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Dedicated to the 70th Anniversary of S.M.Ulam’s Problem for Approxzimate Homomorphisms

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam stability of the
quadratic functional equation
flat+y) + fl@—y) =2f(x) +2f(y)

in non-Archimedean £-fuzzy normed spaces.

1. INTRODUCTION

The theory of fuzzy sets was introduced by Zadeh in 1965 [31]. After the pioneer-
ing work of Zadeh, there has been a great effort to obtain fuzzy analogues of classical
theories. Among other fields, a progressive development is made in the field of fuzzy
topology [1, 8, 9, 12, 13, 14, 18, 22/ 29]. One of problems in £-fuzzy topology is to
obtain an appropriate concept of L-fuzzy metric spaces and L-fuzzy normed spaces.
J. Park [23], Saadati and J. Park [27], respectively, introduced and studied a notion
of intuitionistic fuzzy metric spaces and fuzzy normed spaces, respectively.

On the other hand, the study of stability problems for functional equations is
related to a question of Ulam [30] concerning the stability of group homomorphisms
and affirmatively answered for Banach spaces by Hyers [19]. Subsequently, the result
of Hyers was generalized by Aoki [2] for additive mappings and by Th.M. Rassias [24]
for linear mappings by considering an unbounded Cauchy difference. The paper of
Th.M. Rassias has provided a lot of influence in the development of what we now call
a generalized Hyers-Ulam stability of functional equations. We refer the interested
readers for more information on such problems to the papers [1, 6, 11, 20, 21, 25].

In this paper, we prove the stability of the quadratic functional equation

flx+y)+ flz—y)=2f(z)+2f(y) (1.1)

in non-Archimedean £-fuzzy normed spaces.
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2. PRELIMINARIES

In this section, we recall some definitions and results for our main results in this
paper.

A triangular norm (shortly, t-norm) is a binary operation T : [0, 1] x [0, 1] — [0, 1]
which is commutative, associative, monotone and has 1 as the unit element. Basic
examples are the Lkasiewicz t-norm 77, 17 (a,b) = max{a+b—1,0} forall a,b € [0, 1]
and the t-norms Tp, Th, Tp, where Tr(a,b) := ab, Ty/(a,b) := min{a, b},

_ { min{z,g}, if maxfey}=1,
Tp(a,b) := { 0, otherwise.
A t-norm T is said to be of HadZi¢-type (denoted by T' € H) ([15]) if the family
(x? Npen is equicontinuous at = 1, where ngl ) is defined by
x(Tl) =z, xgil) = T(xgrn D,x), Vn >2, x€[0,1].

Other important triangular norms are as follows (see [10]):
(1) The Sugeno-Weber family {T{" }\ej—1,00] is defined by T51 = T, TZW = Tp

and
fy— 1+ Ay
TV = - —1, 00).
§ max{(), X ., YAe(—1,00)
(2) The Domby family {T¥}rep,oq is defined by Tp, if A =0, Thy, if A = oo and

1

L+ (2P + (G

(3) The Aczel-Alsina family {T{}\cjo,0 is defined by T, if A = 0, Ty, if A = 0o
and

T0(x,y) = VA € (0, 0).

TP A (2, y) = e Nosal Hloss™) iy ¢ (0 o0).
A t-norm T can be extended (by associativity) in a unique way to an n-ary
operation taking, for all (z1,---,x,) € [0,1]", the value T'(xy,--- ,x,) defined by
T 2 =1, Tlym=T(T! ey, w,) =T(x, -, 20).

A t-norm T can also be extended to a countable operation taking, for any sequence
{Zn}nen in [0, 1], the value

T z; = lim T} x;.
Proposition 2.1. ([10]) (1) For T > Ty, the following implication holds:

lim T2 2,4 =1 <= g (1—2z,) < oo
n—oo 1
n=

(2) If T is of Hadzié-type, then

: oo
lim T2 2,y =1

n—oo

for every sequence (x,)nen in [0, 1] such that lim, . z, = 1.
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(3) If T € {T{*}e0.00) U {T }re(0,00)» then

o0
lim Tz =1 <= Z(l —x,)" < 00.
n—oo =1

(4) If T € {T)‘?W})\e[_lpo), then

lim T2 2y = 1 <= Z(l —x,) < 00.
n=1

3. L-FUZZY NORMED SPACES

In the sequel, we shall adopt the usual terminology, notation and some definitions
introduced by authors [5, 25].

Definition 3.1. [10] Let £ = (L, <) be a complete lattice and let U be a non-
empty set called the universe. An L-fuzzy set in U is defined as a mapping A: U —
L. For each u in U, A(u) represents the degree (in L) to which u is an element of

A.
Consider the set L* and operation <. defined by
L* = {(-’1'/'1,1'2) : (wlng) c [O, 1]2 and 1 —|— ) S 1}’

(21, 22) <p+ (Y1,92) <= 21 <Y1, T2 2> Yo
for all (x1,22), (y1,y2) € L*. Then (L*, <;+) is a complete lattice (see [7]).

Definition 3.2. [3] An intuitionistic fuzzy set A¢,, in the universe U is an object
Acyn = {(u,Ca(u),na(u)) : w € U}, where (a(u) € [0,1] and na(u) € [0,1] for all
u € U are called the membership degree and the non-membership degree, respectively,
of win A, and, furthermore, satisfy (a(u) 4+ na(u) < 1.

In the last section, t-norms on ([0, 1], <) is defined as an increasing, commutative,
associative mapping T : [0, 1]> — [0, 1] satisfying T'(1,z) = z for all z € [0,1]. This
definition can be straightforwardly extended to any lattice £ = (L, <p).

Definition 3.3. A triangular norm (t-norm) on L is a mapping 7 : L?> — L
satisfying the following conditions:
(i) (Ve € L)(T (z,1;) =) (: boundary condition);
(i) (V(x,y) € L) (T (x,y) =T (y,x)) (: commutativity);
(i) (Y(z,y,2) € LT (2, T (y,2)) = T (T (z,y),2)) (: associativity);
(iv) (V(z. 2" y,9) € LY)(z <1 2" and y < ¢ = T(z,y) <p T(2y)) (:
monotonicity).

A t-norm 7 on L is said to be continuous if, for any z,y € £ and any sequences
{z,} and {y,} which converge to = and y, respectively,

lim 7 (zp,yn) =7 (z,y).
For example, 7 (z,y) = min(z,y) and 7 (z,y) = xy are two continuous ¢-norms

on [0,1]. The t-norm A defined by

Jzite<py
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1s a continuous t-norm.

A t-norm 7 can also be defined recursively as an (n + 1)-ary operation (n € N)
by 7' =T and

Tn(xlv U >$n+1) = T(Tn_l(xla e 7$n)7$n+1)
forallm > 2 and z; € L.

Definition 3.4. (1) A negatoron L is any decreasing mapping N : L — L satisfying
N(Og) = 15 and N(lg) = 05.

(2) f N(N(z)) = x for all x € L, then N is called an involutive negator.

(3) The negator N on ([0, 1], <) defined as Ny(z) = 1 —x for all € [0, 1] is called
the standard negator on ([0, 1], <).

In this paper, the involutive negator A is fixed.

Definition 3.5. (1) The triple (X, M,7) is said to be an L-fuzzy metric space
if X is an arbitrary (non-empty) set, 7 is a continuous t-norm on £ and M is an
L-fuzzy set on X? x ]0, +o0| satisfying the following conditions: for all z,y,2 € X
and ¢, s € |0, +o0,
(a) M(x,y,t) >1 Og;
(b) M(z,y,t) =1, for all £ > 0 if and only if x = y;
( ) (JZ Y, )—M(y,l‘,t);
( ) ( (I Ys )7M(yazvs)) <L M($7Z7t+s);
(e) M(x,y,-) :]0,400] — L is continuous.
n this case, M is called an L-fuzzy metric.

(2) If M = My is an intuitionistic fuzzy set (see Definition 3.2), then the
3-tuple (X, M n,7) is said to be an intuitionistic fuzzy metric space.

|

Example 3.6. Let (X, d) be a metric space. Denote 7 (a,b) = (a1b1, min(as+bs, 1))
for all @ = (a1,a2),b = (by,be) € L* and let My be the intuitionistic fuzzy set on
X % ]0, 00][ defined as follows:

ht" md(z,y) >

) =

Mo (1) <ht" +md(z,y) ht" + md(x,y)

for all ¢, h,m,n € R*. Then (X, My n,7) is an intuitionistic fuzzy metric space.
Example 3.7. Let X = N. Define 7 (a,b) = (max(0,a; + by — 1), as + by — asby)

for all a = (a1,a2),b = (b1,bs) € L* and let M,y be the intuitionistic fuzzy set on
X % ]0, 00| defined as follows:

(£ u) ifxgy

MM,N(JZ, Zf) = {

y' oy
(2,24 ify<z

for all z,y € X and ¢t > 0. Then (X, My n,7) is an intuitionistic fuzzy metric
space.

Definition 3.8. (1) The triple (V,P,7) is said to be an L-fuzzy normed space
if V is a vector space, 7 is a continuous t-norm on £ and P is an L-fuzzy set on
V % |0, +oo] satisfying the following conditions: for all z,y € V and ¢, s €]0, 400,
(a) P(.T,t) > Of;

(b) P(z,t) = 1, if and only if x = 0;
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(c) Plaz,t) =Pz, o ‘) for each o # 0;
(d) T(P(x,1), P(y,s)) <p P(x +y,t+s);
(e) 77( 1) : 10, oo[—> L is continuous;
(f) limy—o P(x,t) = 0, and hmt_mp(x,t) =1,.
In this case, P is called an L-fuzzy norm.
(2) If P =P, is an intuitionistic fuzzy set (see Definition 3.2), then the 3-tuple
(V,Puv, T) is said to be an intuitionistic fuzzy normed space.

Example 3.9. Let (V)] -||) be a normed space. Denote 7 (a,b) = (a1by, min(as +
by, 1)) for all @ = (a1, a2),b = (by,b2) € L* and let P, , be the intuitionistic fuzzy
set on V'x |0, 400 defined as follows:

bl
7) v 7t == 5
(1) (t+||xr| 4 el

for all t € RT. Then (V,P,,,7) is an intuitionistic fuzzy normed space.

Definition 3.10. (1) A sequence (z,)nen in an L-fuzzy normed space (V,P,7T) is
called a Cauchy sequence if, for each ¢ € L\ {0z} and t > 0, there exists ny € N
such that, for all n,m > ny,

P(xp — 2, t) >1 N(e),
where A is a negator on L.
(2) A sequence (z,)nen is said to be convergent to x € V in the L-fuzzy normed

space (V,P,T), which is denoted by z,, L if P(x,—x,t) — 1., whenever n — +o0
for all t > 0.

(3) An L-fuzzy normed space (V,P,7) is said to be complete if and only if every
Cauchy sequence in V' is convergent.

Note that, if P is an L-fuzzy norm on V', then the following are satisfied:
(1) P(z,t) is nondecreasing with respect to ¢ for all x € V.
(2) P(x —y,t) =P(y — x,t) for all z,y € V and t € ]0, +o0.

Let (V,P,T) be an L-fuzzy normed space. If we define
M(l‘7ya t) = P(l’ - Y t)

for all z,y € V and t €0, 4+00], then M is an L-fuzzy metric on V', which is called
the L-fuzzy metric induced by the L£-fuzzy norm P.

Definition 3.11. Let (V,P,7) be an L-fuzzy normed space and N a negator on
L.

(1) For all ¢ € ]0,+o00|, we define the open ball B(x,r,t) with center x € V and
radius r € L\ {0, 1.} as follows:

B(z,r,t)={y eV :Plx —y,t) >, N(r)}
and define the unit ball of V' by
B(0,r,1) ={x: P(x,1) >, N(r)}.

(2) A subset A C V is said to be open if, for each x € A, there exist t > 0 and
r € L\ {0z, 1.} such that B(x,r,t) C A.

(3) Let 7p denote the family of all open subsets of V. Then 7p is called the
topology induced by the L-fuzzy norm P.
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Note that, in the case of an intuitionistic fuzzy normed space, this topology is the
same as the topology induced by intuitionistic fuzzy metric which is Hausdorff (see
Remark 3.3 and Theorem 3.5 of [23]).

Definition 3.12. Let (V,P,7T) be an L-fuzzy normed space and let A/ be a negator
on L. A subset A of V is said to be LF-bounded if there exist ¢t > 0 and r €
L\ {0z, 1.} such that P(x,t) >, N(r) for all z € A.

Note that, in an £-fuzzy normed space (V,P,7T ), every compact set is closed and
LF-bounded (see Remark 3.10 of [23]).

4. NON-ARCHIMEDEAN L-FUZZY NORMED SPACES

In 1897, Hensel [17] introduced a field with a valuation in which does not have
the Archimedean property.

Definition 4.1. Let I be a field. A non-Archimedean absolute value on K is a
function | - | : K — [0, +oo[ such that, for any a,b € I,
(i) |a| > 0 and equality holds if and only if a = 0,
(i) |ab| = [al[0],
(ili) |a + b] < max{]al,|b|} (the strict triangle inequality).

Note that |n| < 1 for each integer n. We always assume, in addition, that | - | is
non-trivial, i.e., there exists an ag € K such that |ag| # 0, 1.

Definition 4.2. A non-Archimedean L-fuzzy normed space is a triple (V,P,T),
where V' is a vector space, 7 is a continuous t-norm on £ and P is an L£-fuzzy set on
V'x 0, +00] satisfying the following conditions: for all z,y € V' and t, s €]0, +o0],
( ) 0 <, P(I t)

(b) P(z,t) = 1, if and only if x = 0;

(¢) P(ax,t) = P(x, |04) for all a # 0;

(d) T(P(x,1), P(y.s)) <1 Plx + y, max{t, s});

(e) 77( ) :]0,00[ — L is continuous;

(f) limy_oP(x,t) = 0, and hmt_,OOP(x,t) =1,.

Example 4.3. Let (X, ||.||) be a non-Archimedean normed linear space. Then the
triple (X, P, min), where

Pt = {

is a non-Archimedean £-fuzzy normed space in which L = [0, 1].

0, ift<|laf;
Lot > el

Example 4.4. Let (X, -||) be a non-Archimedean normed linear space. Denote
Ty(a,b) = (minf{ay, by}, max{as, by}) for all a = (a1, as),b = (by,by) € L* and let
P, be the intuitionistic fuzzy set on X x |0, +-00[ defined as follows:

b
7) v 7t == 5
(1) (t+uxu 4 el

for all t € R*. Then (X, P,,, 7y) is a non-Archimedean intuitionistic fuzzy normed
space.
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5. GENERALIZED L-FUZZY HYERS-ULAM STABILITY

Let K be a non-Archimedean field, X a vector space over K and (Y,P,7) a
non-Archimedean £-fuzzy Banach space over K.

In this section, we investigate the generalized Hyers-Ulam stability of the qua-
dratic functional equation (1.1).

We define an L-fuzzy approximately quadratic mapping. Let ¥ be an L-fuzzy set
on X x X x [0,00) such that W(x,y,-) is nondecreasing,

t
U(cx,cx,t) >, ¥ (:L‘,l‘, ﬂ) , Vee X, ¢c#0
c

and
tlim U(z,y,t) =1z, Vr,ye X, t>0.

Definition 5.1. A mapping f : X — Y is said to be V-approximately quadratic if

P(fx+y)+ flz —y) —2f(z) — 2f(y), 1) (5.1)
> U(z,y,t), Vr,ye X, t>0.

The following is one of our main results in this section.

Theorem 5.2. Let K be a non-Archimedean field, X a vector space over K and
(Y,P,T) a non-Archimedean L-fuzzy Banach space over K. Let f : X — Y be a
U-approximately quadratic mapping. If there exist an o € R (o > 0) and an integer
k,k > 2 with |2¥| < a and |2| # 0 such that

W27 2, 27y t) > U(x,y,at), Vre X, t>0, (5.2)
and .
- ot
lim ZX M|z, 0= | =1z, Ve e X, >0,

e 2f

then there exists a unique quadratic mapping Q : X — Y such that

ottt
mﬂw—mw@zzﬂM(x

,W), Vee X, t>0, (53)

where

M(z,t) =T (V(x,2,t), ¥ (22,21, t),--- , U(2" 1z, 2"z 1)), Vee X, t>0.

Proof. First, we show, by induction on 7, that, for all x € X, ¢ > 0 and j > 1,
P(f(27x) — 4 f(x),t) > M;(z,t)
= T(U(z,x,t), -, 02 2,27 . 1), (5.4)
Putting y = z in (5.1), we obtain
P(f(2x) —4f(x),t) >, ¥(x,x,t), VreX, t>0.

This proves (5.4) for j = 1. Let (5.4) hold for some j > 1. Replacing y and x by
27z in (5.1), we get

P(f(272) —4f(2x),t) >, U(2w,22,t), Vo e X, t>0.
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Since [2| < 1, it follows that
P(f(2 ) — 47 f(2),1)
>, T(P(F(2 ) - 4f(P2),0), P4 () - 4 f(a

~—

0)
= T(P(/(272) = 4f(2'x), 1), P (f(zj - %|>
1)

>0 T(P(F(20) = 4f(2),0), P ((2'2)
> T(V(2x, 23, t), M;(z,1))
=M;(x,t), VeeX, t>0.

Thus (5.4) holds for all j > 1. In particular, we have
P(f(2Fx) — 4k f(2),t) > M(x,t), Vxe X, t>0. (5.5)
Replacing = by 2~ "+*) g in (5.5) and using the inequality (5.2), we obtain

P () 4 (o) 1) 20 M(gemt)
>, M(z,a™t) VoeX, t>0, n>0

P (s () - s () )
1M (2 g

an—l—l
ZLM(ZE,W'L'>, V:L“GX,t>0,nZO

and so

Hence it follow that

P (s ()~ () )

2 7 (P (i ) — @98 (i) 0)

J+1
2L ,]7:;]3./\/1 (.flf,wt), Vee X, t>0, n>0.

Since lim,,_,, 7.>° M (z, #t) =1 forallz € X andt > 0, {(22k)"f ( fn>}
n ] @7 ) en

J

is a Cauchy sequence in the non-Archimedean L-fuzzy Banach space (Y,P,7).
Hence we can define a mapping () : X — Y such that

lim P ((22k)nf (ﬁ) - Q(:L'),t) =1, VozeX, t>0. (5.6)
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Next, for alln > 1, x € X and t > 0, we have

P (f(x) — (2% f ((Qf)n) vt>
e B () (i)
zLT/;ol( ((2%)'f ( ) () f ((2§z+1)’t))
> T 1/\/{( )

and so

P(f(x) — Q(z),t) (5.7)
21T (PU) - @ (i ) 0P (6 ) — Qo)

21 P (Tt (S5 ) P (s ) - Q)

Taking the limit as n — oo in (5.7), we obtain

P/ () — Qa),t) 21 T25M ( 73—f> ,

which proves (5.3). As 7 is continuous, from a well known result in £-fuzzy (prob-
abilistic) normed space (see [20], Chapter 12), it follows that

lim P £ (w4 )+ (427 (@ = y) = 20472 (@)

—2(4")" f(27""(y)), 1)
=P(Q(z +y) + Qz — y) — 2Q(x) — 2Q(y). )

for almost all ¢t > 0.
On the other hand, replacing x,y by 27*"x,27%"y in (5.1) and (5.2), we get

P F27 (@ +y)) + (@) F 27 (2 — y)) — 2(4%)"f (27" ()
24" F (27" (), )

—kn —kn t
L v (2 k x, 2 k Y, ‘22k‘n>

ZL‘P (l’ Y,

ot

v e X, t>0.
|2k|n> ) x?@/ )

Since lim,, ., ¥ (:c, v, %) = 1., we infer that () is a quadratic mapping.
For the uniqueness of @, let Q' : X — Y be another quadratic mapping such that

PQ'(z) — f(x),t) > M(z,t), Vre X, t>0.
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Then we have, for all z,y € X and ¢t > 0,
P(Qz) — Q'(2),t)
217 (PQG) - 2 (i ) 0P (i) — Q@)

Therefore, from (5.6), we conclude that Q = @'. This completes the proof. O

Corollary 5.3. Let IC be a non-Archimedean field, X a vector space over IC and
(Y,P,T) a non-Archimedean L-fuzzy Banach space over K under a t-norm T € H.
Let f: X — Y be a V-approximately quadratic mapping. If there exist an o € R
(a>0), 2| # 0 and an integer k, k > 2 with |2*| < a such that

W(27%x, 27%y t) > U(z,y,at), VzeX, t>0,
then there exists a unique quadratic mapping @ : X — Y such that

ai-‘rlt

P(f(x) — Q). 1) >, TXM (x 127) VreX. t>0

where

M(z,t) =T (V(x,z,t), V(22,22 1), , (2" "z 2" 12 t), Vee X, t>0.

Proof. Since

it
lim/\/l< @ ):15, Vre X, t>0,

n—oo L |2|kj

and 7 is of Hadzi¢ type, it follows from Proposition 2.1 that

. alt
hmTj‘an< ):1£, Vo€ X, t>0.

noo Lol
Now, if we apply Theorem 5.2, we get the conclusion. O

Now, we give an example to validate the main result as follows:

Example 5.4. Let (X, ||.||) be a non-Archimedean Banach space, (X, P, ,,, 7)) non-
Archimedean £-fuzzy normed space (intuitionistic fuzzy normed space) in which

t ]
t+ [l ¢+ ]

Puy(x,t) = ( ) Vee X, t>0,

and (Y, P,., Tyr) a complete non-Archimedean £-fuzzy normed space (intuitionistic
fuzzy normed space) (see Example 4.4). Define

t 1
U(z,y,t) = (1—+t’1—+t) :

It is easy to see that (5.2) holds for a« = 1. Also, since
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we have
i Tt M (o ) = i (s T (= )

= lim lim ,
= (L0)=1;., YzeX, t>0.

Let f: X — Y be a U-approximately quadratic mapping. Thus all the conditions
of Theorem 5.2 hold and so there exists a unique quadratic mapping @ : X — Y
such that

Pu,y(f(iﬂ)—Q(fc),t)ZL*( t 12 )

t+ [2K]7 ¢ + |25
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