0,00) and n € N, we have

oy, (2)}2
a _ )2 < { n1
Knl,nz((u ’I) 7‘r5y) — nl + 1 )

where {62 (z)}? = ¢*(z) + (71:1)12 and ¢(z) = /z(1 + x).

Proof . From Lemma [3.3] (iii), we have

1
ny+1

K3, o, ((u—2)%2,y) <

ni,nz

(1 +a)2) _ {o5, (@)}

1 -
(:v( +a)+ np+1 np+1

O

Lemma 3.5. For every v; € N there exist positive constants My (1), k = 1,2 such that
: a 1
(1) Wryy (I)Kn Wax < Ml('Yl),

=Pr) < a1,

n+1
for all z € R® =R, U{0},R; = (0,00) and n € N.

(i) o (o) 65

Lemma 3.6. For every 71,72 € N there exist positive constant Mz(v1,72), such that

” Kgl,m (f’ ) ) ||71,72§ M3(717’72) || f Hnﬁz (3~1)

for every f € C,, ~,(I) and for all ny,ne € N.

Proof . From equation (2.2) and Lemma we get

(et (o)) (snrs ()

My (1) Ms(v2), for all (z,y) € I and nq,ne € N. (3.2)

1
w’Yla’Y2(x?y)K’g,1,n2 (w (u 0)73341)
Y1, Y2\ P

IN

Taking supremum on the left side of the inequality of (3.2) and using (2.3)), we obtain

1
K® S
H e (w’)’hW (U, U) )

NOWa ” Kzl,nQ(f; il ) ||’>’17"/2 S ” f H’Yl»'YQ

< My(y1,72)- (3.3)

V1,72

1
Kle no <a ) >
' Wyi,72 (u’ v)

Y172

From (3.3]), we get the desired result. O

4 Main results
4.1 Local approximation

For f € Cp(I) (the space of all bounded and uniformly continuous functions on I, let C%(I) = {f € Cp(I) :
f®9) ¢ Cp(I), 0 < p+q <2}, where f(9 is (p, g)th-order partial derivative with respect to z,y of f, equipped with
the norm

2

1flloz. ) = fllenm + Y

i=1

2

o' f
ozt

o'f
oy’

Cp(I) =1 Cp(I)
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The Peetre’s K —functional of the function f € Cp(I) is given by
K(f;0)=inf — +0 ,0 > 0}.
(f;0) geglém{l\f Illes ) +6llglloz 1) ¥

It is also known that the following inequality
K(f;8) < Mi{@s(f;V6) + min(1,6)|| fllonn} (4.1)

holds for all § > 0 ([9], page 192). The constant M; is independent of § and f and @a(f;V/§) is the second order
modulus of continuity.
For f € Cp(I), the complete modulus of continuity for bivariate case is defined as follows:

w(f;6) = sup {|f<u,v> — fey)l s (w,v), (@,y) € T and y/{u—2)? + (v—y)? < 6}.
Further, the partial moduli of continuity with respect to x and y is defined as

w1 (f39) —sup{|f<x1,y> — F(eay)| iy €R and fo1 — s < a},

ws(f38) = sup { |F @, 1) — F(rys)] s @ € RO and [y — o] < 6}.

It is clear that they satisfy the properties of the usual modulus of continuity. The details of the modulus of continuity
for the bivariate case can be found in [7].

Now, we find the order of approximation of the sequence Ky, .. (f;,y) to the function f(z,y) € Cp(I) by Petree’s
K —functional.

Theorem 1. For the function f € Cp(I), the following inequality

(K e (Fi2,9) = f(y)] < AK(Sf; My ny (2, 9)

2 2
+wl f; ! P | R LA
1 A T I (R P 1\ YT 11y T2

M{WQ <f7 Mn1,n2 (xa y)) + min{lv Mn1,n2 (xvy)}HfHC%(l)}

2 2
+owl f; ! P | R LA
1 A VL I (R REP L w1\ YT 11y T2

holds. The constant M > 0 is independent of f and My, n,(z,y), where

Ao, (@) {on, ()}
- ny+1 + ng +1 ’

IN

Mm,nz (1'7 y)

Proof . We define the auxiliary operators as follows:

ax 1 1 ay 1
— — 4+ — . (4.2
(n1x+1+x+2>7n2+1(n2y+1+y+2>)+f(w,y) (4.2)

—a . 1
Ko Fi) = K3, i) = (2

Then, from Lemma [3.3] we have Fil,m((u —z);z,y) =0 and Fil’m((v —y);x,y) =0.
Let g € C%(I) and (u,v) € I. Using the Taylor’s theorem, we have

x v 29(a x v 2g(z
a0,0) = 9(e) =28 )+ [“0- ) P0G da+ LI -y [(o-p)TE sy

a

Operating Fnhm on both sides of 1} we get
_ _ u 0%g(a,y — Y O%g(z,
Ky (gizy) —glay) = K, ., (/ (u— Q)%da;x,y + K / (v— 5)%615;%,2/
x Yy
g

u 2
= Kﬁl,m(/ (u—a)ia 8(2;’y)da;w,y>
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ﬁ nlerlawar% v
—/ ( )< ! <n1x+ ‘“”x+1>—a>62g( Yo + K2, n(/ (u—ﬁ)a%(ﬂf)d,ﬁ, 2,y >
Y

- ny+1 1+ 2 Oa?
1 ay 1
7,’2_'_1(nzy-i—l_*_y-‘rz,> 1 ay 1 829(3&‘ ﬁ)

_ ECANT B Bt A LY

/y (n2+1<”2y+1+ +2> 5) apz
Hence,

- 3 g o y

|K:L11,n2(g;m7y)_g(xay)| S nl no (‘/ |U ) da )

2
‘ (e 5755 0 2) o oo

Oa?
x y>

1 Yy
(1 +2) 9 5

el (”ﬂﬁiﬁﬁé)
+K;

TL],TLQ(’ _6|’ (9ﬁ2 ‘dﬂ

n2+1 (nzy—hf +2>

2
1 ax 1
a 2.
< {Knl M((u—x) iz, y) + (an<nlx+1+x+2> _$> }|g||C?g(1)
Ko 2. 1 ay 1 2
e (0 =Y)52,y) + ] ”2y+ﬁy+§ -y ll9llcz ()
2
1 ax 1
< 2 _ kel N
< {Ml{m( e (e +3))
P+ (e (1)) g
n+1 na met1\ YT 11y 2 lepm:
Thus, we get
—a ] a 2
L R e G S L) [

Also,

IN

—a 1 ax 1 1 ay 1
K . . -
| 7L1,7’I,2(f"r7y)| | n1 nz(f,xay” ‘f(nl 1(77,11‘ 1 x 2)7712 1( nay 1 2))‘ |f(zvy)|

3| fllcs - (4.4)

IN

Now, from equation (4.4]), we get

\KS L (fizy) = f@y) < (K o, (f = gi2,9)| + K, oy (9:2,9) — 9(z, )| + |g(2,y) — f(z,9)]

1 ax 1 1 ay 1
+f<n1+1( 1$+1+ +2>77L2H< 2y+1+ +2>>f(xay)

31 = gllesm + I = gllesm + K, . (g5 2,y) — g(fc y)\

ny 1 " ax +1 1 n + f( )
I\ T s T, Y 1+ 2 Y

2 a 2 a 2
15 = alloyny + { 2 18, @07 + 208,001 sl

Hr 1 n ax +1 1 " ay +1 Fzy)
—— i+ ——+=),——|(n ——+ =) )= f(z
I\ T T e T e\ T Ty T2 Y

IN

IN
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< (4||fg||cB<z)+2Mm,n2<x,y>||g@m)

2 2
+o f; Y (L ) I G
' ny+1 142 2 ne +1 1+y 2 '

Taking infimum on the right hand side over all g € C%(I) and using (4.1, we obtain

K,y (Fiy) = F@y)| < AK(F: Moy (2.9)

2 2
twl f; ! —r +1 + ! —y+ +1
“\V 1tz 2 i1\ YTy T2

M{w2<f; Mm,nz(m,y))+min{LMn17n2<x,y>}||f||c;<,)}

2 2
+w( f; SN (R Y (R (L
WV 1ta ' 2 1\ YTy 2 '

Hence, the proof is completed. [J

IN

4.2 Rate of convergence of bivariate operators

Theorem 2. Suppose that f € C’%lm (I) with ~1,72 € NY then there exist a positive constant Ms(71,72) such that
for all (z,y) € I and ny,ne € N

a O, (%) o, (Y)
w’Yl,’Y2(x7y)|Kn17n2(f;x’y) — flz,y)| < Ms(’hﬁz){ | fz vaz \/ﬁ+ | Ty vaz \/ﬁ .

Proof . Let (x,y) € I be a fixed point. Then, we have
t z
ft2) - fow) = [ fwdut [ Lot @) el
z Yy
t z
K (00250 = S = K ([ futwausey) + 88 ([ o) (45)
x y
Now, by using (2.3)), we get

’/: fulu, z)du

and analogously
1 1

ol v)dv] <l I ( . >|z—y|.
’/y vz W'nryz(ffaz) w'n,'m(xay)

By using these inequalities and from ([2.2)), we obtain for ny,ne € N

1 1

< < t—
<N £2 lhu Do laon (5 * )~ 2

/t du
z Wyi,72 (u, Z)

Wryi,y2 ('Tv y)

t t
K( / fu(uvz)du;x,yﬂSwmm(:ﬂ,y)Kﬁl,m(‘ [ a2y

;z,y)
[t — x| [t — x|
. K@ B S B Ko =
H fl H’YlfYQ w71772(x’y){ ni,m (W’yh’yg (t7z)1xvy + ni,n2 Wyl,yz(w,Z)’x’y

|t — =]

I o s a8 (oo ¢ o @mcs, (Elie) + 12, (1 ol (16)

IN
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and analogously

rines)| K [ Seidninn)| <18y e {onme, (Bt} ¢ K202 -} @)
4 Y2

By the the Cauchy Schwarz inequality and Remark we get for n; € N

5(1
K (=) < (K3, (- 2)%0) 7 (2, (1)) < 220 (45)
and
/2 1/2 a
) 2o (2, (S55)) (s () =
K¢ | ——; < w.y, K ; K ; < M, —_—
@i (=gfin) < wnto (15, (oo Ao @ o) Zar ¥ 1
in view of Lemma Analogously for ny € N, we have
9, (4)
K¢ —yly) < 222, 4.9
na(l2 = uliy) < 7= (4.9)
and
2~ 4l ) I, (1)
Ko ) < Mo ()2t 410
w’72(y) n2(w’yz(z) Yy 7(72)\/7m ( )

From equations (4.5))-(4.10)), we obtain

a o, (@) 5, (y)
Wy e (T,9) [ Ky, (F (8 2)52,9) — f2y) | < Ms(%ﬂﬁ){ I fz llys 72 \/ﬁ+ I fy v vz m},

for all ny,ny € N. Thus the proof is completed. [

Theorem 3. Suppose that f € C, ,(I) with some 71,72 € N°. Then there exists a positive constant Mg (v1,72) such
that

0 (@) 05, () )

w’Ylf‘/Z(x’y) | Kgl,ng(f(t7z);x7y) - f($7y) |S MQ(’Vh’YQ)W(f;C’Yh’YW m7 m

for all (z,y) € I and ny,ne € N.

Proof . Let f3 s be the Steklov function of f € C,, ~,(I), defined by the formula

fusto)i= g5 [ [ Hotuy+odudn (411)
o Jo
(,y) € I and h,§ € R,. From it follows that
1 [k oo
fh,é(xay) - f(xvy) = %/ / Au,vf(‘T,y)dv d’l_L,
o Jo
d 1[0
%fh.ﬁ (SL’, y) = % 0 Ah,Of(‘ra Yy + U)d’l)
1 5
= hits/ (Ah,vf(m7y) - AO,vf(x7y))dva
0
9 1 ("
Fyfh,é(xvy) = E/ Aosf(x +u,y)du
0

5
= %/O (Au,éf(xa y) - Au,Of(xvy))du
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Thus, from (2.3 and (2.4) we obtain

|| f}h& - f H’Yl,"/z S (f7 71,727 76)7 (412)

H afh’ls < 2h w(fa Y1, ’Yz’ h 6)7 (413)
ox e

H afh’é < 207 w(f? V1,720 h7 6) (414)
8y V1,72

For h,d € R, we can write

w%,“/z(x Y) l nl,ng(f(t’z);x’y) - f(x7y) | < w%,’vz(m y>{ nl,nQ(f(t’ Z) - fh,&(t7z)§$7y)
+ | n1 n2(fh_’5(t,2),l',y) - fh,(s(l'vy) | (415)
+ [ fro(@,y) = f(2,9) |} := R + Ry + Rs.

By (2.3)), Lemma [3.6 and (£.12) it follows that

Ry <|| n1 m(f_ fh,zF;.,‘) ”71,72 < MlO('Yla’W)”f — fn 6||v1 Y2
S MlO(’Yla’}Q) (.fa 'Yl,’)/zv 6)3

and
Rs < w(f,Cy, ~y3 b, 0).

By using Theorem [2{ and (4.13]) and (4.14)), we get

O fn.s oy, () n Hafm o, (y) }
Y172 Vn1+1 ay V1,72 Vn2+1
o (x) P 522(y) }

201 (11,700l Cry i ) 171 Ay 51 a0

A

Ry < M11(’71,72){H

IN

Consequently, we drive from (4.15))

_1 O, (2) 1 05, ()
K¢ t,2); — <M h,0)d 1+ p 1l 4 g1 _n2 P
w’n,’yz(xvy) | nl,nz(f( ,z),x,y) f(x,y) ‘— 12(71772) (fv Y1,y23 7 ){ + m + m}

oy, (@)
for all €I,ni,no € Nand h,d € Ry. On choosing h = ———— and
(z,9) 1,12 +- g e
5(1
5= "27@), we immediately obtain the required result. O
ng + 1

As a consequence of Theorem [3] we have
Theorem 4. Let f € C.,, ,,(I) with some 71,72 € N°. Then for every (z,y) € 1,

lim Ky . (fiz,y) = f(z,y).

ni,n2—>00

Theorem 5. (Voronovskaja type theorem) Let f € I). Then for every (z,y) € I,

CF e
Jim n{K3(fi2,y) = fle,y)} = (—x+1f ;>fz(x,y)+( y+ﬁ+ )fy(:cy)

+5 (14 2) faala,y) + 5 (L4 ) fy (@, 9):

NH%%
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Proof . Let (z,y) € I be fixed. By Taylor formula, we have
f(u,v) = f(ac,y)+fz(x,y)(u—x)—|—fy(x,y)(v—y)

+%{fm($, Y)(u— ) +2fuy (2, y)(u - 2) (v —y) + fyy(z,9) (v —y)*}
—l-T/J(U, U3 z,y)\/(u - l‘)4 + (’U - y)4a

where ¥(., ;2,y) =¢(.,.) € Cy, 1, () and ¥(z,y) = 0. Thus, we get
Ky (flu,v);z,y) = flo,y) + fole,y) Ki(u—z;2) + fy(z,9) K (v —y3y)
g a9 K (0 = )% ) 4 2y (0, y) K — 3 0) K (0 — 9:9)

+hyy (@ ) Ki (v — )% )} + K2 (0(u,0)y/(u— 2)t + (v — y) b 2,y).

Hence, using Lemma [3.1] we have

T n(K (F0ian) - @) = falo)( ot 754 g )+ hen (-t 1)

5o+ 2) feal, ) + 90+ )y, 9)

T lim nfg (0w, 0)y/(u - 2) F (0 g)ka.y). (4.16)
Applying the Hélder’s inequality, we have
a a a 1/2
K2 () /(=2 + =y hay)| < (KD, @)z )2 KL, (- 2)' + (0 =) 2) }

IA

(K (02 (w02, )}V {EG (u = 2)%52) + K (0 = )Y 9)} 2
By Theorem [4]

lim K7 (4° (u,0);2,y) = ¥°(z,y) =0,

n— 00

1 1
and from Lemma (iii), for each (z,y) € I, K¢((u — x)*;2) = O < 2) and K2((v —y)4y) =0 <n2) . Hence
n

im0, (6 0)y/fu— 2+ (0= y)5,y) = 0. (4.17)

By combining (4.16)) and (4.17)), we obtain the desired result. O

4.3 Simultaneous approximation

Theorem 6. Let f € C} _ (I). Then for every (z,y) € R =R, xRy,

1o} 0

Jn (Gokiaen) = e, (4.18)
0 0

lim (wK;,nu;x,u))y_y = L) (4.19)

Proof . We shall prove only ([4.18) because the proof of (4.19) is similar. By the Taylor formula for f € CJ

e (I), we
have

f(uav) = f(a:,y) + fx(xay)(u - 'T) + fy(l‘,y)(’l} - y) + ¢(Uav;$7y)\/(u - $)2 + (U - y)2 for (’u’vv) € I,
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where 9 (u, v;2,y) = ¥(.,.) € Cy, 4,(I) and Y(z,y) = 0. Operating Ky, (.;.,y) to the above inequality and then by
using Lemma [3.3] we get

(gotatropw) = fwa)(gohia0wn)  + (R s )

w=x w=x

0
1) (Kl ~ )

ow

— re{g (s (e 25 43)) )
el (i (w15 +5))) v 2o

n
= — E.
n+ 1f:c($7y) +

+(3Kz,n<w<u,v;x,y>\/<u s y>2;w,y>)  for (uyv) € 1

It is sufficient to prove that £ — 0 as n — oo.

E = (n+1)? ZZ( mkh,@wy) / / ¢uv V(u—2)2 + (v —y)2dudv

k1=0 k2=0

(k1 —nx)(1+z) —ax
= ey Yy }W:z,n,kl,@(x,y)

k1=0 k2=0 1+x)

+1 k1+1

/ i / V(u—2)2+ (v —y)2dudv

o s i(h—x> oo [
S K (0, v>¢<u—x>2+<v—y>2;x,y>

_(1+:c)
= E1 +E2, say.

/n+1 Y(u,v)y/(u— )2 + (v — y)2dudv

First, we estimate E; by using Schwarz inequality.

0 k; 1/2
A

k1=0
o0 oo k2j11 kl:ll 1/2

(n+1 2SS Whnsslen) [ [0 0= o+ 0 =)
k1=0 ka=0 wtr Yat

n o0 K 2\ 1/2 \ \

s (w2 -0) ) o (2w - 0)a)

k1=0

2K (u— 2)% 2) (K (0 — )% y) + K (0 — ) 5 9)

|Ey| < Mio(z,y){K2, (*(u,v);2,y)}'/*, in view of Lemma B

From Theorem [4] we obtain

lim K3, (0" (u,v);2,y) = o (z,y) =0, for (z,y) € RY.

n— 00

To estimate Fs, proceeding in a manner similar to the estimate of E;, we get E5 — 0 as n — oo.
Combining the estimates of E; and F», it follows that £ — 0 as n — oco. This completes the proof. [



372 Goyal, Agrawal

Figure 1: The Convergence of K1180,100(f?$vy) (red) to f(z,y) (yellow)

Similarly, we can prove the following theorem:

Theorem 7. Let f € C’:? I). Then for every (z,y) € R%, we have

17’72(

0 7]
i of (ration) e} = (214 g e+ (14 15) e
+(—y+1ai/+;)fzy(m,y>+

+5 (14 ) fana(2,9)

<

(1 +9) fayy (2, 9)

and

. S of _ a ay
nll—{gon{ (&/Kn,n(fvxay))y_y - ay(xay>} - (_ 1+ W)fv(x’y) + (1 + 1+y> fyv(xay)

+< —x+ - + ;)fzy(xay) + g(l +x>famy(x’y)

14z
Yy
=(

3

L+ y) fyyy (2, ).

5 Numerical Examples

In the following, we give some numerical results regarding the approximation properties of bivariate generalized

Baskakov-Kantorovich operators K, . (f;z,y) using Matlab algorithms for construction of operators.

Let us consider the function f : I — R, f(x,y) = 22y — 92y® + 422. The convergence of the bivariate generalized
Baskakov-Kantorovich operators to the function f is illustrated in Example 1.

Example 1. For n; = ny = 100; n; = ne = 500 and a = 10, the convergence of the bivariate generalized Baskakov-
Kantorovich operators K . (f;x,y) (red) to the function f(x,y) = #*y* —9zy® +42? (yellow) is illustrated in figures
and [2] respectively. We observe that as the values of ny and no increase, the error in the approximation of the
function by the operators becomes smaller.
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Ey
Wt
o

===

Figure 2: The Convergence of K51801500(f;:c,y) (red) to f(z,y) (yellow)

Figure 3. The Comparison of bivariate Szdsz-Kantorovich (blue) and
bivariate generalized Baskakov-Kantorovich Ki{y 100(f;#,y) (red) to f(z,y) (yellow)

Figure 4.The Comparison of bivariate Szdsz-Kantorovich (blue) and
bivariate generalized Baskakov-Kantorovich K1) 500(f;%,y) (ved) to f(z,y) (yellow)
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Example 2. For ny = ny = 100; n; = ne = 500 and a = 10, the comparison of the bivariate generalized Baskakov-
Kantorovich operators K} , (f;7,y) (red) and the bivariate Szdsz-Kantorovich operators (blue) to the function
flx,y) = 2%y? — 92y® + 422 (yellow) is illustrated in figures [5| and [5| respectively. It is observed that the error in the
approximation of f by the bivariate Szasz-Kantorovich operators is smaller than the bivariate generalized Baskakov-
Kantorovich operators.
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