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Abstract

The aim of this study is on using Bayesian inference to analyze right-censored healthcare data using Frechet and
exponential baseline proportional hazard (PH) models. For the baseline hazard parameters, a gamma prior was used,
and for the regression coefficients, normal priors were used. The exact form of the joint posterior distribution was
obtained. Bayes estimators of the parameters are obtained using the Markov chain Monte Carlo (MCMC) simulation
technique. Two real-survival data applications were analyzed by the Frechet PH model and the exponential PH model.
The convergence diagnostic tests are presented. We found that the Frechet PH model was better than the exponential
PH model because it is flexible and could be beneficial in analyzing survival data.
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1 Introduction

Survival analysis is one of the most important fields of statistics in medicine and biological sciences. In medical and
healthcare studies, doctors are interested in determining the type of treatment and reaching recovery in the shortest
possible period of time. We used the proportional hazard (PH) models Frechet and exponential are baseline hazard
functions that are affected by covariates. It is one of the most common methods in dealing with parametric regression
models for the analysis of survival data. In addition, the computational advances in the last decades have favored the
use of Bayesian methods in this context, providing a flexible and powerful alternative to the traditional frequentist
approach.

In a recent study, a flexible Bayesian parametric PH model has been explored. Bayesian estimates of the baseline
hazard parameters and the regression coefficients were derived with the generalized log-logistic baseline hazard. The
proposed model was applied to real-world applications involving two well-known right-censored survival data sets using
the MCMC approach [16].

Noraslinda, Zarina, and Norhaiza [11] explored the proportional hazards model (PH) for right-censored data from a
Bayesian perspective. The MCMC approach was used to estimate the background distributions for model parameters
and was applied to Leukemia data.
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A study of the mortality rate of children under the age of five in Bangladesh was carried out using the cox
proportional hazard model under both classical and Bayesian methods. Almost similar results were reached using
these methods, except for one key finding. Under Bayesian analysis, a child’s size at birth appeared as a potential
determinant of under-five mortality, whereas it has an insignificant effect on child survival when the classical Cox
model has been applied [17].

The researchers (Samuel and Eren) concentrated only on the functioning of the article, Bayesian Survival Analysis.
A broad variety of Bayesian survival models may be fitted using the rstanarm R package, which includes typical
parametric (exponential, Weibull, and Gompertz) models. The rstanarm package for Bayesian regression modeling
has a simple way to get back-end estimates [3].

A model of proportional hazard Bayesian analysis using left truncated and right-censored data. As part of a process
that’s neutral to the right, they used a survival function with a limited number of dimensions as the ”background”
for the baseline survival function. The regression coefficient is given precedence over other variables. After that, they
had the information you need it. This is exactly what the joint posterior distribution of regression coefficients should
look like. And the hazard function at the beginning of the baseline data. As a byproduct, they come up with it to
demonstrate the validity of our findings. The accuracy of the regression model’s posterior distribution [12].

A study on patients with COVID-19 was developed to see what characteristics influence their length of hospital
stay. The time between a patient’s admission and discharge served as a response variable and a time-to-event analysis
were carried out to identify the factors that could affect this time. Hospitalization duration predictors were identified
using the Cox proportional hazard model. The study declared that Patients with more than two chronic diseases
tended to stay in the hospital for longer than those without [21].

This paper is concerned with Bayesian inference of the proportional hazard model when observations are right-
censored with applications on two distinct right-censored survival data sets. The first data concerns (98 patients with
COVID-19 disease, and the second data set concerns (46) patients with leukemia disease. It is also concerned with
knowing the risk of the treatments applied for these two diseases. The two data sets were analyzed to demonstrate the
flexibility and applicability of the proposed Frechet PH model and the exponential PH model in modeling different
survival data sets with different hazard rate shapes. All computations are performed in Bayesian analysis using
MCMCpack with the function MCMCmetrop1R, an R package from the R software.

2 Hazard, Cumulative hazard, and Survival Functions

There are three key quantities of interest in standard survival analysis: the hazard rate function, the cumulative
hazard function, and the survival function. These quantities are used to form the likelihood function for the survival
models described in later sections.

The hazard is the instantaneous rate of occurrence for the event at time t. mathematically, it is

h(t) =
P (t ≤ T < t+∆t | T ≥ t)

∆t
=

P (t ≤ T < t+∆t)

∆tP (T ≥ t)
= − d

dt
log logS(t)

The cumulative hazard function is defined as

H(t) =

∫ t

0

h(u)du, t > 0

and the survival function is defined as

S(t) = exp exp{−H(t)} = exp

(
−
∫ t

0

h(u)du

)
.

It can be seen here that in the standard survival analysis setting where there is one event type of interest (i.e.,
no competing events) there is a one-to-one relationship between each of the hazard, the cumulative hazard, and the
survival probability.

3 Parametric Proportional Hazard (PH) Model

The Cox PH model is most commonly used for analyzing censored survival data where the distribution of lifetime
is considered unknown or unspecified. The parametric proportional hazards model is the parametric version of the
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Cox proportional hazards model. According to Cox (1972) [6], the hazard function for the lifetime T in presence of a
set of covariates (X1,X2 . . .Xk) takes the form

h(x) = h0(t) exp exp (x
′β) = h0(t) exp (x1β1 + x2β2 + · · ·+ xkβk) (3.1)

where h0(t) denotes the baseline hazard function at time t, X denotes the k × 1 covariate vector for an arbitrary
individual in the population, and β denotes a k × 1 vector of regression coefficients.

The key difference between the two kinds of models is that the baseline hazard function is assumed to follow a
specific distribution when a fully parametric PH model is fitted to the data, whereas the Cox model has no such
constraint. The coefficients are estimated by partial likelihood in the Cox model but maximum likelihood in the
parametric PH model. Other than this, the two types of models are equivalent. Hazard ratios have the same
interpretation and the proportionality of hazards is still assumed. A number of different parametric PH models
may be derived by choosing different hazard functions. The commonly applied models are exponential, and the
proposed Frechet model in this study.

3.1 Exponential PH Model

The exponential distribution is a continuous probability distribution with only one unknown parameter λ. It is the
simplest distribution for lifetime distribution models. The distribution is not flexible enough to describe commonly
encountered hazard rate shapes for survival data. The pdf, cdf, sf, hrf, and chf of the exponential random variable
are, respectively, as follows [2] and [5]. Let X ∼ exponential (λ),

f(t) = λe−λt (3.2)

F (t) = 1− e−λt (3.3)

S(t) = e−H(t) = e−λt (3.4)

h(t) = λ (3.5)

H(t) = − log logS(t) = − log log
(
e−λt

)
= λt (3.6)

where λ > 0 is the scale parameter and t ≥ 0. A short value of k shows low risk and long survival, whereas a large
value shows high risk and short survival. For the PH model, the exponential baseline hazard is h(t) = λ. So, according
to the formulation of the PH framework, the hazard rate for an individual with covariate vector X and link function
η(x) is

h(t) = h0(t)η(x) = λη(x).

Applying the log-linear function η(x) = exp (x′β), we can simplify into

hEPH(t) = λ exp exp (x′β) = λ exp (x1β1 + x2β2 + · · ·+ xkβk) . (3.7)

The exponential distribution of the hrf in this equation, with scale parameter λ, satisfies the PH assumption, as
shown by the expression (x′β). It is important to note that several studies have demonstrated that the exponential
distribution is insufficient to characterize survival data. This limits the range of applications for this distribution.

The following are the alternative lifespan distributions of the exponential PH model. The survival function of the
exponential PH model is

SEPH(t) = [exp(−λt)](x
′β). (3.8)

The pdf of the exponential PH model is

fEPH(t) = λ · exp exp(−λt) (x′β) [exp exp(−λt)](x
′β)−1. (3.9)

The cdf of the exponential PH model is

FEPH(t) = 1− [exp(−λt)](x
′β). (3.10)

The chf of the exponential PH model is

HEPH(t) = λt (x′β) . (3.11)
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3.2 The Frechet PH Model

Frechet distribution was presented for the first time by the French mathematics scientist Maurice Frechet (1878-
1973) who determined the distribution of his largest statistics in the year (1927). Frechet distribution is one of the
continuous probability distributions and is one of the distributions with heavy tails. The distribution of Frechet is a
special case of the distribution of generalized extremist values when the location parameter is equal to zero. It has
uses in the life sciences, studying the statistical behavior of material properties in the engineering fields, and analyzing
many extreme events, including rains, wind speed, floods, earthquakes, and life tests, and it is also used to model
failure rates, which are commonly used in reliability and analysis of light signals [1] and [9].

The pdf, cdf, sf, hrf, and chf of the Frechet random variable are, respectively, as follows. Let X ∼ Fr(α, λ)

f(t) = αλαt−(α−1)e−(
λ
t )

α

(3.12)

F (t) = e−(
λ
t )

α

(3.13)

S(t) = 1− F (t) = 1− e−(
λ
t )

α

(3.14)

h(t) =
f(t)

S(t)
=

αλαt−(α−1)e−(
λ
t )

α

1− e−(
λ
t )

α (3.15)

H(t) = − log logS(t) = log log
(
1− e−(

λ
t )

α)−1

(3.16)

where t, α, λ > 0. The parameter λ is called the scale parameter, and the parameter α is called the shape parameter.
So, according to the formulation of the PH framework, the hazard rate for an individual with covariate vector x and
link function η(x) is

h(t) = h0(t)η(x) =
αλαt−(α−1)e−(

λ
t )

α

1− e−(
λ
t )

α · η(x).

Applying the log-linear function η(x) = exp (x′β), we can simplify into

hFrPH(t) =
αλαt−(α−1)e−(

λ
t )

α

1− e−(
λ
t )

α exp exp (x′β) =
αλαt−(α−1)e−(

λ
t )

α

1− e−(
λ
t )

α exp (x1β1 + x2β2 + · · ·+ xkβK) . (3.17)

The Frechet distribution of the hrf in this equation, with scale parameter λ, and shape parameter α. satisfies
the PH assumption, as shown by the expression (x′β). The following are the alternative lifespan distributions of the
Frechet PH model. The survival function of the Frechet PH model is

SFrPH(t) =
[
1− e−(

λ
t )

α](x′β)
.

The pdf of the Frechet PH model is

fFrPH(t) = αλαt−(α−1)e−(
λ
t )

α

(x′β)
[
1− e−(

λ
t )

α](x′β)−1

. (3.18)

The cdf of the Frechet PH model is

FFrPH(t) =
[
e−(

λ
t )

α](x′β)
. (3.19)

The chf of the Frechet PH model is

HFrPH(t) = log log
(
1− e−(

λ
t )

α)−1

(x′β) . (3.20)

4 Inferential Procedures

In this section, we discuss the frequentist (via the maximum likelihood estimation) and Bayesian inference (applying
independent gamma priors for the baseline hazard parameter and normal prior for the regression coefficients for the
proposed Frechet PH model parameters and exponential PH model.
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4.1 Maximum Likelihood Estimation (MLE) for the Right-Censored Survival Data

Survival data are often right-censored. That is, survival times are known for only a portion of the individuals under
study, and the remainder of the survival times are known only to exceed certain values. Specifically, an observation is
said to be right censored at time c, if the exact value of the observation is not known but only that it is greater than
or equal to c [10].

In this section, we introduce the proportional hazard model for right censoring data and review prior processes
neutral to the right for the baseline survival function. We begin by modeling the complete data censoring mechanisms.
The postulates of the proportional hazard model are as follows. Let T1, T2, . . . , Tn be survival times with covariates
x1, x2, . . . , xn.

Suppose the distribution Fi of tj with covariate xi is given by 1−Fi(t) = (1−F (t)) (x′β), where β is the regression
coefficient and F is the known baseline distribution function. The survival times are observed due to the censoring
variables (Wi, Ci), which are assumed to be independent random vectors independent of the x′

is. Let tj = min(Ti, Ci)
and Wi = I (Tj , Ci) which equals 1 if Ti ≤ Ci and 0 otherwise.

Suppose that a right-censored random sample with data D = (tj , wi, xi) , i = 1, . . . n, where ti is the censoring time
or survival time according to whether wi = 1 if the event has occurred, wi = 0 if the observation is right censored,
respectively and xi = x1, x2α . . . , xn is an n × 1 colomn vector of external covariates for the ith individual. And
suppose that ϑ is the vector of parameters associated with the baseline distribution, and β is the vector of regression
coefficients. Then the likelihood function for (ϑ, β) for a set of right censored data on n subjects is given by

L(ϑ, β | D) =

n∏
i=1

[f (ti | ϑ, β, x)]wi [S (ti | ϑ, β, x)]1−wi

=

n∏
i=1

[h(ϑ, β, x) · S (ti | ϑ, β, x)]wi [S (ti | ϑ, β, x)]1−wi

=

n∏
i=1

[h (ti | ϑ, β, x)]wi [S (ti | ϑ, β, x)]

=

n∏
i=1

[h (ti | ϑ, β, x)]wi exp

[
−
∫ t

0

h(u)du

]

=

n∏
i=1

[h0 (ti | ϑ) exp (x′β)]
wi

[
exp

(
−

n∑
i=1

H0 (ti | ϑ) exp (x′β)

)]
(4.1)

An iterative optimization procedure (e.g., Newton-Raphson algorithm) can be used to obtain the maximum like-

lihood estimation ϑ̂ of ϑ. The natural logarithm of the likelihood function, so called log-likelihood function can be
written as follows:

l(ϑ, β | D) =

n∑
i=1

wi [log log h0 (ti | ϑ) + (x′β)]−
n∑

i=1

H0 (ti | ϑ) exp (x′β) . (4.2)

Note that S0(t) is the baseline survivor function, which is related to h0(.)isthebaselinehazard function by S0(t) =

exp
(∫ t

0
h(u)du

)
= exp (−H0 (ti)) where H0(t) is the baseline cumulative hazard rate function.

4.2 Bayesian Approach

This subsection sketches a Bayesian approach to a multivariate fixed effects proportional hazards model for right-
censored data. The specification of its posterior distribution needs the following ingredients: First, the likelihood of the
observed data; second, specific prior distributions for regression parameters, hyper parameters, and baseline hazard;
third, a Markov Chain Monte Carlo (MCMC) the algorithm which can be used to sample the posterior distribution
of the parameters of interest.

4.2.1 Maximum likelihood estimation

The likelihood function is one of the important ingredients of the formula of Bayes’ theorem, we can find the
likelihood function of baseline hazard distribution of the models studied in this research as follows.
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Maximum likelihood estimation for Frechet PH model

We obtain the whole likelihood function of the Frechet PH model by using equations (3.15) and (3.16) in the
likelihood function provided in (4.1). The function may be written as follows:

L(α, λ | t) =
n∏

i=1

1

[
αλαt−(α−1)e−(

λ
t )

α

1− e−(
λ
t )

α exp (x′β)

]wi
[
exp

(
−

n∑
i=1

log log(1− e−(
λ
t )

α

)−1 exp (x′β)

)]
(4.3)

and also using equations (3.15) and (3.16) in (4.2) we get a log-likelihood function of the Frechet PH model

l(α, λ | t) =
n∑

i=1

wi

[
log log

αλαt−(α−1)e−(
λ
t )

α

1− e−(
λ
t )

α + (x′β)

]
−

n∑
i=1

log log
(
1− e−(

λ
t )

α)−1

exp (x′β) (4.4)

Maximum likelihood estimation for exponential PH model

We obtain the whole likelihood function of the exponential PH model by using equations (3.5) and (3.6) in the
likelihood function provided in (4.2). The function may be written as follows:

L(ϑ | t) =
n∏

i=1

1 [λ exp (x′β)]
wi

[
exp

(
−

n∑
i=1

λt exp (x′β)

)]
(4.5)

and also using equations (3.5) and (3.6) in (4.2) we get a log-likelihood function of the exponential PH model

l(ϑ | t) =
n∑

i=1

wi [log log λ+ (x′β)]−
n∑

i=1

λt exp (x′β) . (4.6)

4.2.2 Prior Distribution

For each of the parameters, a number of prior distributions are available. Default choices exist, but the user can
explicitly specify the priors if they wish. We have assumed normal priors for the covariates and independent gamma
priors for the baseline parameters of the Frechet PH model and exponential PH model.

Prior Distribution of the Frechet PH model

We assume the independent gamma priors for α ∽ G (a1, b1) and λ ∽ G (a2, b2) as

p(α) ∽ G (a1, b1) =
ba1
1

Γ (a1)
αa1−1e−b1α, a1, b1, α > 0 (4.7)

p(λ) ∽ G (a2, b2) =
b2

a2

Γ (a2)
λa2−1e−b2λ, a2, b2, λ > 0. (4.8)

Prior to that, we had the regression coefficients (assuming a normal distribution).

p (β′) ∽ N (a3, b3)

The density function of the combined prior distribution of all unknown parameters and the regression coefficients
of the Frechet PH model is given as

p (α, λ, β′) = P (α)p(λ)p (β′) (4.9)

Prior Distribution of the exponential PH model

We assume the independent gamma priors for λ ∽ G (a2, b2) as

p(λ) ∽ G (a2, b2) =
b2a2
Γ (a2)

λa2−1e−b2λ, a2, b2, λ > 0.

Prior to that, we had the regression coefficients (assuming a normal distribution)

p (β′) ∽ N (a3, b3) .

The density function of the combined prior distribution of all unknown parameters and the regression coefficients
of the exponential PH model is given as

p (λ, β′) = p(λ)p (β′) . (4.10)
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4.2.3 The Posterior Distribution

The joint posterior density function is equal to the multiplication of the prior distribution and the likelihood
function.

The Posterior Distribution of the Frechet PH model

The joint posterior density function of the parameters α, λ, and β′ of the Frechet PH model given the data can be
expressed using Bayes’ theorem as

p (α, λ, β′ | x) ∝ p (α, λ, β′)L (α, λ, β′)

or

p (α, λ, β′ | x) ∝ p(α)p(λ)p (β′)L (α, λ, β′) (4.11)

where the first two terms represent the prior specification for the unknown parameters and are assumed to be inde-
pendent and L (α, λ, β′) is the likelihood function from Equation (4.3)

p (α, λ, β′ | x) ∝


p∏

j=1

βj

αa1+n−1e−b1αλa2+n−1e−b2λL (α, λ, β′) . (4.12)

The Posterior Distribution of the exponential PH model

The joint posterior density function of the parameters λ and β′ of the exponential PH model given the data can
be expressed using Bayes’ theorem as

p (λ, β′ | x) ∝ p (λ, β′)L (λ, β′)

or

p (λ, β′ | x) ∝ p(λ)p (β′)L (λ, β′) (4.13)

where the first two terms represent the prior specification for the unknown parameters and are assumed to be inde-
pendent and L (λ, β′) is the likelihood function from Equation (4.5)

p (λ, β′ | x) ∝


p∏

j=1

βj

λa2+n−1e−b2λL (λ, β′) . (4.14)

The marginal distribution of the model parameters and the normalizing joint posterior density function is difficult
to calculate analytically, requiring high-dimensional integration and no closed form inferences. To obtain estimates, we
use MCMC simulation methods, which involve sampling from the posterior distribution using the Metropolis-Hastings
Algorithm.

5 A model for the comparison of two groups

An alternative way of expressing the model in Equation (36) leads to a model that can more easily be generalized.
We assume that survival data are available on n individuals and denote the hazard function for the ith of these by
hi(t), i = 1, 2, . . . , n. Also, write h0(t) for the hazard function for an individual on the standard treatment. The hazard
function for an individual on the new treatment is then HR h0(t). The relative hazard HR cannot be negative, so it is
convenient to set HR = exp(β). The parameter β is then the logarithm of the hazard ratio, that is, β = logHR, and
any value of β in the range (−∞,∞) will lead to a positive value of HR. Note that positive values of β are obtained
when the hazard ratio, HR, is greater than unity, that is when the new treatment is inferior to the standard.

If xi is the value of indicator variable X for the ith individual in the study, i = 1, 2, . . . , n, the hazard function for
this individual can be written as

hi(t) = h0(t)e
βxi

where xi = 0 if the ith individual is on the new treatment and xi = 1 otherwise. This is the proportional hazards
model for the comparison of two treatment groups [5] and [14].
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6 Application to Real Data

In this section, two applications were considered on real-life survival data. The first application concerns a data
set of (96) infected patients with COVID-19 disease. The second application concern a data set of (42) patients with
leukemia disease. The two data sets were right-censored, which is the most common type of censoring in the analysis
of survival data.

6.1 Data Set I: COVID-19 Survival Data

Coronavirus disease (COVID-19) has become a global pandemic that has affected millions of people worldwide.
The presence of multiple risk factors for COVID-19 makes it difficult to plan treatment and optimize the use of medical
resources. In this study, we are interested to determine the hazard ratio of the new therapy (Favipiravir) compared to
the typical therapy. A sample of 96 positive cases of COVID-19 from Al-Diwaniyah Teaching Hospital is monitored
from the 1st to the 30th of January 2022. Out of those 96 cases, 49 patients were treated with the new therapy and
48 patients were treated with the typical therapy. We will apply this data to two Frechet PH and exponential PH
models. Table 1 describes the variables applied in the study

In checking the proportionality assumption for our problem, a widely used method for assessing the PH assumption
is based on the TTT plot. As a result, we anticipate that the Frechet PH model will provide a good fit when compared
to the exponential PH model employed in this study.

Figure 1 shows the TTT plot, box plot, and the histogram for the survival times of the COVID-19 data set. Based
on the TTT plot, the hazard rate function is an increasing hazard. The data could be analyzed using a model such as
the Frechet distribution, which would be represented by the PH framework. Posterior Analysis of Frechet distribution.
In this study, we assume the noninformative independent framework with a normal prior N(0, 1000) for β′ (regression
coefficients) and an independent gamma prior for the baseline parameter for α ∽ G (a1, b1) and λ ∽ G (a2, b2) with
hyper-parameter values (a1 = b1 = a2 = b2 = 0.0001).

We started the parallel chain for a sufficiently large number of iterations until convergence was achieved. The
convergence was achieved at 110,000 replication with a burn-in of 10000 . We use MCMCpack, an R package that
contains functions to perform Bayesian inference using posterior simulation for a number of statistical models.

The MCMCmetrop1R function allows users to sample from a user-defined continuous density using a random walk
Metropolis algorithm with a multivariate normal proposal distribution. This can be used to explore a posterior (or
log-posterior) distribution, as well as any other target distribution of interest [7] and [18]. The sampler itself is coded
in C + +, so the iterations run quite fast. Users only have to provide the target density as an R function [15].

Numerical Summary

Different quantities of interest are introduced to investigate posterior properties. Numerical values for these
posterior properties of the Frechet PH model using an MCMC sample are presented. The Naive standard error (SE)
is defined as the mean standard error that incorporates simulation error rather than posterior uncertainty.

Naive SE =
posterior SD√

n
.

The time series SE adjusts the Naive SE for autocorrelation. Trace plots and autocorrelation plots are the most
common ways to judge the convergence of an MCMC simulation graphically [8].

The posterior mean, posterior standard deviation, Naive standard error SE, time series standard error, 95% credible
interval (2.5%, 97.5%) and the highest posterior density (HPD) interval for the model parameters in Table 2. Table 3
showed the basic statistics for Frechet PH model via MCMC sample. These statistics include the minimum, Quartiles,
maximum, mode, skewness, and kurtosis.

Table (2) shows that the Naive SE is smaller than the standard deviations (SD) for all of the distributional
parameters and regression coefficients, as expected, indicating that the MCMC algorithm has converged to the posterior
distribution.

Visual Summary

The convergence diagnostics of an MCMC algorithm can be examined by some graphical techniques. These
techniques include the trace plots, the density plots and the autocorrelation plots. We looked at these diagnostic
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Table 1: Description of the variables of patients with COVID-19 disease

plots to get a visual description of the posterior properties. These plots and graphs provide a nearly comprehensive
representation of the parameter’s posterior uncertainty for the application of the COVID-19 data set.

A time series plot (also known as a trace plot) is among the most widely used MCMC simulation diagnostics [8].
Figure 2 shows that the MCMC sampling process converges to the joint posterior distribution with no periodicity.
As a result, we can say that the chains have converged. The basic forms of standard analytic distribution may be
compared to density through density plots. Density charts can show the behavior in the tails, skewness, and other
characteristics.

The density graphs for the Frechet PH model parameters are shown in Figure (2). It appears that data outliers
and multimodal behavior are both present.

Although the autocorrelation plot is not strictly a convergence diagnostic tool, it does aid in indirectly assessing
the convergence of the MCMC simulation process [19]. Figure (3) shows the autocorrelation plots for Frechet baseline
parameter and the regression coefficients. Table 4 show all the variables have converged of the Frechet PH model
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according to Geweke diagnostic.

Hazard Ratio (HR).

The hazard ratio is concerned with the application of the therapy type variable represented by Rx from table 1
for patients with COVID-19. From table 2, the Bayes estimate of the coefficient of the therapy type variable, Rx is

β2 = −1.11931 with a standard error SE = 0.00144. From section 6 , the hazard ratio becomes eβ̂2 = 0.3265, and
since we have coded this therapy l Favipiravir) as 0 and the typical therapy as 1 , this means that using the typical
therapy will increase the risk by 0.3265 times compared to using the new therapy.

Table 2: Numerical summaries of posterior characteristics based on the Frechet PH model via MCMC sample for the COVID-19 data sets.

Table 4. Show all the variables have converged of the Frechet PH model according to Geweke diagnostic.

Posterior Analysis of exponential distribution

In this study, we assume the noninformative independent framework with a normal prior N(0, 1000) for β′ ’s
(regression coefficients) and an independent gamma prior for the baseline parameter for λ ∽ G (a2, b2) with hyper-
parameter values (a2 = b2 = 0.0001).

We started the parallel chain for a sufficiently large number of iterations until convergence was achieved. The
convergence was achieved at 51,000 replication with a burn-in of 1000 . We use MCMCpack, an R package that
contains functions to perform Bayesian inference using posterior simulation for a number of statistical models.

Numerical Summary

Different quantities of interest are introduced to investigate posterior properties. Numerical values for these
posterior properties of the exponential PH model using an MCMC sample are presented.

The posterior mean, posterior standard deviation, Naive standard error SE, time series standard error, 95% credible
interval (2.5%, 97.5%), and the highest posterior density (HPD) interval for the model parameters are in Table 5.
Table 6 showed the basic statistics for the exponential PH model via the MCMC sample. These statistics include the
minimum, Quartiles, maximum, mode, skewness, and kurtosis.

Table 5 shows that the Naive SE is smaller than the standard deviations (SD) for the distributional parameter and
regression coefficients, as expected, indicating that the MCMC algorithm has converged to the posterior distribution.

Visual Summary
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Table 3: Some basic statistics for the Frechet PH model via MCMC sample for the COVID-19 data sets.

Figure 1: The TTT plot, box plot, and histogram for the survival times of the COVID-19 data set.

The convergence diagnostics of an MCMC algorithm can be examined by some graphical techniques. These
techniques include trace plots, density plots, and autocorrelation plots. We looked at these diagnostic plots to get a
visual description of the posterior properties. These plots and graphs provide a nearly comprehensive representation
of the parameter’s posterior uncertainty for the application of the COVID-19 data set.

Figure 5 shows that the MCMC sampling process converges to the joint posterior distribution with no periodicity.
As a result, we can say that the chains have converged. The basic forms of standard analytic distribution may be
compared to density through density plots. Density charts can show the behavior in the tails, skewness, and other
characteristics. The density graphs for the exponential PH model parameters are shown in Figure 5 . It appears
that data outliers and multimodal behavior are both present. Although the autocorrelation plot is not strictly a
convergence diagnostic tool, it does aid in indirectly assessing the convergence of the MCMC simulation process [19].
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Figure 2: Trace plots and Density distribution for Frechet baseline hazard parameters and the regression coefficients for the COVID-19
data sets.

Figure 3: Autocorrelation plots for Frechet baseline parameters and all regression coefficients for the COVID-19 data set

Figure 6 shows the autocorrelation plots for the exponential baseline parameter and the regression coefficients.

Hazard Ratio (HR)

The hazard ratio is concerned with the application of the therapy type variable represented by Rx from table 1
for patients with COVID-19. From table 5, the Bayes estimate of the coefficient of the therapy type variable, Rx is

β̂2 = −0.39286 with a standard error SE = 0.0019. From section 6 , the hazard ratio becomes eβ̂2 = 0.67512, and
since we have coded this therapy (Favipiravir) as 0 and the typical therapy as 1 , this means that using the typical
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Table 4: Geweke diagnostic of the Frechet PH model parameters for the COVID-19 data sets.

therapy will increase the risk by 0.67512 times compared to using the new therapy.

Table 5: Numerical summaries of posterior characteristics based on exponential PH model via MCMC sample for the COVID-19 data sets.
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Table 6: Some basic statistics for exponential PH model via MCMC sample for the COVID-19 data sets.

Figure 4: The TTT plot, box plot, and histogram for the survival times of the COVID-19 data set

6.2 Data Set II: Leukemia Survival Data

In a medical study conducted by Caplehorn [4] on a group of (46) leukemia patients, a new treatment different
from the usual standard treatment was experimented. The effect of this treatment was monitored after recovery on
the occurrence of relapse (the event under study) for a period of 35 months. We will apply this data to two Frechet
PH and exponential PH models. The response and exploratory factors (variables) used in this clinical trial are shown
in Table 8.

Posterior Analysis of Frechet distribution

In this study, we assume the noninformative independent framework with a normal prior N(0, 1000) for β′ s
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Figure 5: Trace plots and Density distribution for exponential baseline hazard parameter and the regression coefficients for the COVID-19
data sets.

Figure 6: Autocorrelation plots for exponential baseline parameter and all regression coefficients for the COVID-19 data set.

(regression coefficients) and an independent gamma prior for the baseline parameter for α ∽ G (a1, b1) and λ ∽
G (a2, b2) with hyper-parameter values (a1 = b1 = a2 = b2 = 0.0001).

Using the same data, we continue our analysis with the Bayesian approach using MCMCpack, an R package The
choice of hyperparameters and initial values are not sensitive to the estimation of the parameters. one chain with the
starting values was carried out simultaneously. 110,000 iterations are performed for the chain after 10000 iterations
for burn-in To obtain the algorithm’s affinity for the target distribution.
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Table 7: Geweke diagnostic of the exponential PH model parameters for the COVID-19 data sets.

Table 8: Description of the variables of patients with leukemia disease

MCMC Algorithm Convergence

For the leukemia data set, using the MCMC method, the complex posterior distribution is sampled. A convergence
diagnostics test of the MCMC algorithm is performed using the Geweke diagnostics test. Table .8 indicates the
Geweke diagnostics statistic for the Frechet PH model parameters. It shows that all the variables have converged for
the Frechet PH model.

Hazard Ratio (HR)

The hazard ratio is concerned with the application of the therapy type variable represented by Rx from table 8
for patients with leukemia. From table 9 the Bayes estimate of the coefficient of the therapy type variable, Rx is

β̂3 = 1.73452 with a Naive standard error (0.0015), and the hazard ratio is eβ̂3 = 5.66621 and since we coded the new
therapy as 0 and the typical therapy as 1 , this means that using the typical therapy will increase the risk by 5.66621
times compared to using the new therapy.

Table 11. Show all the variables have converged of the Frechet PH model according to Geweke diagnostic.

Posterior Analysis of exponential distribution

As in the first application in section (6.1), we assume the noninformative independent framework with a normal
prior N(0, 1000) for β′ ( (regression coefficients) and an independent gamma prior for the distributional parameter
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Figure 7: The TTT plot, box plot, and histogram for the survival times of the leukemia data set.

Figure 8: Trace plots and Density distribution for Frechet baseline hazard parameters and the regression coefficients for the leukemia data
sets.

Table 9: Numerical summaries of posterior characteristics based on Frechet PH model via MCMC sample for the leukemia data sets.

Table 10: Some basic statistics for the Frechet PH model via MCMC sample for the leukemia data sets.

λ ∽ G (a2, b2) with hyper-parameter values (a2 = b2 = 0.0001). The convergence was achieved at 51000 replication
with a burn-in of 1000 through the posterior simulation.

Numerical Summary

The posterior mean, posterior standard deviation, Naive standard error SE, time series standard error, 95% credible
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Figure 9: Autocorrelation plots for Frechet baseline parameters and all regression coefficients for the leukemia data set.

Table 11: Geweke diagnostic of the Frechet PH model parameters for the leukemia data sets.

interval (2.5%, 97.5%), and the highest posterior density (HPD) interval for the model parameters are in Table 12.
Table 13 showed the basic statistics for the exponential PH model via the MCMC sample. These statistics include
the minimum, Quartiles, maximum, mode, skewness, and kurtosis.

Table 12 shows that the Naive SE is smaller than the standard deviations (SD) for the exponential baseline
parameter and all of the regression coefficients, as expected, indicating that the MCMC algorithm has converged to
the posterior distribution.

As in the first application in section (8.1), we assume the noninformative independent framework with a normal
prior N(0, 1000) for β′ (regression coefficients) and an independent gamma prior for the distributional parameter
λ ∼ G (a2, b2) with hyper-parameter values (a2 = b2 = 0.0001). The convergence was achieved at 51000 replication
with a burn-in of 1000 through the posterior simulation.

Visual Summary

The density graphs for the exponential PH model parameters are shown in Figure 11. It appears that data outliers
and multimodal behavior are also present. Figure 11 also shows that the MCMC sampling process converges to the
joint posterior distribution with no periodicity. Figure 10 shows the ITT plot, box plot, and histogram for the survival
times of the leukemia data set. Based on the TTT plot, the hazard rate function is an increasing hazard. The
data could be analyzed using a model such as the exponential distribution, which would be represented by the PH
framework. As a result, we can say that the chains have converged. Figure 12 shows the autocorrelation plots for the
exponential baseline parameter and the regression coefficients.

MCMC Algorithm Convergence

For the leukemia data set, using the MCMC method, the complex posterior distribution is sampled. A convergence
diagnostics test of the MCMC algorithm is performed using the Geweke diagnostics test. Table 14 indicates the
Geweke diagnostics statistic for the exponential PH model parameters. It shows that all the variables have converged
for the exponential PH model.

Hazard Ratio (HR)

The hazard ratio is concerned with the application of the therapy type variable represented by Rx from table 8
for patients with leukemia. From table 12 the Bayes estimate of the coefficient of the therapy type variable, Rx is

β̂3 = 1.22032 with a standard error (0.00203), and the hazard ratio is eβ̂3 = 3.38827 and since we coded the new
therapy as 0 and the typical therapy as 1 , this means that using the typical therapy will increase the risk by 3.38827
times compared to using the new therapy.
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Figure 10: The TTT plot, box plot, and histogram for the survival times of the leukemia data set

Table 12: Numerical summaries of posterior characteristics based on exponential PH model via MCMC sample for the leukemia data sets.

Table 13: Some basic statistics for exponential PH model via MCMC sample for the leukemia data sets.

Table 14: Geweke diagnostic of the exponential PH model parameters for the leukemia data sets.

Table 14. Show all the variables have converged of the exponential PH model according to Geweke diagnostic.

7 Bayesian Model Selection

In this study, we will use deviation information criteria (DIC) is a metric used to compare Bayesian models. This
criterion is available in most MCMC packages. It is closely related to the Akaike information criteria (AIC) which are
defined as

AIC = −2 log log p(θ̂) + 2p = D(θ̂) + 2p

where p is the number of parameters in a model (dimension of θ ), and θ̂ is the maximum likelihood (minimum
deviance) estimate. The DIC makes some changes to this formula. Firstly by replacing a maximised log-likelihood

with the log-likelihood evaluated at the Bayes estimate θ̂ and by replacing p with an alternative correction

DIC = −2 log log p(θ̂) + 2pDIC = D(θ) + 2pDIC .
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Figure 11: Trace plots and Density distribution for exponential baseline hazard parameter and the regression coefficients for the leukemia
data sets.

Figure 12: Autocorrelation plots for exponential baseline parameter and all regression coefficients for the leukemia data set.

Spiegelhalter et al. [20] use an informal information-theoretic argument to suggest a measure pDIC defined by

pDIC = Eθ|y[−2 log log p(θ)] + 2 log log p(θ̂) = D −D(θ̂)

where D = measure of fit and θ̂ is a “good” plug-in estimate of θ. If we take θ̂ = E[θ | y] = θ, then pDIC = ”posterior
mean deviance - deviance of posterior means.

These changes make it more suitable for a Bayesian model. [13]. In general, the best-fitting model has the lowest
DIC values.



Parametric proportional hazard models using the Bayesian approach with applications to healthcare data 35

Table 15: Homograft study. DIC for two Bayesian PH models for the COVID-19 data set

Model DIC
Frechet 399.9583

exponential 524.5553

The values of DIC for the fitted models are reported in Table 15. They again confirm their preference for the proposed
Frechet model

Table 16: Homograft study. DIC for two Bayesian PH models for the leukemia data sets.

Model DIC
Frechet 191.2807

exponential 212.7492

The values of DIC for the fitted models are reported in Table 16. They again confirm their preference for the
proposed Frechet model

8 Conclusions

In this study, we have discussed the Bayesian estimates of the parameters of two proportional hazard models.
The first model includes a Frechet baseline hazard parameters and the second includes the exponential baseline
hazard with the regression coefficients of the parametric proportional hazard model. The Markov chain Monte Carlo
(MCMC) method was applied. This approach provides an adaptable method for estimating the parameters of the
proposed model. A variety of priors were used in the Bayesian inference process, and several diagnostic techniques
were applied to look into the convergence pattern. Both PH models are found simple and flexible and can be used in
the analysis of parametric survival data. Computational aspects were performed using MCMCpack with the function
MCMCmetrop1R, an R package from the R software.

According to our results, we have shown using the DIC criteria that the PH model using Frechet baseline hazard
is better than the PH model using exponential baseline.

Two survival right-censored data sets were carried out. The first data set concerns data of patients infected with
COVID-19 disease. The second data set concerns patients with leukemia disease. Results of the COVID-19 patients
showed that all variables were significant for both the Frechet PH model and the exponential PH model according to
Geweke diagnostic test. Results of the leukemia patients showed that all variables were significant for the Frechet PH
model and exponential PH model according to Geweke diagnostic test. Finally, we conclude that the application of
the indicated therapies for both COVID-19 and leukemia patients would reduce the hazard of the patient’s relapse.
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