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Abstract

In this paper, we examine the perturbed absolute value variational inequalities (PAVVT), a new class of variational
inequalities. For the (PAVVI), some new merit functions are established. We develop the error bounds for (PAVVI)
using these merit functions. The results presented here recapture a number of previously established findings in the
relevant fields because (PAVVI) include variational inequalities, the absolute value complementarity problem, and
systems of absolute value equations as special cases.
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1 Introduction

Variational inequalities (VI) theory was introduced and studied by Stampacchia [30], and now it is developed and
widely applied in the areas of management, economics, finance, transportation, optimization, pure and applied sciences,
see [1L 2, B, [IT], 14, [I7, 20]. Since (VI) is an important tool to solve mathematical and scientific problems and
a number of numerical methods including the projection method, Wiener-Hopf equations, auxiliary principle, and
dynamical systems have been established for solving the (VI) and related optimization problems, see for example
[, 2, 3, 7, 8l O [T0] 1T, [12) [13], [14], 17, 20] and the references therein.

Over the past few decades, the concept of convexity has been crucial to the generalizations and extensions of
inequality. Convexity and inequality theories are closely connected to one another. The integral inequalities have ap-
plications in information technology, statistics, stochastic processes, probability, integral operator theory, optimization
theory, and numerical integration. Over the past several decades, a large number of mathematicians and researchers
have concentrated their enormous efforts and contributions on the study of inequalities. The following articles on
various forms of inequality are available for interested readers to read. The Hermite-Hadamard inequalities and their
improvements for modified p-convex function utilizing a new identity with the help of power mean and Hoélder inequal-
ities were explored by the authors in [29]. Using the Jensen-Mercer inequality, the authors in [26] construct several
enhanced generalizations of H-H-M type inequalities relevant to the Caputo-Fabrizio fractional integrals. They also
establish several new bounds for differentiable convex mappings using a recently established identity and various well-
known inequalities, including Holder’s, Young’s, Holder-Iscan, and Power-mean inequality. Some Hermite-Hadamard
type inequalities for integrals emerging in conformable fractional calculus are provided in [6].
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Absolute value variational inequalities (AVVI) include the (VI) as a special case. It is proved that if the underlying
set is the whole space, then (AVVI) transform into the absolute system of equations which are introduced and
studied by Mangasarian [I5]. The (AVVI) is equivalent to the complementarity problem studied by Rohn [25] and
further examined by Mangasarian and Meyer [16] by applying a different approach. It has been shown through the
projection lemma that the (AVVI) and fixed point theorem are equivalent and by making use of the equivalence
relation between (AVVI) and fixed point problem, several iterative methods are established for solving (AVVI) and
the related optimization problems, see [3] 20].

A new outlook in the study of (VI) analyzes merit function through which the (VI) are reformulated into an opti-
mization problem. Merit functions play an important role in developing convergent iterative methods and evaluating
the rate of convergence for some iterative methods, see for example [9] 10, 12} [I3] [15]. Various merit functions are
investigated and recommended for variational inequalities, absolute value variational inequalities, and complementar-
ity problems, see [4 18, 19, 211 23| 27, 28]. Error bounds also play an important role in (VI) as error bounds are
the functions that estimates the closeness of the arbitrary point to the solution set is an approximate computation of
iterates for solving (VI), see [19, 211 22| 23]

Motivated and inspired by the aforementioned work, in this paper, we introduce a new class of absolute value vari-
ational inequalities with two perturbed operators known as perturbed absolute value variational inequalities (PAVVI).
Next, we consider merit functions for (PAVVI) under suitable conditions and we also analyze the error bounds for the
solution of (PAVVI).

The rest of the paper is organized as follows: In section 2, we present some definitions which will be used later.
In section 3, we prove Lemmas and developed some new merit functions for (PAVVI). Further, we develop the error
bounds for (PAVVI) using these merit functions.

2 Preliminaries

Let H be a Hilbert space, whose norm and inner product are denoted by ||.|| and (.,.), respectively. Let K be a
closed and convex set in H. For given operators 7,5 : H — H, consider the problem of finding x € K such that

(Tex + B |z|,y —x) >0, for all y € H, (2.1)

where Tc = T + €l and B. = B + €l are perturbed operators, I is the identity mapping and |x| contains the absolute
value of components of x € H. The inequality is called perturbed absolute value variational inequality (PAVVI).
This inequality can be seen as a difference of two operators and contains previously known classes of (VI) as
special cases. In order to derive the main results of this paper, we recall some standard definitions and results.

Definition 2.1. An operator 7 : H — H is said to be strongly monotone, if there exists a constant o > 0 such that
(Te —Ty,x—y) >alz—y|?, forall z,y € H.
Definition 2.2. An operator 7 : H — H is said to be Lipschitz continuous, if there exists a constant 5 > 0 such
that
HTJ: - Ty” < B Hx - yH ) for all T,y € H.
If T is strongly monotone and Lipschitz continuous operator, then from Definitions and we have a < f.

Definition 2.3. An operator 7 : H — H is said to be monotone, if (Tz — Ty,x —y) >0, for all z,y € H.

Definition 2.4. An operator T : H — H is said to be pseudomonotone, if (Txz,y — ) > 0, implies (Ty,y —xz) >
0, for all z,y € H.

Definition 2.5. [28] A function M : H — R U {+oo} is called a merit(gap) function for the inequality (2.1)), if and
only if

(i) M(z) >0, for all z € H, and
(ii) M(z) =0, if and only if, x € H solves inequality (2.1).
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We now consider the well known projection lemma due to [II]. The variational inequalities can be reformulated
into a fixed point problem using this lemma.

Lemma 2.6. [II] Let K be a closed and convex set in 7. Then for a given z € H, x € K satisfies (x — z,y — x) >
0, for all y € K, if and only if x = Pk 2z, where Py is the projection of H onto a closed and convex set K in H.

It is remarkable that the projection operator Pk, is non-expansive operator, that is

| Prc[z] = Plylll < [z —yll, forall z,y € H.

3 Main Results

In this section, we propose some merit functions associated with (PAVVI) and get some error bounds for (PAVVT)
using these merit functions. To obtain this, we show that the (VI) is equivalent to the fixed point problem.

Lemma 3.1. [3, I7] Let K be a convex set in H. The function z € K is a solution of perturbed absolute value
variational inequality (2.1)), if and only if, z € K satisfies the relation

x = Pglz — pTex — pB. |z]], (3.1)

where p > 0 is a constant.

It follows from the above lemma that (PAVVI) (2.1) and the fixed point problem are equivalent. This
alternative equivalent formulation is very useful from the theoretical as well as from the numerical point of view and
is obtained by using projection technique. The projection methods are due to Lions and Stampacchia [14] which
provide several effective schemes to approximate the solution of (VI). The equivalence between (VI) and the fixed
point problem (FPP) plays a significant role in establishing the various results from problem and its related
formulations.

Lemma 3.2. For all z,y € H, we have ||z||” + (z,y) > -1 llyl?.

Now we define the residue vector R(z) by the following relation

Rp(x) = R(x) = x — Pglr — pTex — pBe |z|]. (3.2)

From Lemma [2.6] it can also be concluded that « € K is a solution of the perturbed absolute value variational
inequality (2.1) if and only if € K is a zero of the equation R,(z) = R(z) = 0. Next, we show that the residue
vector R,(x) is strongly monotone and Lipschitz continuous.

Lemma 3.3. Let the operators 7. and B, be Lipschitz continuous with constants (8 + €)7 > 0 and (8 + €)g > 0,
respectively and 7 be strongly monotone with constant (a + €)7 > 0. Then the residue vector R,(x) defined by (3.2
is strongly monotone on H.

Proof . For all z,y € H, consider
(Rp(x) = Ry(y),x —y) =(x — Py [v — pTex — pBe |z]] —y + P [y — pTey — pBe lyl] 2 — y)
=@ - Ple—p(T+e)z—pB+e)|z|| —y+Pely—p(T+el)y—pB+el)|yl],z—y)
=@—y—Plz—p(T+e)z—pB+el)|z[|+Ply—p(T+el)y—pB+el)lyll,z—y)
=(z—y,x—y) —(P[r — pTx — pelx — pBlz| — pel |z]]
—Py [y — pTy — pely — pBly| — pel ly[],z — y)
> |l —ylf* = 1Pk [& — pTw — pela — pBla| — pel |]]
—Pyly — pTy — pely — pBly| — pel [y[l]| |z — |
>z —yll* = (@ — pTx — pelz — pBlz| — pel |z|)
—(y = pTy — pely — pBly| — pel [y)| [lz — y||
> o — yl* = llz — pTx — pelw — pBla| — pel |x| — y
+pTy + pely + pBly| + pel [yl[| |z — y/|
=lz—y|* =z —y) — p(Tz = Ty) — p(Bla| - Bly))
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—pe(Ix = Iy) = pe (I |z[ = Ty lz = vl
> e = yll* = (le =yl + o | Te = Tyl + p|Ble| = Blyll
+pe Lz — Tyl + pellL || = [T]yll]) lz - vl

2 2 2 2 2
>~ yl* = (Il =yl + p(B+ )yl = yl* + p (B+ g 1z = yl* + 2p¢ | — yII*)

> o=yl = { VI p(B+ T +p(B+e)g+2pe | — Il

= ol = (1205 7+ (5 + B+ (5 + )+ 20 ) x e =l

— (1= /1205 7+ 2B+ P+ 05 + s 20 ) o ol
which implies that
2
(Ry(@) = Ryy)sz ) 2 Ve — ]

where V = (1 —V1I+20B+e) 7+ 2B+ +p(B+e)z+ 2pe) > 0, which proves that the residue vector R,(z)
is strongly monotone with constant V > 0. O

Lemma 3.4. Let the operators 7. and B, be Lipschitz continuous with constants (8 + €)7 > 0 and (8 + €¢)g > 0,
respectively and 7¢ be strongly monotone with constant (« + €)7 > 0. Then the residue vector R,(x) defined by (3.2))
is Lipschitz continuous on H.

Proof . For all z,y € H, consider

IRp(z) — Ro(y)|| =z — P [z — pTew — pBe |z]] — y + P [y — pTey — pBe |yl ||
=z —Pplz —p(T +el)z—pB+el)|z]] —y+ Prly —p(T +el)y — p(B+el) |yl
=|lx — Py [x — pTa — pelx — pBla| — pel ||| —y + Py [y — pTy — pely — pBly| — pel |yl]||
=z —y— Py [z — pTa — pelx — pB x| — pel |x|] + Py [y — pTy — pely — pBly| — pel |y]]||
<z =yl + |Px [x — pTx — pelz — pBlz| — pel |z[] — Py [y — pTy — pely — pBly| — pel |y|]]
<|lz =yl + llz — pTx — pelx — pB x| — pel |z| —y + pTy + pely + pBly| + pel |y|||
<z -yl + Iz —y) —p(Tz = Ty) — p(Blz| = Bly|) — pe Iz — Iy) — pe (I |x| — | [y])]]
<z =yl + (lz =yl + oI Tz = Tyl + p1Blz| = Blylll + pe [ Iz — Ty|| + pe |1 |z — [T [y]]])
<llz =yl + (lz =yl + p(B + )7 |z — yll + p(B + €)5 |z — yll + pe |z =y + pe llz — yl[)
<z =yl + (1 + p(B+ €)1 + p(B+ €)5 + 2pe) | — y||

= (14 VU= 0B+ 7)7 + (B + )+ 2p¢ ) |z — |

=0z -y,

where 0 = 1++/(1+ p(B+ €)7)2+ p(B+¢€)5+2pe, which proves that the residue vector R () is Lipschitz continuous
with constant 6 > 0. O

We now use the residue vector R,(u) defined by (3.2) to derive the error bound for the solution of the problem

D).
Theorem 3.5. Let z* € H be a solution of the perturbed absolute variational inequality (2.1). If the operators 7.

and B, are Lipschitz continuous with constants (84 €)7 > 0 and (8 + €)s > 0, and strongly monotone with constants
(a+€)7 >0 and (a+ €)g > 0, respectively, then

1
IR @I < lla” = zl| < 2 [Rp(2)], for all = € .
1

Proof . Let * € H solves the perturbed absolute value variational inequality (2.1)). Then, we have

(pTex™ + pB|z*|,y — ") >0, forally e H
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v (p(T +el)x* + p(B+el)|z*|,y —a*) >0, forall y € H. (3.3)
Take y = Pk [x — pTcx — pBe |z|] in (3.3), we have
(p(T + D)™ + p(B+ eI) 27|, Pic [z — pTw — pB. |o]] — 27} > 0

v (p(T +el)z” + p(B+el)|z*|, Px [xt — p(T +el)x — p(B+e€l)|z|]] — z*) > 0.
v (pTx* + pelz* + pBlz*| + pel |z*|, Pk [x — pTx — pelx — pBz| — pel |x|] — ) > 0. (3.4)

Take © = Py [z — pTex — pBe|z|], 2 =2 — pTex — pBe |z| and y = z* in Lemma [2.6] we have
(P lx—p(T+el)x —p(B+el)|z|] =[x — p(T + el)z — p(B+ €l) |x|],
2 —Pglx—p(T+el)x—p(B+e€l)|z]]) >0
or (P [z — pTx — pelx — pB x| — pel |z|] —x + pTx + pelx
+pB x|+ pel |x|,z* — Pk [x — pTax — pelx — pB |x| — pel |z|]) > 0
which shows that

(—pTx — pelx — pBlz| — pel |x| + v — Pg [t — pTx — pelx
—pB x| — pel |z|], Pk [x — pTx — pelx — pBlz| — pel |x|] — z*) > 0. (3.5)

Adding (3.4) and (3.5), we have

(p(Ta* = Tx) + p(B|2*| - Blal) + pe(I 2| - I |al) + pe(I* — ) + 3 — Prc [z — pTx — pelz — plB a]
—pel |z|], Px [x — pTx — pelx — pB |x| — pel |z]] — ™) > 0.

From (3.2]), we have

(Tx* =Tz, a" — P [x — pTx — pelx — pB x| — pel |z|]) + (B|z*| — Blz|,2* — Pk [x — pTx — pelx — pB x| — pel |z|])

+e(l|a*| = I|z], 2" = Pk [z — pTa — pelx — pB x| — pel |x]])
+e(Izx* — Ix,a™ — Px [x — pTx — pelx — pB x| — pel |z|])
1

<5 (R(z), P [v — pTx — pelx — pB || — pel ||| — z7)

or

(Ta* — Tx,2* — Px [x — pTx — pelx — pB x| — pel |z|])

+ (B|z*| — Blz|,a* — Px [x — pTa — pelx — pB|z| — pel |z]]) + € ||z* — z|* + €]ja* — z
1

< —(R(x), Pk [x — pTx — pelx — pB x| — pel |z|]] — x*) . (3.6)

p

2
I

By the strong monotonicity of the operators 7 and B, with constants (a+€)7 > 0 and (a + €)5 > 0, respectively,
we have

(@+orlle” 2| < (T —Taa" —a)
= (TH+ez* — (T +el)z,x* —x)
< (Ta' —=Tzya* —x)+e(lz” —Ix, 2" —x)
< (Tz" —Tua,2" — Pg v — pTx — pelx — pB|x| — pel |z]])

+(Ta* = Ta, P [x — pTa — pelw — pBla] — pel [z]] — a) + e ||a* —a|,
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and

(a+e)plz* — x| (Bx™ — Bz,z* — Pk [t — pTx — pelz — pB |x| — pel |z|])

<
+ (Ba* — Bz, Pg [x — pTax — pelz — pB|z| — pel |z]] — z) + €|jz* — z|*.
From (3.2 and (3.6, we have

(a+ &7+ (ate)p)|z* —a|* < % (R(x), P [x — pTx — pelz — pB x| — pel |z|] — z7)
+{(Tz* — Tz,—R(x)) + (Bx* — Bz, —R(x)) .

Using the Lipschitz continuity of operators 7. and B. with constants (8 + €)7 > 0 and (3 + €)g > 0, respectively,
we have

p((@+ )7+ (a+s) |2 — 2l? < (R(@), P [z — pTa — pelz — plB || — pel [z]] — 2}
+p(Ta* — Tz, —R(z)) + p(Bz™ — Bz, —R(x))
<(R(x),—R(x)) — (R(x),z* —x) + p(Tz* — Tz, —R(x)) + p (Bz* — Bz, —R(x))
<= R@)| + [|lz* — 2[| |R(@)]| + p(B + €)1 2" — 2| | R(2)]
+p(B+€)plla” — 2| [|R(z)]|
=~ [R@)I°+ (1 +p((B+ 7+ (B+p) llz* — 2l | R()]|
<A+p((B+e)7+(B+e)s))llz" — =l [R()],
which implies that

(1+p((B+e)T+(B+e)B))
p((a+e7+(a+e)s)

where so = (2(B+)THB+9)8)) Noyw using the relation " we have

" — 2 <

IR(@)[| = s [R(2)]] (3.7)

p((at+e)T+(ate)s))
IR@)| = & - Px [¢ — pTx — pele — pBz| — pel |a]]|
< llo* —al + |a* = Pi [z — pTw — pela — pBz| — pel |a]]|

" = a|| + [| P [&" — pTa" — pela™ — pBla*| — pel [x7|] — Pk [x — pTa — pelz — pB x| — pel |z[]]
2" — | + la* — pT 2" — pela™ — pB|2*| — pel |a*| — x + pTx + pBla| + pelz + pel |z||

2" — zf| + |z — 2| + p IT2" — Tzl + p||Bla*| — Blall| + pe | I |2*| — I |z[|| + pe [z — Lz ||
2|jz" —zl|+ p(B+ )7 llz” —zl| + p(B + €)s 2" — | + pe||lz™ — 2| + pe [|z" — z||

2|ja" —al|+ p(B+ )7 lla” —zll + p(B+ €)s 2" — x| + 2pe ||z™ — |

= 2+2pc+p((B+e)7+(B+e)p) 2" —=|

2(L+pe) +p((B+e)7 + (B+€)p)) [l2* — ]|

= siflz" 2,

IAINCIA

which shows that 1
o [R(z)|| < [[2* — ]|, (3.8)

where s1 = (2(1+pe) +p((B+e)7+ (B+€)p)). From (3.7) and (3.8), we have

1
o IR()| < ||z —z|| < s2||R(x)||, forall z € H. (3.9)
1

Now substituting z = 0 in (3.9)), we have

1
o IRO) < [l2™]] < 2 [IR(O)]],  for all & € H. (3.10)
1

Combining (3.9) and (3.10)), we get a relative error bound for any = € H. O
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Theorem 3.6. Suppose all the conditions of Theorem hold. If 0 # = € H is a solution of the perturbed absolute
value variational inequality (2.1)), then

R
RO

[R@)I _ [z ="

tq <
IRO)]] [l

<2

It is noted that the normal residue vector R(z), defined in (3.2)), is non differentiable. To resolve the non differentiability
which is a significant limitation of the regularized merit function, we examine another merit function associated with
the perturbed absolute value variational inequality . This merit function can be regarded as a regularized merit
function. For all z € H, consider the function

1
M, (z) = (Tex + Be |z| ,o — Pxlx — pTex — pBe |z|]) — % |z — Pglz — pTex — pBe |z]]||° . (3.11)

It is clear from the above equation that M,(z) > 0, for all z € H.

Now we prove that the function defined in (3.11]) is a merit function, which is the primary goal of our following
results.

Theorem 3.7. For all x € H, we have

1 2
My(z) 2 o 1Ry

In particular, we have M,(z) = 0, if and only if x € # is a solution of the perturbed absolute value variational

inequality .

Proof . By substituting z = Px [z — pTex — pBe |z[], 2 = @ — pTex — pB || and y = 2 in Lemma [2.6] we have
(Pic [0 = p(T + e}z — p(B+ D) |al] — [& — p(T + eI}z — p(B+ eI Jal] ;& — z) > 0,

which implies that

(Pr [z — pTx — pelx — pB x| — pel |z|) — x + pTx + pelx + pB|x| + pel |z| , 2 —z) >0
or (pTx + pelx + pB x| + pel |x| + Px [x — pTx — pelx — pB x| — pel |z|]
—x,2 — Py [x — pTx — pelx — pB x| — pel |z|]) > 0.

From ([3.11) and Lemma we have

0 < (pTx+pelz+ pBla|+ pel |z| — (x — Px [v — pTx — pelx — pB|z| — pel |z]]) ,z
—Pg [z — pTx — pelx — pB x| — pel |z|])
— (T + pelz + pBJz| + pel || — R, (2), Ry(2))
1
= (Te+ele+Bla| +el x|, Ry(2)) — p (Rp(x), Rp(x))
1 2 1 2
= My(z)+ —|[Ro(z)]|” = = |R,(z
o(2) 2% IRy ()]l pll p(@)]]
1 2
= Mp(w)—;pHRp(x)H
which shows that M, (z) > 55 [|R,(2)]*. O

It is clear from the above inequality that M,(z) > 0, for all x € H. Also, if M,(z) = 0, then from the above
inequality, we obtain R ,(x) = 0. Hence, according to Lemma 3.1% it is clear that x € H is the solution of the perturbed
absolute value variational inequality . Therefore from (3.11)), we obtain M ,(z) = 0, which is the required result.
It is observed from the Theoremthat M, (x) defined by , is a merit function for the perturbed absolute value
variational inequality . We also notice that the regularized merit function is differentiable, if the operators 7, and
B, are differentiable. Now we obtain the error bounds for the perturbed absolute value variational inequality if both
the operators 7. and B, are not Lipschitz continuous.
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Theorem 3.8. Let 2* € H be a solution of the perturbed absolute value variational inequality (2.1]). Let the operators
T. and B, be strongly monotone with the constants (o + ¢)r > 0 and (« + €)p > 0, respectively. Then

2 4p 1 2
x—x* < M, (x) + = ||pTx* + pB|x*| + p2ex” ,

for all z € H.

Proof . Let x* € H be a solution of the perturbed absolute value variational inequality (2.1)) and by taking y = =z,
we have (pTcax* + pBc|z*|,z — x*) > 0, which implies that

(p(T + el)z" + p(B + el) [z*],x — x7) = 0.
Applying Lemma [3.2] we have

1 1
(Tx* + Blz*| + 2ex™, 2 — z*) > I |z —z*||> = p |Tz* + Bla*| + 2ex*|*.

From (3.11)) and strong monotonicity of the operators 7 and B., we have

* 1 %112
M,(z) = <ﬁ$+35|$|7$—x>—7p|\$—xl\
1
- <7Zx—7;x*+72x*+86\1:|—B€|x*\+[§’€|x*|,x—x*>—%Hm—x*ﬂz
1
= (7;x—7;x*,1:—3:*>+<l36\x|—B€|x*\,x—x*>+<7;1:*+B€|a:*|,z—x*>—%Hx—x*HQ
= ((T+e)x—(T+el)x*,x —z*) + ((B+el)|z| — (B+el)|z*|,z —z*)
1
ST+ el 4 B+ eD) o] o o) = oo -
= (To—To"w— ")+ (Blal - Blo™] & — %) + 2z — 27|
1
+<Tm*+8|x*|+2ex*,x—m*>—2—p||x—m*||2
> (a+ o7z —a"|*+ (a+&)p e — 2" + 2€ o — 2" ||
1 2 1 2 1 2
—— e =" = = ||Tz" + Blz"| + 2ex™||” — — || — ="
4p|| | pH | I 2p|| I
((a+) Fa+os— o 1+2>||x 2P = 2|72 + Bla7| + 207
= €)r €)p— — — — + 2 - - = € ,
2p 4p p

which shows that

2 4p
I~ <
dp((a+e)7 + (a+¢€)p) — 3+ 8pe

| — 2™

1
Ma(o) T+ pB |+ e .

O

Next, we define the D-merit function for the (PAVVI), which is the difference of regularized merit functions (3.11)).
We consider the following function

Dys(a) = My(z)— Ms(a)
1
= (T + Belal ¢ = Pile — pea = pBe o)) = 5 |lv — Picle — oo = pB. o

1
—(Tex + Be |2l & — Pc[w — 0Tcw = B, [[]) + o5 ||o — Prc[x — 0Tex — 6B |a]||”
1
= ((T+eDz+ (Btel) |z, @ = Pilz = pTew = pBefell) — o o = Prclw = pTew = pB =11

1
—((T+ez+ (B+el) x|,z — Pxlx — §Tex — 0B |z|]) + % |z — Pxlz — 6Tz — 6B |]]||
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1 1
(Ta + Bla| + 2ex, R, (x)) — o IR, ()| = (T + Blax| 4 2ex, Rs(z)) + % |Rs ()2

(Ta + Bla| + 2ex, Ry (x) — Ry (x)) — % IR @I + g5 [Rs (@) (3.12)

It is clear from (3.12)) that D, s5(x) is finite everywhere. We will now prove that D, 5(z) is in fact a merit function
for the perturbed absolute value variational inequality which is the prime inspiration for the following result.
Theorem 3.9. For all x € H and p > §, we have

(p = 0) Ry ()| = 208D,.5(x) > (p— 8) |Rs ()|

Particularly, D, s(x) = 0, if and only if € H is the solution of the perturbed absolute value variational inequality

&),
Proof . Take © = Pk [x — pTex — pBc |z|], y = Pk [z — §Tex — 6B |z|] and z = = — pTex — pB. |z| in Lemma we
have

(Prc [w = pTew — pBe |z]] — & + pTew + pBe |2|, Prc [x — 6Tcx = 0B |a|] — Px [x — pTew — pBe |xf]) = 0
or

(P lz—p(T+el)x—p(B+el)|z|]] —x+ p(T +el)x+ p(B+e€l) |z|, Px [t — 6(T + el)xz — §(B + €l) |z|]
—Prlx—p(T+el)z—p(B+e€l)|z|]) > 0.

That is,

(Pg [x — pTx — pBlz| — 2pex] — x + pTx + pBlz| + 2pex, Pk [t — 6Tx — 0B |x| — 20ex]
—Pg [z — pTx — pB|x| — 2pex]) > 0,

which shows that

(Tx + Blz| + 2ex, Ry(x) — Rs(x)) > = (Rp(2), Rp(x) — Rs(x)) - (3.13)

From (3.12) and (3.13)), we have

Dus(e) > g5 IRs(@)l” = 35 [Ry@)I + - IRy(a)I7 = £ (R (). Rof)

= 5 IRe@)I® = 5 IR @I+~ IRy @) = 52 [Rs@)I + 52 [Rs(@* = - (Ry(e). Rs(a)
= 5 (53 IRs@IP + 5 1RSI + 5 IRs@)I” = - (Ryfo). R

1/1 1 2 1 2
= 3 (5 - p) IRs(@)II” + 5 1Rs(@) = Ry(@)]

1/1 1 )
> Z(Z_Z
> 5 (G-3) Rl

which clearly shows that ,
2p6Dyp5(x) = (p — 0) [[Rs ()" (3.14)

Similarly by substituting @ = Pk [x — 0Tcx — 0B |z|], y = Pk [vt — pTex — pBe|z|] and z = © — 6Tcx — dB. |z in
Lemma 2.6] we have

(P [z — 6Tex — 0B |z|]] — x 4+ 0Tex + 0B, |z|, Pk [x — pTex — pB. |z|]] — Pg [x — 6Texw — 6B, |x|]) > 0
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or

(Pxlx—8(T+ezx—6B+el)|z|]] —z+0(T +el)x+5(B+el)|x|, Pk [xt — p(T +el)x — p(B+el)|z|]
—Pilz—8(T +el)z—6(B+el)|z|]) >0

That is,

(P [x — 6Tx — 0B |x| — 20ex] — x + 0T x + 6B |z| + 20ex, Pk [x — pTx — pB|x| — 2pex]
—Pg [x —6Tx — 6B |z| — 2dex]) > 0

which shows that

(Tx+ Blz| + 2z, Ry(x) — Rs(x)) <

From and (| , we have

1

—%H o(@)II” t35 IIRs( N+ (R(s( )s Rp(x) — Rs(x))

= % |Rs(z)||* — % IR, ()] = < ||R5( W+ =

(Rs(x), Rp(2) — Rs()) - (3.15)

oq\H

D,M;(x)

IA

£ (Ri(a), Ry()

- —2—15||R5(x)||2—2—1p||7€ @)+ < <R5( )s Rp())

— s IR = o IR + g5 Ru(@I %nnwu + 3 (Rola), Ry(a)
- 3(G-3) IR0 - %HRMF—%HR&( I+ 5 (Rafa),Ry(a)
= 5 (G 2) IR = 55 1Ry(e) ~ Rs(o]?

3 (5 3) IR

which proves the left most inequality of the required result.

That is, (p—0)||R,(2)||”> > 2p6D, 5(z). (3.16)

From (3.14) and (3.16), we have (p — d) ||Rp(sn)|\2 >2p0D, 5(x) > (p—9) |Rs(2)|?.. O

Theorem 3.10. Suppose x* € H be a solution of the perturbed absolute value variational inequality (2.1f). If the
operators T. and B, are strongly monotone with constants (o 4 €)7 > 0 and (« + €)g > 0, respectively, then

e — | < o0
= 4p0 (v + €)1 + (a+ €)g) — 30 + 2p + 8pde

D pi + HTx + Bz*| + 2ez”||").

Proof . Since z* € H be a solution of the perturbed absolute value variational inequality (2.1)) and by substituting
y =z in (2.I), we have (pTcx* + pBe |z*|,z — z*) > 0. In view of Lemma [3.2] we have

1 1
(Tex® + B |2,z —2*) > —=||Ta* +B.|2*[|* — — = —z*|”
p 4p

1 1
or (T +el)a” + (B+el)|z"],x —z%) = —;H(’Hd)x*+(B+d)|$*|||2—gllx—ﬂf*ll2

2

1 1
or (Ta"+Bla™|+2ex™, 2 —2") > —;HTﬁ—i—B|x*|+2€m*H2—%Hx—az*ﬂ. (3.17)
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From (3.12), using the strong monotonicity of the operators 7. and B, with constants (a«+¢)7 > 0 and (a+¢€)g > 0,
respectively and (3.17)), we have

Dy s(x) = (Tex + B le,Rp(x)*Rs(x)%%llR ()] + 35 IIst( )I*
:<Tﬂﬂ+l’5‘|$|+2€:v,73p(96)*7€5(x)>*zipW2 ()]” + 35 HRJ( )II*

1 1
= (Tw+Blol+ 2e0,2 —27) — o lz — 27| + % II%*SE*II2

1 1
=(Tx+Blz| - Tz*+Ta* — Blz*| + Blz"| + 2ex — 2ex™ 4 2ex™, 2 — z™) — 2 |z —z*||> + % |z — 2|

=(Tax—Tz", o —z") + (Blz| = Blz*|,x — a™) + (Ta™ + B|z*| + 2ex™, x — z™)

1
+ (2ex — 2ex*,x — ) — — || — z*|?

* 2
5 e — o

1
>0+ )7 o= oI + (0t s lle = 2| = T2 + Bla'| + 26|
1 1 1
—§||$—$*||2+2€||x—x*||2—27)” — ¥ + 55 IIx—x &
(@+ 7 +(a+s— = — o+ o= +2¢) o — a** = = [|Ta* + Bla*| + 262"
(07 €)T [0 € 4 2 25 € X X P X X €T
30 —2 8pd 1
(@+ &)+ (a+e)p— [ ZELOP%NY 1w — 2*|)® = = | Ta* + Bla*| + 2ez*|?
4pd p
406 (o + + (a + —30+2p+ 8pd 1
4,06 p
Therefore
2 4pd
z—x" < 5@ + = [IT2" + Blz™| + 2ex”
| I = 400 (a4 €)1 + (a + )5 )—35+2,0+8,056[ P8(@) H 2" I
O
Conclusions

We introduced and studied numerous merit functions for a new type of variational inequalities, namely perturbed
absolute value variational inequalities, in this study. These merit functions are used to calculate error bounds for
the estimated solution of absolute value variational inequalities and the related optimization problems. The results
presented in this paper may be regarded as a primary contribution in this fascinating domain. Interested researchers
are encouraged to investigate the applications of perturbed absolute value variational inequalities in a wide range of
pure and applied areas. The suggestions in this paper might be applied in future research.
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