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Abstract

In this work, we establish the existence of at least two positive solutions for a coupled system of p-Laplacian fractional-
order boundary value problems. Establishing the existence of positive solutions to the problem is challenging for a
variety of reasons, the most important of which is a lack of compatibility with the kernel. To address these issues, we
have included the necessary conditions for overcoming certain methodological hurdles on the kernel as well as adapting
to the problem’s nature of positivity. The method is based on the AH functional fixed point theorem.
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1 Introduction

Several researchers have been fascinated by Fractional differential equations (FDEqs) since they are extensively used
in the applied mathematics of a range of scientific and technical situations. Fractional derivatives have the benefit
of enabling more degrees of freedom in models, making them more effective for simulating real-world phenomena.
The ability to grab hereditary features of various tasks due to the operator’s nonlocality and to simulate substances
of intermediate characteristics are benefits of fractional derivatives over classical derivatives like viscoelasticity of
substances intermediate between particles [11J, 15}, 16} [17].

In effect, the classical p-Laplacian is a collection of differential equations ruled by its most often utilized operators,
which keeps appearing and generates considerable interest in fields like biophysics, glaciology, non-Newtonian fluid
flow, physics, turbulent filtration in porous media, and so on [9]. In fact, differential equations including many functions
or dependent variables, as well as multiple relationships between them, are frequently encountered. As a result of all
of this, the system of differential equations is established. For some latest results on the existence of positive solutions
for FDEqgs and systems of FDEqs dealing with different boundary conditions, we suggest the reader to the monograph
[10], as well as the papers [IL 4, [5] 6] 13| [I8].

Large sectors including telecommunications equipment and communication systems, synthetic chemical, automo-
bile, medical, and pharmaceutical depend on boundary value problems (BVPs) to simulate complex phenomena at
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different stages for both the design and construction of high-tech goods, and positive solutions seem to be useful in
such applied settings. Positive solutions to p-Laplacian BVPs have been extensively studied; see [3, 12, [23]. Recently,
authors have aimed to establish the theories on p-Laplacian FBVPs [7 8 [19] 20]. In [22], the eigenvalue intervals in
which at least one positive solution to the FBVPs exists have been discussed.

In this paper, inspired and motivated by recent developments on the existence of positive solutions for FBVPs, we
study a system of nonlinear p-Laplacian FBVP for z € [a, b]:

o2 [0 (3k11@)] + 81 221 2). 2 (2) = (1)
2% [6,(D0172@) | + 8221 (2, ma(2) =0 (12)
Y1@1(a) — oD 2w (a) = 0,
131 (b) + 14D w1 (b) = 0, (1.3)
o (Dki=i(2)) =0,

Brwa(a) — B2 i wa(a) =0
Bawa(b) + fuD 3 wa(b) =0, (1.4)
0

bp (©a+w2( )) =

where D2, is the Riemann-Liouville derivative, ¢,(0) = lo|P=20, p € (1,00), qS;l = ¢g, ¢ = Z%’ ky,r; € (1,2],

ny, sy, ko, ro, ks, r3 € (0,1], b > a > 0, ¢y € R,k = 1,4 are constants s.t. either 17 + 2 > 0 or 93 + 3 > 0 and
B € R,k = 1,4 are constants s.t. either 32 + 33 > 0 or 53 + 33 > 0.

We consider the following assumptions throughout the paper:

(K1) k1 >k; +1, j=2,3,

bk1—1 > ’(/)1ak2
I'(k; — ko) = T(ky)s’

vra (o = 2!k’ 4 ko(ke +1) —ka(2ks £ 1)]
d)Q (k1 — kg)' ’

(K4) I‘1>I‘j+1, j:2,73,

(Kz2)

(Ks)

/81 al‘z bl'l —1

(K5) F(I‘l)ﬂg < F(I‘l —1‘2)7

r} +ra(ra + 1) — r1(2r2 + 1)] (r2 — 2)! - B1a*?
(ry —r2)! B2’

(K7) g, : [a,b] x R? = R* are continuous, for i = 1,2.

(Ke) [

To use the AH fixed point theorem, we derive the criteria for the existence of at least two positive solutions to
the system of p-Laplacian FBVP ((1.1)—(1.4). Our approach to achieving the required outcomes is standard, but its
application in the framework of the current problem is new. By a positive solution of the FBVP (1.1)—(1.4), we mean

(w1(z), w2(2)) € (Cla, b])2 satisfying (1.1)—(1.4) with w;(z) > 0,7 =1,2,V z € [a,b].
The content of this article is structured in the following manner. The second section contains some preliminary

findings. In Section 3, we present the main theorems, and in Section 4, we use an example to demonstrate our
conclusions.
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2 Preliminaries
Denote k
I'k; —1a=*2
p1 =11 — voltla 1) ;
Tk — ks — 1)
ol (ky)aket!
2= T — k) ai,
w41“(k1)bk1—k3—1
I'(k; — ks) ’
1/}4F(k1 — 1)bk17k372
T(k; —k; — 1)

(2.1)
p1 = Psb T 4

P2 = b 72 +

Lemma 2.1. Let Ay = o101 + p202 # 0. For every h(z) € Cla, b], the FBVP
@:iwl (z)+bH(z) =0, z € [a,b], (2.2)

11 (a) — 12D 2w (a) = 0,}
Y31 (b) + V4D 3w (b) = 0,

has a unique solution w;(z / H1(z, 0)b(0)do, where H;(z, o) is given by

_ 7‘[11(27 Q)> zZ S 0,
Hl(za Q) - { H12(Z, 9)7 0 < z, (24)

1 ki—1 Ki—2 Y3 Yu(b— o)~k Ki—1
E [mz + (22 } {F(kl) + T(ky — ky) (b—0) ;

Hi1(z,0) =

ki—1
z ~ - . .
Hi12(z, 0) =H11(2, 0) — F(k)l) , also p1, P1, p2 and o are given in ([2.1)).

Proof . Let wi(z) € Cla,b] be the solution of FBVP (2.2)-(2.3). Then (2:2) can be uniquely expressed as
_ o)t
= chz / z Q h(0)do. By using (2.3)) it yields
i—1

. b — —ks
¢ = %/a [szl) + w;g; Qitzs) (b — o)~ 'h(0)do,

where p;,j = 1,2 are given in (2.1). Hence the unique solution of - is w1 (z / H1(z, 0)h(0)do, where
Hi(z, o) is given in (2.4). O

Lemma 2.2. Let hy(z) € C[a, b]. Then the FDEq
2% [6,(P5m@) | + 1) =0, € s (25)

with (1.3) has a unique solution

b 0 — Fym-—1
z):/ 7—[1(2,9)%(/ (QF(n)l)f)l(T)m')dQ, (2.6)

where H1(z, 0) is given in (2.4).

Proof . An equivalent integral equation for (2.5)) is:

1’111

Pp (Qﬁwl(z)) =z — /t (Zl_“i

) by (7)dr.
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Using ¢, (@:i wl(a)) =0, one can get ¢; = 0. Therefore

bp <©a+w1( )) + /a75 (Z;;—rl)lrl)llhl(T)dT =0.

So, the FBVP (2.5), (1.3) is equivalent to the problem:

1’11—1

ki (, "(z—1)
©a+ 1( )+¢Q</a I‘(nl)

Y11 (a) — 12D 2wy (a) = 0,
V3w (b) + 4D 2wy (b) = 0.

f)l(T)dT> =0, z€[ab]

Lemmau 2.1 implies that the FBVP ., . ) has a unique solution:

z):/ %1(z,g)¢q</g(gF(Trl):)lhl(T)dT>dQ'

O

Lemma 2.3. [I4] Suppose (K1)-(K3) hold. Then H;(z, 0) has the properties:

(i) Hi(z,0) >0, Vz,0€ [ab],
(H) Hl(Z,Q) S Hl(ga Q)a V z, 0 S [avb]a
(i) Hi(2,0) > U1Ha(0,0), V2 €T, 0 € [aB),

3 b 3b 3 byki—1
WhereI:[a+ at }and\lllz(a—’— )1

4 7 4 4b

Denote
51 ﬂg (I‘l — 1)&71‘2
(I‘l — Iy — 1)
Bgf(rl)a*”*l 5
— —a
I'(r; —ra) b
~ BT (rq)pFr a1
Ry = U2
F(I‘l — 1‘3)
'&' ﬁ4F(I‘1 — ].)brl r3—2
2T F(I’l — I3 — 1)

Ry =

+ ngr1_17

+ B3b" 2

Lemma 2.4. Let Ay = N1§1 + Ng&g # 0. For every j(z) € C[a, b], the FBVP

®a+w2( )—I—](Z) =0,z¢ [a7b]a

Brooa(a) — D73 wa(a) =0,
Bawa(b) + faD3 wa(b) =0,

has a unique solution ws(z / Ho(z, 0)i(0)do, where Ha(z, 0) is given by

_ HZI(Z7 9)7 z S o,
Hﬂ%m_{ Hao(z,0), o<z,

B3 n Ba(b—p0)7 "8

1
N ri—1 N ri—2
H21(Z Q) AQ |: 1Z T Roz i| |:F(I'1) F(I‘l - I‘3)

(z— o) !

Haz(z, 0) =H21(z,0) — T(r1)

(b—o)!

, also Ny, ﬁl, Ny and ﬁg are given in ([2.7)).
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(2.7)

(2.8)

(2.9)

(2.10)
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Lemma 2.5. Let ha(z) € C[a, b]. Then the FDEq

D%t {a;p (@;wz(z))] 4 ho(z) =0, z€[ab), (2.11)

with (1.4) has a unique solution

-/ H2<z,g>¢q< I @;Qj_lhmczr) o, (2.12)

where H2(z, o) is given in (2.10).

Lemma 2.6. [14] Suppose (K4)-(Kg) hold. Then H3(z, ¢) has the properties:

(1) HZ(Z7Q) Z 07 v Z,0 S [aa b]7
(11) H2(Z7 Q) S H2(Q; Q)a v Z,0 < [a7b]7
(iii) Ho(z,0) > UaHa(0,0), VZE I, o€ [a,b],

3a+b a+3b 3a+by\ri—1
here I = , U :( ) .
where [ 1 1 }and 2 TS

Remark 2.7. Hi(z,0) > UH, (0, 0) and Ha(z, 0) > VHa(o, 0), for all (z,0) € I x [a,b], where U = min {\Ifl, \Ilg}.

Theorem 2.8. [2] Let K be a cone in the real Banach space B. Suppose a and «y are increasing, nonnegative continuous
functionals on K and 6 is nonnegative continuous functional on K with 6(0) = 0 s.t., for some positive numbers =3 and
Ey4, Y(w) € 0(w) < a(w) and ||w|| < Eqy(w), for all w € K(v,E3). Suppose that there exist positive numbers Z; and
Eo with E1 < E2 < Z3 s.t. O(xw) < x0(w), for all 0 < x < 1 and w € IK(A,Ey). Further, let T : K(7,Z3) — K be a
completely continuous operator s.t.

(i) v(Tw) > Z3, for all w € IK(v,=3),
(ii) O(Tw) < Za, for all € IK(0,Zy),

(iii) K(a,E1) # 0 and o(Tw) > = for all w € dK(«, =1).

Then, T has at least two fixed points wy,ws € K(7v,Z3) s.t. Z; < a(w;) with 0(w;) < E3 and Zz < 0(ws) with
’Y(’WQ) < 53.

3 Main Results

We introduce the following notations for computational ease:

~ (b—a)™
Ve, (411111‘(111—1—1)) ot H1(0, 0)do,

M; = max (3.1)

My = min
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Consider the Banach space B = E X E, where E = {wl : w1 € Cla, b]} be the Banach space equipped with the

norm ||(wy,w2)| = ||w1llo + ||w2]lo, for (w1, w2) € B and the norm is specified by ||w1]lo = m[ax] |@w1(z)]. Define a
1€(a,b

cone K C B by

K = {(wl,wg) €B:wi(2) >0, wa(z) > 0, V2 € [a,b] and min[w1(z) + wa(2)] > E/H(wl,m)n},

where I — [3a—|—b a—ZBb

4 )
The system of FBVP (|1.1)—(1.4) is well-known to be equivalent to:

} and ¥ = min{‘lll,\llg}.

e O e e e e L

o e e e )

Let T1, T2 : K — E be the operators defined as
b 4 (Q _ 7_)nl—l
Ty (w1, w2)(z) = H1(2z, 0)dq ng (7‘7 w1 (1), wz(r))dr do,

To (w1, @2)(2) = /ab Hz(Z»@)qﬁq(/j (Q;(Ts)ls)l_lgz(ﬂ wl(T)aw2(T))d7)dQ-

Consider the operator T : K — B, which is defined as
T(w1, @2)(2) = (Tl(wl,wQ)(Z),Tg(wl,wQ)(z)), for (o1, w2) € B. (3.4)
This is self-evident that the solution of the FBVP f is a fixed point of T. Two fixed points of T are sought.
Lemma 3.1. If (X1)-(K7) hold. Then T : K — K is completely continuous.

Proof . One can clearly establish that the operator T is completely continuous with standard arguments, and we only
need to verify T(K) C K. Let (wy,ws2) € K. Clearly, Ty (w1, w2)(z) > 0 and Ty (wy, w2)(z) > 0, for z € [a,b]. Also, for
(’(Dl, ZEQ) S K,

mien @l < [ Haleoon( [ EF g (el ) de

et @l < [ Hale.oon ([ EF e (r () walr)ir ) e

" mins (. )(e) = min [ #slo, 0 ( [ D (. (), () ) e
T e e I

> || Ty (w1, @2)o-
Similarly, mi}l Ty (w1, @2)(z) > U||To (w1, @3)|lo. Therefore,
z€

min {;Ti(wl,m)(z)} > \T’[; HTi(whm)Ho}
= \TJH(Tl(zm,wQ),Tz(wuwz))H

= E’HT(WMWQ)H.
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Thus, T(K) C K. Hence T is a completely continuous operator, as per standard arguments relying on the Arzela—
Ascoli theorem. O

Next let the non-negative, increasing, continuous functionals 7, and « on the cone K by

2

(@1, w2) = min _;wi(z)_7
_ 2 :
01, wn) = max ; wi(a)|, (3.5)
_ 2 :
a(wy, ) = max wilz)|,
( ! 2) zE€[a,b] ; ( )

and K(¢, Z3) = {(w1,w2) € K : (w1, w2) < Z3}.

Theorem 3.2. Suppose that (K;)-(K7) hold and there exist 0 < Z; < E5 < =3 s.t. g; for i = 1,2 satisfies:

Q) gi(Z7W1(Z)7WQ(Z)> > ¢p(2EMl>, z € I and (wy,wq) € [\551751},

1

2M

(@) 8(5.912) 22(2) < 6, 22 ). € fav] and (.0 € 0. 2],

2M3 >, z € I and (w,ws) € [Eg,?;].

(@) g (2 1(2), m2(2)) > ¢p<

Then the FBVP (L.1)—(L.4) has at least two positive solutions (w;,ws) and (@1, @2) s.t.

2 2
Ei < max {sz(z)} with max {Zwl(z)] < Ha,

zE[a,b] —

2 2
oy < max [ 2 z%l(z)} with min [Zz%l(z)} < Zs.
i—

Proof . We seek two fixed points (wq,ws), (w1, @ws2) € K of T defined by (3.4). From Lemmas and we
have T(K) C K. Also, T is completely continuous. For every (w1, ws) € K, by (3.5]) one has

V(w1 @2) < 0(w1, w2) < a(wr, @), (3.6)
| (w1, @) < < )1}161? {sz } = (é)v(wwﬂz)

(e (3o
1

For each (w1, w2) €K, (3.6), (3.7) imply (w1, w@2) < 8(w1, ws2) < a(w,ws2) and ||(w1,wQ)|| < (\Tj>a(w1,wg). For
each (wy,w2) €K, x € [0, 1], we have

(3.7)

0(xw1, xw2) = max {22: xwi(Z)]

i=1

= xmax {Zwl ] = x0 (w1, @2).

It’s indeed evident that 9(07 0) = 0. Lets now verify that the essential conditions of Theorem are met. Then,
we will ensure that condition (iii) of Theorem is obeyed. Because (0,0) € K and K(c,Z;) # 0,Z; > 0. For
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_ 2
(wl,wQ) € 0K(a, Z1), we have U=, = {Zwl(z)} < [Z Hw,”] =21, z € I. Therefore
=1 i=1

a(T(wy, @2)(z)) = Jnax T(w1, w2)(2)
)™ T, 1 (T),wQ(T))dT> do+

ol
" sefan) / Ho(2, 00 (/ Sl ' ,w1(7), ’WQ(T))dT)dQ
[ (o (e

(/ Sl <2:Ml>d7>d

=1 (b —
(2)\I/¢q 4n11—1(n1+1 )/ Hl Qa )dg+
oM,

) e 451Fsl+1>/ Hale.0)

AA

I \/

\
EF
£°

employing supposition (Q;). We will check that condition (ii) of Theorem is met. As (w1, wz) € 9K(0,Es), from

we have that .
2 2 -
0< [ZWZ(Z)} < [ZHWZH < (%}2)7 z € [a,b].
i=1 i=1

Therefore,
H(T(wl,wQ)(z)) = maXT(W1,w2)( )

/ (2, 0)0 (/ (Q;(Tn)ln)l_lgl(r,wl(T),ng(T))dT)dQ—&—

- har / Ho (2, 0)0 (/ (Q;g_s)ls)l_lgz(T,wl(T)7w2(7))dT>dQ

[rinon ([ 05 (3o

< me(@,@)%(/g (é)l_ﬂé)ls)ll%(;M )dT)d
< (251"[2>¢q 411(11}(11?4-1)/ H1(o, 0)do+

2

(H>¢q 4511" Sl +1 )/ H? 0,0

— —Z —~ =E,

2 2
using hypothesis (Qz). Furthermore, we shall check the condition (i) of Theorem is met via hypothesis (Qs). Since
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2 2 -
(wl,wQ) € 0K(0,Z3), from one has rznel? [;wi(z)} =23 and 23 < [Z HWZM < (g’) Then

i=1

'y(T(wl,ng)(z)) = maXT(wl,wQ)( )

— max / Ha(z, 009 (/ ~ &1 T7w1(7)7w2(7))d7>d9+
- / Ha(2, 0)¢ </ Sl g, T,wl(T),wz(T))dT>dg
.3 / Hi(o 0 (/ Q;(:l)lsn)::(bp(;i)df)dﬁ

/ Ha(o 0 (/a (o 1“() %(;Pi)dr)dg

—_~ —~

0)d
<2M1> 0\ o n1+1)> Jdo+
< _

o, ) e 451I‘sl+ do
_ 5 5 _ o
=g Ty T

Thus, all of the requirements of Theorem [2.8| are met. So, Theorem [3.2]is successfully employed to ensure that the
system of p-Laplacian FBVP (1.1)—(1.4) has at least two positive solutions (w1, w2), (@1, @2). O

4 Tllustration

We provide a suitable example to support the use of Theorem [3.2] Let p =2, k1 =18, n; =0.6,ky, =0.4,ks =
103

0.5,r = 1.9,81 = 0.7,r2 = 0.5,r3 = 0.6, ¢ = ,¢2 =1+ V64 = —, Ty = ogn P1= g fa=3e—5.p =
43 5, 3me
2007 5
Consider a coupled system of p-Laplacian FBVP,
D00 {% (@}fwl(z))} + g, (2,1, @) =0, (4.1)
- 7 {% (©1+ wa(z ))} +g (z,wl,wg) =0, (4.2)
97t
— (1) = (1+V5)D%twi (1) =0,
175
7 6
s ) 0. 2) = 4.3
le( )+log 9YPw1(2) =0, (4.3)
o (D1E= (1)) =0,
103
%WQ( ) — (3e = 5) DY s (1) = 0,
43 3me
5o 2(2) + T DPwa(2) =0, (44)
¢>p( Hma(1)) =0,
where .
\/3 2(@1 + ’Zﬂg) + 157 *
g, (z, w1, w3) = [ ] — ¥/110e™ 27,
674 {5(w1 + @) + 7215}
41
37| (@1 +w2) " + 4+ V17| s
gz(Z,'lU]_,WQ) = 2 zeW2ZT
(63 + 7V78m)[(ww1 + w2)” + 10677 T
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By direct calculations,
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91t (1 ++/5)(1.8 —1)(1)794
_9 ~ 3.31111
1= 175 T(1.8—04—1) 3311118,
~ (1+VB)D(1.8)(1)~04+1 9t
- T'(1.8—0.4) (1) 775 ~ —1.612632,
( 6 )F(1.8)(2)1'80'51
o= (L) @rst 4 ~LBT ~ 10.576241
L=\ T(1.8—0.5) ' ’
7 (1 6 >F(18 o 1)(2)1.870.572
~ (L 1.8-2 ogm ~
o = <W>(2) + 05T 3.195379.
1 2 1.8—1
A, ~ 29866217, U, — (2D F ~ 0.6866003,
4(2)
103\ (3¢ — 5)T(1.9 — 1)(1)~95
Ny=|— ) — ~ 5.14
! ( 20 ) r1.9-05-1) 5149985,
3e — 5)'(1.9)(1)70-5+1 103
Ny = ( r)(1.(9 _)3,5)) - (1)(20) ~ —5.149967,
< (F)T9)(2)t0706t /43
Ry = 2 91~ 10.772151,
! I'(1.9 — 0.6) +<20)() 0.77215
- (37‘&'6)1‘\(1 9— 1)( )1.9—0.6—2 43
Ny = 1972 ~ 3.132
2 r1.9-06-1) * <20>( ) 3132705,
3(1) +2\ 7! ~
Ay = 39.343088, Uy — ( 10 ) ~ 0.655076, U — min{\Ill,\Ifg} — min {0.6866003,0.655076} — 0.655076,

57
p ) {474]7

2_106
7 d
¢q 406F06+1 Ae[Hl(Q,Q) 0,
M; = max ~ 0.098518,
(2-1)°7
U d
bq P07+ D) /9617—12(9,9) 0
2_1 0.6 2
(406F06+1 )/ Hi(o, 0)do,
My = min ~ 0.120812.
271 0.7
407ro7+1 /H2 e:0

Choosing 21 = 3,25 = 15 and =3 = 30, then 0 < Z; < =3 < =3 and g; for i = 1,2 satisfies:

5 7
e g (2,1, m2) > ¢, ~ 15.225644, z € {4, 4] and (o1, w2) € [1.96, 3],

oM,
e g (z,m1,m2) < ¢y 2:722 ~ 62.079925, z € [1,2] and (w7, w2) € [0,22.89),
= 57
. gi(z,wl,w2) > b, 2M31 ~ 152.256448, z € {4, 4] and (w1, w2) € [30,45.79].

Then, all the conditions of Theorem [3.2] are satisfied. Therefore, it follows from Theorem 2.8 the p-Laplacian
FBVP . . ) has at least two positive solutions.
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5 Conclusion

In this paper, the existence of at least two positive solutions for a coupled system of p-Laplacian FBVPs are
explored by applying Avery—Henderson functional fixed point theorem. The results of this paper are essentially new in
the sense that they are considered within the fractional calclus platform and in the context of p-Laplacian Operators.
The fundamental requirements for overcoming the problem’s positivity while also adapting to methodological obstacles
on the kernel were discovered.
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