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Abstract

For p > 2, let E be a 2 uniformly smooth and p uniformly convex real Banach spaces and let a mapping ® : £ — E*
be Lipschitz, and strongly monotone such that ®~'(0) # (). For an arbitrary ({&}, {¢1}) € E, we define the sequences
{&n} and {¢n} by
{ wn—&-l = J_l(']§n - Gn(bfn)v n>0
€n+1 = Jﬁl(t]d}n-&-l - )\nq)q;[}n-&-l)y n Z 0

where A, and 6,, are positive real number and J is the duality mapping of E. Letting (A, 0,) € (0,A,) where A, > 0,
then &, and 1, converges strongly to £*, a unique solution of the equation ®¢ = 0.
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1 Introduction

Many physical problems in applications can be modeled in the following form: find € H such that
0 e d¢ (1.1)

where ® is a monotone operator on a real Hilbert space H. Typical examples where monotone operators occur and
satisfy the inclusion 0 € ®¢ include the equilibrium state of evolution equations and critical points of some functionals
and convex optimization, linear programing, monotone inclusions and elliptic differential equations defined on Hilbert
spaces (see e.g., Browder [5], Mustafa [2I], Stephen [27], Khorasani and Adibi [I5], Mendy et la, [18] and Chidume
[9]). For precisely, the classical convex optimization problem: let h : H — R U {400} be a proper convex function.
The sub-differential of h at x € H; is defined by 0h : H — 27

0(§) ={&" € h:h(y) = h(§) = (¥ — &,E")VY € h}. (1.2)

Clearly, Oh : H — 2His monotone operator on H, and 0 € 9(&) if and only if &, is a minimizer of h. In the case
of setting 9(£) = @ ; solving the inclusion 0 € ®¢ is solving for a minimizer of h.
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Many authors have done a great works in find zero point of ® in Hilbert spaces (see e.g., Takahashi and Ueda
[30], Song and Chen [26], and Cho et al. [I1]). The proximal point algorithm (PPA) is recognized as a powerful and
successful algorithm in finding a numerical solution of monotone operators equation 0 € Ax which was introduced
by Martinet [I7] and studied further by Rockafellar [25], Mendy et la [4] and a host of other authors. That is, given
T, € H;

Ent1 = I n (1.3)

where Jy, = (I + X\,®)7! is the resolvent of operator ®. Since Rockafellar [25] only obtained the weak convergence
of the algorithm as A, — oo . He asked the following two questions for obtaining the strong convergence of the
proximal point algorithm

1. Does the proximal point algorithm always converge weakly?
2. Can the proximal point algorithm be modified to guarantee strong convergence?

So many authors modify the the proximal point algorithm (PPA) to converges strongly under different setting,
see Takahashi [29], Reich [22], Lehdili and Moudafi [16], Chidume et al. [7], and the references therein.

Let E be a real normed space, E* its topological dual space. The map J : F — 2F " defined by
e {e e B (g€ = lele = 1P = 1€IP )

is called the normalized duality map on E. where (,) denotes the generalized duality pairing between E and E*.

In a Hilbert space, the normalized duality map is the identity map. Hence, in Hilbert spaces, monotonicity and
accretivity coincide. For an accretive-type operator @,

The solutions of the equation ®¢ = 0, in many cases, represent the equilibrium state of some dynamical system
(see, for example, [11, page 116]). To approximate a solution of ®¢ = 0, assuming existence, where ® : E — E is
of accretive type, Browder [5] defined an operator T : E — E by T := I — ®, where I is the identity map on E. He
called such an operator pseudo-contractive. It is trivial to observe that zeros of ® correspond to fixed points of T'. For
Lipschitz strongly pseudo-contractive maps, Chidume [6] proved the following theorem.

Theorem 1.1. (Chidume, [6]. Let £ = Lp,2 < p < 8, and K C E be nonempty closed convex and bounded. Let
T : K — K be a strongly pseudo-contractive and Lipschitz map. For arbitrary &, € K, let a sequence {&,} be defined

iteratively by &,41 = (1= Ap)&n + A TEn, n > 0, where {\,,} C (0, 1) satisfies the following conditions: () Z Ap = 00,
n=1

(i) 07 | A2 < 0o. Then {&,} converges strongly to the unique fixed point of 7.

By setting T := I — ® in Theorem the following theorem for approximating a solution of $& = 0 where A is a
strongly accretive and bounded operator can be proved.

Unfortunately, the success achieved in using geometric properties developed from the mid-1980s to early 1990s
in approximating zeros of accretive-type mappings has not carried over to approximating zeros of monotone-type
operators in general Banach spaces. Part of the problem is that since ® maps E to E*, for &, € E,®&, is in E*.
Consequently, a recursion formula containing &, and ®£, may not be well defined. Attempts have been made to
overcome this difficulty by introducing the inverse of the normalized duality mapping in the recursion formulas for
approximating zeros of monotone-type mappings.Examples Chidume [6],[I0], Moudafi[20], Reich [24], Takahashi [2§],
Zegeye [32], Djitte[I8], Mendy [[19],[13]] Chidume et al. [8] ,Djitte et la [I3].

Following this great work, in 2019, Tan [31] constructed the following two-step proximal algorithm for the zero point
of monotone mapping and proof a strong convergency of the sequences {&,} and {t,} to a unique point £* € ®~1(0).

Yny1 = J_l(']gn - /\nq)fn), n=>0 (1 4)
gn-&-l = J_l(J¢n+1 - /\n+1q)¢n+1)7 n >0 '

In this paper, we study the two step size Krasnoselskii-type algorithm introduced by Chidume et al.[6] and prove
a strong convergence theorem to approximate the unique zero of a Lipschitz strongly monotone mapping 2—uniformly
smooth and p—uniformly convex real Banach space for p > 2. This class of Banach spaces contains all Lp-spaces,
2 < p < co. Then we apply our results to the convex minimization problem. Finally, our method of proof is of
independent interest
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2 Preliminaries

Let E be a normed linear space. E is said to be smooth if

lim w (2.1)

t—0 t

exist for each £,¢ € Sg (Here Sg := {{ € E : |||| = 1} is the unit sphere of E). F is said to be uniformly smooth if
it is smooth and the limit is attained uniformly for each &,¢ € Sg, and E is Fréchet differentiable if it is smooth and
the limit is attained uniformly for ¢ € Sg.

Let E be a real normed linear space of dimension > 2. The modulus of smoothness of E | pg, is defined by:

1€+l +1IE =l
2

pe(r) = sup{ Ll = 1, o) = } 0.

A normed linear space F is called uniformly smooth if

lim PEAT) (7)

T—0 T

=0.

If there exist a constant ¢ > 0 and a real number ¢ > 1 such that pg(7) < ¢79, then E is said to be g-uniformly
smooth.

A normed linear space F is said to be strictly convex if:
§+¢
el =l =1, 2 #v = |55 <1

The modulus of convexity of E is the function dg : (0,2] — [0, 1] defined by:

. 1
op(e) = inf {1 = S+l 16l = vl = 1, I = | = ¢}
E is uniformly convex if and only if dg(e) > 0 for every € € (0,2]. For p > 1, F is said to be p-uniformly convex if

there exists a constant ¢ > 0 such that dg(€) > ce? for all € € (0,2]. Observe that every p-uniformly convex space is
uniformly convex.

Typical examples of such spaces are the Ly, £, and W spaces for 1 < p < oo where,

2 — uniformly smooth and p — uniformly convex if 2 <p < oc;

m
Ly (or Ip) or W™ is { 2 — uniformly convex and p — uniformly smooth if 1<p <2.

Remark 2.1. Note also that duality mapping exists in each Banach space.We recall from [12] some of the examples
of this mapping in £, L,, W™P —spaces, 1 < p < co

° ep : Jf = ||£‘|ijw € €q7£ = (517527 "'7£na )»ZZJ = (£1|§1|p*2’€2|£2|p727 "'7£n|€n|p727 )
o L,:Ju= Hu||2L;p|u|p_2u €L,

o WMP . Jy = Hu”%ﬂ;ﬁp Z (71)\a|Da(|Dau‘p72Dau) e W—mp

lo<m|
Definition 2.2. e Amap ®: E — E* is called monotone if for each £,v € E, the following inequality holds:
(@€ — Py, £ —¢) = 0.
e & is called strongly monotone if there exists k € (0, 1) such that for each £, ¢ € E, the following inequality holds:

(DE — Dep, & — o) > K| — .
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e A map ®: F — FE is called accretive if for each &, € E, there exists j(§ — ¢) € J(§ — ¢) such that
(@€ — @y, j(E—v)) = 0.

e & is called strongly accretive if there exists k € (0, 1) such that for each &, € E, there exists j(§—) € J(§—1)
such that

(B — e, (€ — ) > k[ — o>
It is well known that

e F is smooth if and only if J is single-valued.
e If F is uniformly smooth then J is uniformly continuous on bounded subsets of F.

e If E is reflexive and strictly convex dual then J~! is single-valued, one-to-one, surjective, uniformly continuous
on bounded subsets and it is the duality mapping from E* into E and J~'J = Ig and JJ ! = I.

e J~!is uniformly continuous if and only if it has a modulus of continuity.
Let E be a smooth real Banach space with dual space E*. The function ¢ : E x E — R, defined by

$(&,v) = [IE]* — 2(¢, Jv) + [v]%, & v € E, (2.2)

where J is the normalized duality mapping from E into E*, introduced by Alber has been studied by Alber [I], Alber
and Guerre-Delabriere [2], Kamimura and Takahashi[l4], Reich[23] and a host of other authors. This functional ¢ will
play a central role in what follows. If E = H, a real Hilbert space, then relation reduces to ¢(&, 1) = ||€ — ||?
for £, € H. It is obvious from the definition of the function ¢ that

(el =M)? < o€ 9) < (€l + 1pl)* V€, 9 € E. (2.3)
Let V: E x E* — R be the functional defined by:

V(€)= €l —2(6,€) + I€°]°, vE€ B¢ € B (2.4)

Then, one can observe that

V(E€)=0(6JIE)VEE B, £ € B (2.5)

Lemma 2.3 (Alber, [I]). Let X be a reflexive strictly convex and smooth real Banach space with X* as its dual.
Then,

V(EE) +2(J7H" =& 0") S V(€ +97) (2.6)
for all £ € X and £, 9" € X*.
From the definition of ¢ and inequality , we can observe that for all £, € E, ¢(¢,£) > 0 and
206 =, JE = J) = 9(&,9) = ¢(¢, §).
This leads to the following.

Lemma 2.4. Let E be a smooth real Banach space. Then, for all z,y € E, the following holds

P& ) < 2(JY — JE ¥ = §).
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Similarly, if F is a reflexive smooth and strictly convex real Banach space, we introduce the functional ¢, :
E* x E* — R, defined by:

G (€5, 0%) = €517 = 20", T ") + [[0*|1%, €°,9" € B, (2.7)
and the functional V, : E* x E — R defined from E* x F to R by:
Va(€5,8) = [I€7]” — 2(6%, &) + €)%, € € B,¢* € E”. (2.8)
It is easy to see that
Vi(€5,€) = ¢u(€7,JE) VEEE, & € B, (2.9)

In what follows, the product space E x E* is equiped with the following norm:
s = wall = (€ = 012 + 116"~ 71F) " Vun = (€,67) € B x B, wy = ($4") € E x E"
Finally, we introduce the functional ¢ : (E' x E*) x (E x E*) — R defined by:
P(wr, wa) := G(&¥) + ¢u(§7,9%) YV wr = () € EX EY, wy = (¢,¢") € EX E". (2.10)
The following results will be useful.
Lemma 2.5 (Kamimura and Takahashi, [14]). Let E be a smooth and uniformly convex real Banach space, and

let {&,} and {4, } be two sequences of E. If either {{,} or {¢,} is bounded and ¢(&,,¥n) — 0 as n — oo, then
I€n — ¥n]| — 0 as n — co.

Lemma 2.6 (Tan and Xu, [31]). Let {a,} be a sequence of non-negative real numbers satisfying the following
relation:
pt1 < ap+o, Y0 >0.

(oo}
Assume that Z on < 00. Then lim a, exists.
0 n—oo
n—

3 Main Result
We now prove the following result
Theorem 3.1. Let p > 2, let E be a 2 uniformly smooth and p uniformly convex real Banach space and let a mapping

® : E — E* be lipschitz, and strongly monotone such that ®~*(0) # §. For an arbitrary ({&,}, {¢1}) € E, we define
the sequences {¢,} and {u,} by

{ 'l/}n+1 = J_l(an - Gnq)gn)v n 2 0 (31)

§n+1 = J_l(an+1 - )\nq)wn+1)a n > 0

where A, and 6,, are positive real number and J is the duality mapping of E. Letting (A, 0,) € (0,A,) where A, > 0,
then &, and v, converges strongly to £*, a unique solution of the equation ®£ =0

1

i) A\, +60,=—-.

i) + 5
.s . . 1
ii) lim A, =0, lim 6, = —.
n— 00 n—o00 2

o0
iii) Z A < 00.
n=0

iv) nh_)rréo(/\nkﬁné) =0.
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Remark 3.1. Real sequences that satisfy conditions (i)-(iv) are A\, = (2(n+1))"* and 6, =n(2(n+1))7L.
Proof . Letting L and k the Lipschitz and strongly monotone constants of A. The proof is in two steps.

Step 1 . We prove that {¢,} and {¢,} is bounded. The proof is by induction. Let £&* € ®~1(0). Then there exists
r > 0 such that ¢(£*,&) = r. Suppose that ¢(£*,&,) = r for some n = 1. We prove that ¢(£*,&,41) = 7.
By construction, ¢(¢*,£1) = r. From the Lipschitz property on bounded sets of J~! (Lemma 2.3) and the
boundedness of A, there exists a positive constant M; and My such that

1T (Jng1 — M @Uni1) — I (Tns1) | < MMy ||®ppa]l, VAn € (0,1),€ € E: ¢(Ex,8) < (3.2)

[T H(TEn — 0,®E,) — T HTE)|| < 0n M| DE, ||, V0, € (0,1),6 € E: ¢p(¢x,€) <7 (3.3)
. k k
Ap = min {1’ OML L2 2M,L2 }

Now with lemma [2.3] and we compute the following

¢(£*a§n+1) = ¢(§*7 J_l(an-H - )‘nq)z/)n-i-l))
V(§*7 J"/}nJrl - An®¢n+1)

< V(E, TPnt1) = 20 (7 (Tnt1 = An®@hpyr) — €5, Dy — BEY)
= V(& Jnt1) = 200 (¥nt1 — &, Phpi1 — BET)

F2Xn (Yn1 — €, PPny1 — BE*) — 200 (T (Jons1 — An@ns1) — I (J¥ng1), PUppr — BEY)
< (€ Ynt1) = 20k Y1 — £

220 [ I (Tns1 = An®Yns1) = I (Tns 1) [ @Y1 — €7

Using the strong monotonicity, Lipschitz property of @, inequality and definition of A,

A" Ent1) (&, Vnt1) = 2Xnk||[Yngr — €12 4 2A2 M1 L2 ||9hy g1 — €I

¢(5*7¢n+1) - )\nkHwnJrl - g*ll2 (34)

IAINA

Similarly, we have

¢(§*a 'l/}n+1) = ¢(€*7 Jfl(an - gnq)gn))
V(§*7 an - onfbgn)

< V(§*7 an) - 29n<J_1(J§n - ‘gn(bfn) - §*7 (I)fn - ¢§*>
= V(£ J&) —20,(& — &7, P&, — OEF)

+20,, (€ — €7, PEy — BE) — 20, (T (JEn) — 0B — T (JEn), PE, — DEY)
< 9(€7,6n) — 20nk][6n — €7l

20, | T (T — 0,PEn11) — T H(TE) ||| @€, — DE¥].
Using the strong monotonicity, Lipschitz property of ®, inequality [3.3] and definition of A,

¢(§*7wn+1) < ¢(§*v£n) - 29nk“fn - 5*”2 + 29721M2L2||5n - 5*”2
< B(EEn) — Onkli&n — €717 (3.5)

Now substituting [3.5]in [3.4, we have
¢(£*a§n+1) < ¢(§*7§n) - 9nk||§n - g*Hz - )‘nknwn-i-l - g*H2
Using the fact that

[ =17 = [T (J€n — 0 DEn) — €717
< THIE) = TTHIENNP + 1T IE) = T (TE) 1P
0|l T + ([T (T6) — €717 (3.6)

A
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Since J~!J = I and letting § = sup {HJ_l‘I)anQ}, we have the following estimate
e S A [

Putting [3:7] into [3.6] gives

¢(§*7§n+1) < ¢(€*7£n) - Gnk”&l - g*H2
Mknd — Nk, — €))?

< ¢(§*7§n) - (enk‘ + /\nk)||§n - f*”Q - Ankgna
S GEE) — HhlEn — €2~ Auhtd
< B 6~ sHlE € <7

Hence, by induction, {&,} and {¢,,} are bounded.

Step 2 We now prove that {£,} and {1, } converges strongly to £* € ®~1(0). With the same computation as above,
we have that the following

* * 1 *
¢(§ >§n+1) < (b(g agn) - §k||£n _g H2 - )\nken(S
which implies that lim ¢(£*,&,,) exists. Therefore,

. 1 « . X . . :
0< lim (SKl6 —€'7) < Jim 6(€" &) — lim B¢",&nsr) = lim (Ankfd) =0
Therefore {&,} — &* and {¢,} — £* as n — .
O

Corollary 3.2. For = L,,2 <p < oo, and ® : F — E* be a Lipschitz, and strongly monotone mapping such that
®~1(0) # (). For arbitrary (£1,11) € E, define the sequence {&,} and {#,} iteratively by

7/]n+1 :Jfl(an*an)fn), 77420 (3 7)
£n+1 = Jﬁl(an%»l - )\n(I)er»l)a n > 0 ’

where A, and 6,, are positive real number and J is the duality mapping of E. Letting (A, 0,) € (0,0,) where 6, > 0,
then &, and 1, converges strongly to £*, a unique solution of the equation ®£ = 0.

Proof . Since E = L, spaces, 2 < p < oo, are 2—uniformly smooth and p—uniformly convex real Banach spaces, then
the proof follows from Theorem O

4 Convex minimization problem
Now, we present a convex minimization problem for a convex function V : E — R. The following results are well

known.

Remark 4.1. Let V : E — R be a differentiable convex function and n* € E, then the point n* is a minimizer of V
on E if and only if dV(n*) = 0.

Definition 4.2. A function V : E — R is said to be strongly convex if there exists v > 0 such that the following
condition holds:

V(B¢ + (1= B)0) < BVE+ (1= B)VY — 7)€ — v (4.1)
for all £,4) € E with & # ¢ and S € (0,1),

Lemma 4.3. Let E be normed linear space and V : E — R a convex differentiable function. Suppose that V is
strongly convex. Then the differential map dV : E — E* is strongly monotone, i.e., there exists k > 0 such that

(dVE —dVY, & — ) > kl|§ —|* VE 1 € E. (4.2)
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Now we present the following result.

Theorem 4.4. Let dV : E* — E be a L-Lipschitz continuous and monotone mapping such that dV=1(0) # 0. For
given 1,11 € E, define the sequence {{,} and {«,} as follows:

{ V1 = J7HIE, — 0,dVEy), n>0

Envr = I (Jnt1 — AndVipni1), n >0 (4.3)

where J is the normalized duality mapping from F into E* and the sequences {\,} and {6,}, are in the interval
[0, 1] satisfying assumptions (i) to (iv). Then V has a unique minimizer £* € E and there exists a positive real number

dp such that if ()\n, Hn) € (0,,), the sequence {z,} and {y,} converges strongly to £*.

Proof . From Remark it follows that V has a unique minimizer £* and is obtained by dV(£*) = 0. From Lemma
and using the fact that the differential mapping dV : E — E* is Lipschitz, considering the result of Theorem
we can complete the proof. [

Conclusion

In this paper, we proposed and analyzed the strong convergence theorem of two step size Krasnoselskii-type
algorithm introduced by Chidume et al.[6] and prove a strong convergence theorem to approximate the unique zero
of a Lipschitz strongly monotone mapping 2—uniformly smooth and p—uniformly convex real Banach space for p > 2.
This class of Banach spaces contains all Lp-spaces, 2 < p < co. Then we apply our results to the convex minimization
problem. We also complemented and generalized previous worked been done under this setting.
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