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Abstract

Recently fractional cable equation has been investigated by many authors who have applied it in various areas. Here
we introduce and investigate a generalized space-time fractional cable equation associated with Riemann-Liouville
and Hilfer fractional derivatives. By mainly applying both Laplace and Fourier transforms, we express the solution
of the proposed generalized fractional cable equation as H-functions. The main results here are general enough to be
specialized to yield many new and known results, only several of which are demonstrated in corollaries. Finally, we
consider the moment of the Green function with its several asymptotic formulas.
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1 Introduction and Preliminaries

Fractional calculus has had a large spectrum of possible applications in different experimental scenarios with the
aid of extensive developments of its theories. Many existing works show the modelling potentiality of the fractional
calculus as well as a vision of the associated many open fractional questions deserving deeper investigations. In
recent years fractional cable equation has attracted many authors who have applied in such various areas as models
for spiny dendrites [8] and models for anomalous electro-diffusion in nerve cells [I7]. Time-space fractional cable
equation that describes the anomalous transport of electro-diffusion in nerve cells has also been investigated (see, e.g.,
[22]). For many other studies of fractional cable equation, one may be referred, for example, to the recent works
[, (7, 8, 211, 23] 251 (32, [38], 40].

The left-sided and right-sided Riemann-Liouville fractional integrals I3, f and I;* f of order a € C with R(a) >0
of a function f defined, respectively, by (see, e.g., [24] 25] [32])

I f(x) = I‘(la) /: @ f(tt))la dt (x>a) (1.1)
and
b
I () = o (1a) / G ! f;l dt (x<b), (1.2)
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whenever each of the right sides exists. Here I'(«) is the familiar Gamma function (see, e.g., [35, Section 1.1]). Here
and in the following, let C, R, R, and N be sets of complex numbers, real numbers, positive real numbers, and
positive integers, and let Ny := N U {0}.

The left-sided and right-sided Riemann-Liouville fractional derivatives of order a € C with $(«) > 0 of a function
f(x) are defined, respectively, by

o _ 1 ar " f()
D(H_f(x) *F(n_a) T /a (z,t)a*”Jrl dt

K (1.3)
= @) (n=[R@)]+1, 2> a)
and b
DS =1y |, (t—g?”“dt (1.4)
:;;in =of(@) (n=[R(e)]+1, = <b)

whenever each of the right sides exists and where [J(«)] denotes the greatest integer less than or equal to R(«). In
particular, we find (see [24] 28])

LS (m)zpzcg)ci/o”(xﬂz))l&du 0<8<1, 2>0). (1.5)

The Caputo fractional derivative of order « of a function f(t) is defined and denoted by (see, e.g., [4, [T}, B1])

§DPf(t) = (ml_ 5 /0 0 _f :L(L)_de (1.6)
(R(a) >0, R(a) ¢ N; m = [R(a)] +1; ¢t > 0)
and
SDef(t) = dy;{f) (a =m€N). (1.7)

The Laplace transform of Caputo derivative is given as follows (see [24] 28]):

m—1

LATDFf()} = s"f~(s) = D s f(04) (1.8)
r=0

(meN, m—1<a<m),
where f~(s) is the Laplace transform of f(t) (see also, [33], [36]).

The (left-sided) fractional derivative D!?” of order 0 < p < 1 and type 0 < v < 1 of a function f is defined as
follows (see [9] [10L B37])
d
dx
whenever the right side exists. Obviously D,‘l‘f (z) = DY, f(z). The operator is often called Hilfer fractional
derivative. The Hilfer operator in is rewritten in a more general form (see [10]):

v v(l— 1—v)(1—
DI f(x) = I3 00 ), (1.9)

v v(n— dar 1—-v)(n— v(n— vn—puv
DS f(a) = 1 o TV f o) = LY DT f(a) (1.10)

0<v<lyneNn—-1<pu<n).
The Laplace transform of the above operator in (1.10]) is given in the following form (see, Tomovski [37, eqn. (7.1),

p. 3380)):
LD f(x);s}

n—1
~ n—k—v(n—u)— dk —)(n—
= st f7(s) = st L 00 f)  04)

k=0

(1.11)
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0<v<LineNn-1<pu<n),
where

d* (1) o dY e
{0 s 00 = i I 1),

The classical cable equation which models the membrane potential V' = V(z,t) along the axial a-direction of a
dendrite with diameter d, relative to the resting membrane potential Vi, is given by (see [34])

V_‘/rest . 8V (xﬂf) - d’l"m 82V(£E7t)
T Tm e (T,1) + CmT'm ot = Ary o2

(1.12)

where 7, denotes the specific membrane resistance, ry is the longitudinal resistivity, ¢, denotes the membrane
capacitance per unit area, and i, is the external injected current per unit area. The product 7 = ¢, 7y, is the time
constant for the dendrite.

The macroscopic model (1.12)) can be obtained by combining the standard current continuity equation

6V iL’,t d@IL :C,t . .
e BN _COLBD () i), (1.13)
im (x,t) and 4. (z,t) being, respectively, the total ionic trans membrane current density and the injected current
density, and the constitutive equation
1 0V (x,t) . V-V
L (.’17 ) . (.T,t) _ rest

I t) =
L (1) rr, Oz T

(1.14)

occurring from the temporal memory and spatial and nonlocal effects. The Ohm’s law [8] is therefore modified as
generalized fractional Ohm’s law [21]:

I (z,t) = thl_z (A" (2,1)) , (1.15)

where rp, (o, 1) is a parameter depending on « and p. Here A* is the Riesz fractional operator defined by (see [I1], B1])
T (
2cos (T£)

where the left-sided and right-sided Riemann-Liouville fractional derivatives are given in (|1.3) and (1.4]). The A* in
(1.16)) is the nonlocal operator in the fractional flux of cells (1.15)) and related to the Lévy flights [2, [].

AV = D! _+DE) (1<p<?2), (1.16)

Remark 1.1. The case v = 0 of the Hilfer fractional derivative (1.9 reduces to the left-sided Riemann-Liouville
fractional derivative (|1.3):

" d — n
D f(x) = 17" f(x) = Diy f(2) (0<p<1). (1.17)
The case v = 1 of the Hilfer fractional derivative (1.9]) reduces to the Caputo fractional derivative (1.6):
Dy @) = Li" f(2) = Dy " f@) (0<p<1). (1.18)

For clarity and simplicity, we also use the following notations:

Dg f(x) = Dg, f(x); D f(z) =§Dgf(x); DM flz) = Dyl f(a). (1.19)
A generalization of the Mittag-Leffler function (see [6l 26, 27]):

Fo(z) = ZO Wnﬂ) (aeC, Ra)>0) (1.20)

was introduced by Wiman [39] in the following form:

Bup(s) =Y r(#lﬂ) (a, B €C, R(a) > 0). (1.21)

n=0
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For more results involving the functions in (1.20) and (1.21]), one may be referred, for example, to [6, Section 18.1].

By considering the generalized fractional Ohm’s law (|1.15)) and spatial non-local effects, Li and Deng [18] introduced
and investigated the following space-time fractional cable equation

0 _
5V (@) = D= (AMV (z,t)) — X2 D}7PV (2,t) + u (2, t) (1.22)
(zeR, 0<a<1, 0<p8<]),
where = and ¢t are dimensionless parameters, A = i?; is the space dendrite for the dendrite (the cable), u (z,t) is

the external source (external injected current) given by
_ 2 pl-B ;
w(z,t) = A D" (Viest +rmie(x,t)),

D}~ and A* are defined, respectively, in (I.5) and (1.16). Saxena et al. [34] generalized the space-time fractional
cable equation (1.22)) to investigate the following equation

7, DYV (2,t) = DI (A*V (z,t)) — X2 D} 7PV (2,t) + u (1), (1.23)

where “D] is the Caputo fractional derivative in (T.6]) and 7y is a time parameter introduced for dimensional purpose.
Without loss of generality, one may set 7., = 1.

In this paper, instead of the Caputo fractional derivative in (|1.23)), we consider the following generalized space-time
fractional cable equation

D}V (z,t) = D}™% (A*V (z,t)) — X2 D} 7PV (2,t) + u (1), (1.24)

where the notations and conditions are the same in . Then we aim to derive the fundamental solution (Green
function) as well as an analytic solution of the generalized fractional space-time cable equation in , by mainly
using Laplace transform and Fourier transform. The complete solution of the equation is expressed in terms
of an infinite series of the H-functions (see [24]). The main results here are general enough to be specialized to yield
many new and known results, only several of which are demonstrated in corollaries. Finally we also consider the
moment of the Green function with its several asymptotic formulas.

2 Generalized fractional space-time cable equation

Here our first main result is given in the following theorem.

Theorem 2.1. Let t € RT and z € R. Also let «, 3, 7, 6, and u be real parameters such that
0<a<l, 0<B<1,0<y<1,0<6<1,1<pu<2 (2.1)

Then the fundamental solution (Green function) G(x,t) of the generalized fractional cable equation (1.24]) with the
initial conditions

lim V(z,t)=0 and V(z,0)=g(x), (2.2)

|| =00

and without the external injected current, that is, u(z,t) = 0 is given by

)\2,5/3 nt(y=Dn+ 6(1—y)+y—1

G(z,t) 2.3
0= Z i (23)
1 +ta—1
3 | oplatr—1)/n (%,%)’(1+n’ i>’(1’ 1
(ap, Ap) | . ;
where R (1) > 0 and H)"" |:z’ (b B is the H-function (see also, [24] [30]).
7> Pq
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Proof . Firstly, we will derive the Green function of the equation ([1.24]) without external injected current, that is,
u (x,t) = 0. If we apply the Laplace transform with respect to the time derivative ¢ and use the initial conditions (2.2))
and the following formula for the Laplace transform of the Riemann-Liouville fractional derivative (see [24], 28]):

E{D,}_” V(z,t);s} =87V (x,5) — [Dtl_” 1% (x,t)]

t=0"
with another condition:

[Dtl_”V (z, t)]t:O =0 (v=aorp), (2.4)

we obtain

STV (z,5) — s 00 Vg (2) = == (ARV™ (2, 5)) — A2s' 7PV~ (2,5) . (2.5)

Taking the Fourier transform (denoted by ®) on the above equation with respect to the space variable x, we have

STV™® (k,s) — s 00 g® (k) = —s=k[* V@ (k,s) — A2s' P V~® (K, s). (2.6)

Solving (2.6]) for V~® (k, s), we get

s 001g® (k)

~® _ . (~® ®
14 (kas) - sV + 81,a|k|,u + )\2817ﬁ =G (k7$)g (k)v (27)
where

o~ (1 g—0(1—=7)+a-1 08
( ,8) T Sv+a71+|k|/‘+ \2ga—8" ( : )

Expanding the right hand side of (2.8 in a power series gives

X \2\na—6(1—y)+(a—B)n—1

~e N (AT

G~ (kys) = Z (S“H-a—l + |k‘u)n+1 ) (2.9)

n=0

Using the following known formula for the Laplace transform of the derivative of the Mittag-Leffler function in (|1.21))
(see also, [15] [16] 28]):

nls1=9
(s +a)nt!

and taking the inverse Laplace transform on (2.9)), we obtain

L {t””*‘S*lEf;g (—at?) : 5} = (?R(s) > |a\1/”) (2.10)

i (_)\2tl3)ntm—n+6(1—v)+w—1

G® (k,t) =
) ZB n! (2.11)

(—a|k|“t7+a*1) )

(n)
X B am1,6(1—7)+(B—a)ntry

Here the m'" derivative of the Mittag-Leffler function is given as follows (see [20]):
am > (m+n)lz"

B (2) = o [ Bro (2)] = T; n!T'(p(m+n)+o)

(m € No). (2.12)

Using the following known relation between the derivative of the Mittag-Leffler function and the H-function (see [34]):

(_mv 1)

0,1), (1—(pm+0),p) | mEN0) (2.13)

B (2) = HY [—z

in (2.11)), we obtain

(A28 n(r=Dn+5(1—7)+v—1
e (k)= 3 )

n=0

n!

(_n7 1)

0,1),(1—(y=1)n+8(1—9)+Bn+7,7+a—1) (2.14)

bt | et
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Taking the inverse Fourier transform on the expression (2.14)) yields (see [14])

)\2t,8 nt(y=Dn+6(1—y)+y—-1 0
/ exp(—ikx)

1 oo
;z:: n!

< H bkﬁ%w+a1

(771’ 1)

0,1),14+n+Bn—an+d5(1—v) +7,y+a—1) }d’@- (2.15)

Making use of the cosine transform of the H-function (see [24]):

OC p—1 m,n " (ap7Ap)
/0 tP~" cos(kt) H," {at { (by. B.) }dt

=1 /r 2=p £ (g 1—p p
2 kp\/ H’Z?Zl{ (2/k)" ( 2 ’2)>((bp7‘4p)’ (%5 %) ] (2.16)

b; i—1
(m(p)+ﬂlirj11<nm%|:BJ:| >O P= ngl]aé{n%{ Aj :|<O7

n p m q
Q—ZAJ— > A]+ZBJ— > B;>0, |arga|<>

Jj=n+1 j=m+1
we find
> )\Qtﬁ n(y=n+s(1—y)+y-1

Z n!|z|

1,2 a—
XH“{”+ A (0.1), (1= (S 6 (1) + An iy +a— 1)

(3 5):(=n1), (0,5) ] , (2.17)

If we use the following property of the H-function (see [24] p. 12]):

m,n (a;mAP) _l m,n 1/o
g { ‘ (b, Bg) }_ UHp’q ‘

(az)vAp/U) o
(bq,Bq/U) :| ( > 0) (2.18)

in , we get

)\2,5/5 n(y=n+6(1—y)+y—1

G(z,t)
MMM’EZ nlja
ot(aty=1)/n 53 (_na l)v (0,3)
X Hyy | ———— (3 2); g ? X (2.19)
7 2l (0,4) (14 n—m+ 8 (1) + B+, 2=
Finally applying the following transformation formula for the H-function (see [24} p. 11]):
m,n (ap, Ap) | _ n,m 1 (1- bg; By)
i o] G [ = ] 6 o) (220

to the expression (2.19) is seen to yield the desired result (2.3). O

Setting v = § = 1 in the result given in Theorem we obtain a known result due to Li and Deng [I8], which is
given by Corollary 2.2}

Corollary 2.2. Let t € R and z € R. Also let a, 3, 7, 6, and p be real parameters such that
0<a<l 0<B<1, l<pu<2.

Then the fundamental solution (Green function) of the following one-dimensional fractional reaction-diffusion equation
of fractional order

%V(m) = D} (A*V (z,t)) — A2 D} 7PV (2,t) + u (1) (2.21)
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lim V(z,t)=0 and V(z,0)=g(x),

|| — o0

and without the external injected current, that is, u(z,t) = 0 is given by

A2tﬁ

6wt = i Z

2,1
23 |5 , (2.22)
260/ | (1 1y, (1 +n, i) (1,3)
m,n (ap’ AP) o :
where H,; [2 ‘ (by. By) is the H-function (see [24]).
The second main result is given in the following theorem.

Theorem 2.3. Let t € RT and z € R. Also let «, 3, 7, 6, and u be real parameters such that

0<a<l, 0<B<1,0<y<1,0<6<1,1<pu<2 (2.23)

Then the fundamental solution (Green function) of the generalized fractional cable equation (1.24]) with the initial
conditions

i Vi(@,t) =0 and V(z,0)=g(x) (2.24)
x|—o00
is given by
O (2B ,® .
V(z,t) = 1 (=A%) g% (k) exp(—ikx)
2 n]

n=0

[

(_nvl)
0,1),l+~v+B—-v)n+n+é(1—7),y+a—-1) }dk

1 00
“!‘%Zf’y /0 ( )\255+’Y—1)n/_OOU®(k7t_§)exp(_ikx)

n!
(_nal)
0,1),(1—y—n(B+y—1),7+a—1) ]dkdﬁv (2.25)

<l | et

(ap, Ap) | . :
m,n -
where H)" [z ‘ (b, By) is the H-function (see [24]).

Proof . A similar argument as in the proof of Theorem [2.I] will establish the desired result. We omit the details.
O

Among many special cases of the result in Theorem we consider only two cases, which are given in Corollaries

B4 and 2.5

The case § = 0 of Hilfer fractional derivative D} % in 1.9) is seen to reduce to the Riemann-Liouville fractional
derivative D;. So, setting § = 0 in Theorem gives the following result in Corollary

Corollary 2.4. Let t € RT and z € R. Also let «, 3, v, and p be real parameters such that
0<a<l 0<pB<,0<y<], 1<pu<2
Then the solution of the following generalized fractional cable equation

D)V (z,t) = D}=® (A*V(2,t)) — A2 D} PV (2,t) + U (2, 1) (2.26)
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with the initial conditions
lim V(z,t) =0 and V(z,0)=g(x) (2.27)

|z] =00

is given by

V(z,1) ::5%'ﬁ§3 (=X°17)"g® (k) exp(~ikz)
n=0

n!
1,1 Bopyta—1 (—n,1)
! 3 £V71 ' 2¢B+y—1\n > ® .
+ Gy Z nl /0 (=A2gP™ ) / U® (k,t — &) exp (—ikz)
n=0 : —co

(771, 1)
(0,1),(1=y=n(B+y—1),y+a—1) }“ﬂf (2.28)

where R(p) > 0 and H,'" [z ’ p’gp) ] is the H-function (see [24]).

The case § = 1 of the Hilfer fractional derivative D} * reduces to the Caputo fractional derivative “D;. Setting
0 =1 in Theorem yields the following result in Corollary

Corollary 2.5. Let t € R™ and z € R. Also let «, 3, v, and p be real parameters such that
0<a<l 0<pB<],0<y<], 1<pu<2. (2.29)

Then the solution of the following generalized fractional cable equation

DIV (x,t) = D}= (A*V (x,t)) — X2 D}7PV (2,t) + u (2, t) (2.30)
with the initial conditions
| 1‘1m V(z,t)=0 and V(z,0)=g(z) (2.31)
ZT|—0o0

is given by

1 & (=A%) g® (k) exp(—ikx)
oyt o Z n!

(777,, 1)

1,1 Hyy+a—1
XHM{Wt (0,1), 247+ (B —)n+ny+a—1)

| a

n'

1 o0
+217rnz=:0§7 /0 ( )\2£ﬂ+771)n‘/700U®(k’t_f)exp(_ikx)

(7717 ]-)
0,1),A—y—n(B+7-1),7+a—1) ]“ﬂ& (2.32)

m,n (a’P7 AP) o :
where H}"; [2 ’ (by. By) is the H-function (see [24]).

3 Moments of the Green Function
The moment of the Green function G(z,t) in is defined as follows (see [25]):
<27 (1) >;:2/ 2” Gz, t)dz. (3.1)
0
Using the Mellin transform (see [24], 25| [3T]):

M{u(z); 0} = /000 27t (2) du, (3.2)
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we find that, for 0 < o < pu,

( ) i (_)\2t/3)n 20+1t'yn7n+5(177)+“/71+w r (—%) T (% + %) F(l +n+ %)
<z?(t) >= X .
e T F(vn—n+5(1 —7) +Bn+y+ 70(0‘7_1)) I'(=%)
(3.3)
Here consider certain asymptotic behavior of the moment in (3.3]).
Example 1. Setting p = 2 in (3.3) and recalling the following asymptotic formula:
1
~ 1 4
) z (2 1), (3.4)
we obtain
lim <o (1) >= "0 B 1) (-ATTTY) (3.5)
_ _ _ 0,1)
_ t6(1 ¥)+y—1 Hl,l |:_)\2tﬁ+'y 1 ( > 3.6
12 0,1),1=y=0(1=9),8+v—1) (3.6)

Example 2. Using the asymptotic formula of the Mittag-Leffler function (see [24] 28] 29]): For w > 0 and p < 1,

Erp (=)~ SFo—

(t = o0), (3.7)

we get

1 =) —B—(B+y1)
. .
My <2" >~ FrGa = =5+ D)

(t — o). (3.8)

Example 3. Taking the limits 0 — 2 and pu — 2 in (3.3) gives the temporal behavior of the mean-square
displacement:
o sy
li =T
H%ﬁbz =7 (®) anr 7+B—1)n+v+a)

which can also be expressed in terms of the first derivative of the generalized Mittag-Leffler function as follows (see
[26] 27, 39]):

lim <a” () >= B (22T, (3.9)

o—2,u—2

4 Concluding Remarks

Here, the generalization of the space-time fractional cable equation, as a presumably new mathematical model,
takes into account the temporal memory effects and spatial non-locality. By applying both Laplace and Fourier
transforms, we expressed the Green function of the generalized space-time fractional cable equation as an infinite
series of H-functions. It is also shown that the main results are general enough to be specialized to yield many known
or new results.
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