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INTUITIONISTIC FUZZY STABILITY OF A QUADRATIC AND
QUARTIC FUNCTIONAL EQUATION

S. ABBASZADEH

Dedicated to the 70th Anniversary of S.M.Ulam’s Problem for Approximate Homomorphisms

ABSTRACT. In this paper, we prove the generalized Hyers—Ulam stability of a
quadratic and quartic functional equation in intuitionistic fuzzy Banach spaces.

1. INTRODUCTION

In recent years, the fuzzy theory has emerged as the most active area of research in
many branches of mathematics and engineering. This new theory was introduced by
Zadeh [1], in 1965 and since then a large number of research papers have appeared
by using the concept of fuzzy set/numbers and fuzzification of many classical the-
ories has also been made. It has also very useful application in various fields, e.g.
population dynamics [2], chaos control [3], computer programming [/], nonlinear
dynamical systems [5], fuzzy physics [0], fuzzy topology [7], fuzzy stability []-[12],
nonlinear operators [13], statistical convergence [11, 15], etc.

The concept of intuitionistic fuzzy normed spaces, initially has been introduced by
Saadati and Park [16]. In [17], by modifying the separation condition and strength-
ening some conditions in the definition of Saadati and Park, Saadati et al. have
obtained a modified case of intuitionistic fuzzy normed spaces. Many authors have
considered the intuitionistic fuzzy normed linear spaces, and intuitionistic fuzzy
2-normed spaces(see [18]-[21]).

The concept of stability of a functional equation arises when one replaces a func-
tional equation by an inequality which acts as a perturbation of the equation. The
first stability problem concerning group homomorphisms was raised by Ulam [22] in
1940 and affirmatively solved by Hyers [23]. The result of Hyers was generalized by
Aoki [24] for approximate additive function and by Rassias [25] for approximate lin-
ear functions by allowing the difference Cauchy equation || f(x14x2) — f(x1) — f(z2)||
to be controlled by e(|| z1 ||P + || 2 ||?). Taking into consideration a lot of influence
of Ulam, Hyers and Rassias on the development of stability problems of functional
equations, the stability phenomenon that was proved by Rassias is called the gen-
eralized Ulam-Rassias stability or Hyers-Ulam-Rassias stability (see [20, 27, 28]).
In 1994, a generalization of Rassias [29] theorem was obtained by Gavruta , who
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replaced (]| ;1 ||P + || 2 ||P) by a general control function ¢(z1, z2). The functional
equation

fle+y) + flz—y) =2f(x) +2f(y) (1.1)

is related to a symmetric bi-additive function [30, 31]. It is natural that this equa-
tion is called a quadratic functional equation. In particular, every solution of the
quadratic equation (1.1) is said to be a quadratic function. It is well known that
a function f between real vector spaces is quadratic if and only if there exists a
unique symmetric bi-additive function By such that f(z) = By(z,z) for all z. The
bi-additive function B; is given by

Bi(e.y) = { (@ +y) — fw — )

In the paper [32], Czerwik proved the Hyers—Ulam—Rassias stability of the equation

(1.1).

Lee et. al. [33] considered the following functional equation

fQRr+y)+ f2r —y) =4f(v +y) +4f(v —y) +24f(z) — 6f(y). (1.2)

In fact, they proved that a function f between two real vector spaces X and Y is a
solution of (1.2) if and only if there exists a unique symmetric bi-quadratic function
By : X x X — Y such that f(x) = By(z,z) for all x. The bi-quadratic function
By is given by

Bo(e,) = 5 (f( ) + f(o — ) — 2f(2) ~ 21 (1),

Obviously, the function f(z) = cz* satisfies the functional equation (1.2) which is
called the quartic functional equation.

Eshaghi and Khodaei [31] have established the general solution and investigated
the Hyers-Ulam-Rassias stability for a mixed type of cubic, quadratic and additive
functional equation with f(0) = 0,

fla+ky)+ flx—ky) =k flx+y) + Eflz—y)+2(1 — k) f(z) (1.3)

in quasi-Banach spaces, which £ is nonzero integer number with k& # +1. Interesting
new results concerning mixed functional equations have recently been obtained by
Najati et. al. [35, 30, 37] as well as for the fuzzy stability of a mixed type of additive
and quadratic functional equation by Park [12].

The functional equation

F(na+y)+ f(na—y) = n2f (2 +y) +n?f (@ —y) +2(f(nz) - n2f(2)) — 202 — 1) f ()

(1.4)
(n € N, n > 2) is called the mixed quadratic and quartic functional equation, since
the function f(z) = ax® + bx? is its solution. The stability problem for the mixed
quadratic and quartic functional equation was proved by Eshaghi et. al. [38] for a
function f: X — Y, where X and Y are quasi-Banach spaces.

2. Preliminaries

We use the definition of intuitionistic fuzzy normed spaces given in [16, 39, 10] to
investigate some stability results for the functional equation (1.4) in the intuitionistic
fuzzy normed vector space setting.
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Definition 2.1. ([411]). A binary operation * : [0, 1] x [0, 1] — [0, 1] is said to be
a continuous t-norm if it satisfies the following conditions:

(a) % is commutative and associative;

(b) * is continuous;

(c)ax1=uaforall a€l0,1];

(d) a* b < ¢*d whenever a < ¢ and b < d for all a,b,c,d € [0, 1].

Definition 2.2. ([11]). A binary operation * : [0,1] x [0,1] — [0, 1] is said to be
a continuous t-conorm if it satisfies the following conditions:

(a) * is commutative and associative;

(b) % is continuous;

(c) ax0=a for all a € [0,1];

(d) a*b < c*d whenever a < ¢ and b < d for all a,b,c,d € [0, 1].
Using the continuous ¢t-norm and t-conorm, Saadati and Park [16], have introduced
the concept of intuitionistic fuzzy normed space.

Definition 2.3. (Saadati and Park [16], Mursaleen and Mohiuddine [39]). The
five—tuple (X, i, v, %, %) is said to be an intuitionistic fuzzy normed space (for short,
IFNS) if X is a vector space, * is a continuous ¢-norm, x is a continuous t-conorm,
and p, v fuzzy sets on X x (0,00) satisfying the following conditions: For every
x,y € X and s,t > 0,

(IFy) pw(z,t) +v(z,t) <1,

(IFy) p(z,t) > 0;

(IF5) p(z,t) =1 if and only if x = 0;

(IFy) plaz,t) = p(z, ;) for each a # 0;

(LF5) plx,t) * puly, s) < plz +y,t + s);

(IFs) p(z,.): (0,00) — [0, 1] is continuous;
(IF7) limy_oo po(2,t) = 1 and limy_o p(z,t) = 0;
(IFg) v(z,t) =0 if and only if z = 0;

(IFy) v(az,t) = v(z, ) for each o # 0;

(I Fy) v(z,t) *v(y,s) > v(x+y,t+3);

(IFy1) v(z,.): (0,00) — [0, 1] is continuous;
(IFyo) limy oo v(2,t) = 0 and lim;_gv(z,t) = 1.

The properties of IFNS, examples of intuitionistic fuzzy norms and the concepts
of convergence and Cauchy sequences in an IFNS are given in [16].

Definition 2.4. Let (X, u, v, %, %) be an IFNS. Then, a sequence {x,} is said to be
convergent to x € X with respect to the intuitionistic fuzzy norm (u, v) if, for every
e > 0and ¢t > 0, there exists k£ € N such that p(z,—z,t) > 1—cand v(z, —x,t) < &
for all n > k. In this case we write (u, v)-limzx, = .

Definition 2.5. Let (X, pu,v, %,%) be an IFNS. Then, {z,} is said to be Cauchy
sequence with respect to the intuitionistic fuzzy norm (u,v) if, for every £ > 0 and
t > 0, there exists k € N such that u(x, — z,t) > 1 —¢ and v(z, — 2y, t) < € for
all n,m > k.

Definition 2.6. Let (X, u, v, %, %) be an IFNS. Then (X, u, v, *, %) is said to be com-
plete if every intuitionistic fuzzy Cauchy sequence in (X, u, v, *, %) is intuitionistic
fuzzy convergent in (X, p, v, *, ).
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Definition 2.7. We say that a function f : X — Y between IFNS, X and Y is
continuous at a point xy € X if for each sequence {z,} converging to zy in X, then
the sequence { f(x,)} converges to f(xg). If f: X — Y is continuous at each z € X,
then f: X — Y is said to be continuous on X (see [13, 39]).

In the rest of this paper, unless otherwise explicitly stated, we will assume that X
is a linear space, (Z, i, ') is an intuitionistic fuzzy normed space and (Y, i, v) is an
intuitionistic fuzzy Banach space. For convenience, we use the following abbreviation
for a given function f: X — Y,

)

Df(z,y) = f(nz +y) + f(nz —y) —n’f(z +y) —n’f(z —y) — 2f(n2)
+2n°f(x) +2(n* — 1) f(y)

for all z,y € X.

3. INTUITIONISTIC FUZZY STABILITY OF (1.4): FOR QUADRATIC FUNCTIONS

Lemma 3.1. ([38]). Let Vi and Vi be real vector spaces. If a function f: Vi — Vs
satisfies (1.4), then the function g : Vi — Va defined by g(x) = f(2z) — 16f(x) is

quadratic.

Theorem 3.2. Let { € {—1,1} be fized and let v, : X x X — Z be a function
such that

0q(27,2y) = apy(z,y) (3.1)

for all x,y € X and for some positive real number o with ol < 40. Suppose that an
even function f: X —Y with f(0) = 0 satisfies

p(Df(z,y),t) > 1 (pg(z,y),t) & v(Df(z,y).t) <V (p(z,y),1) (3.2)

forall x,y € X and t > 0. Then the limit

Q) = (,v) — lim —— (F(2"+1z) — 16£(2z))

n—oo 4fn

exists for allx € X and QQ : X — 'Y is a unique quadratic function such that

(J20) =167 = Q). 0 2 1, (L5

v (F(20) = 16(0) — Q). 1) < N, (1, L 220)
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forallz € X andt > 0, where

n*(n? — 1)t
68

) gl ma),

n*(n* — 1)t

)

) 5 11 (@g(x, (n + 1)z),

* :U’I(QOQ(Iv (Tl - 2)‘77)7

n*(n* — 1)t

* :U’/(QOQ(Iv (n - 1)]3),

s 11 (pg (22, 22),
(n? — 1)t
17
i) (0, (n-+ 1)),

(n? —1)%t

* ,u/(goq(x, 3.T),

*lul(gpq(m,x)

* :U’/(QOQ(O? (n - 3)1’),
(n? —1)%t

* ,u/(goq((),nx),
n?(n? —1)%t / n?(n? — 1)t
mn 1)t ) * 11 (04(0, ), 28(37(14 _n2)+ )
n?(n? — 1)t
17
n*(n* — 1)t
17
n*(n* — 1)t

) &

* ,u/(goq((), 2‘7:)7

Nq(il?,t) - I//(qu(l", (n + 2)33)7

)
n*(n* — 1)t
68

n?(n* — 1)t
170 )
n?(n? — 1)t
68 )
n?(n? — 1)t
8B =1
(n? —1)%

)

) * y/(goq(x, (n+ 1)z),

(g, (n — 2)a),

) * V/(goq(x, nx),

* V/(gpq(a:, (n—1)x),

) * yl(gpq(Qx, x),

* U (pq (2, 2),
(n? — 1)t
17
n?(n? — 1)t :
,m) * v (10q(0, (n + 1)),

(n? —1)%
17
(n?>—=1)%,
) (0, (n = 200,
n?(n? — 1)
17(n* +1)

) x v (ipq(x, 22)

* z/l(goq(x, 3x),

* l/l(goq(:v, x)

) %V (1240, (n — 1)),

« (1400, (n — 3)a),

* V' (9q(0, nx), T)
n?(n? — 1)t
1 28(3nt — n? +2)

* ' (194(0, 22), ) %V (124(0, ) )-

Proof. Case (1): £ =1. Set x =0 in (3.2) and then interchange = with y to get

=
)
[\
|
=
~
—
3
|
E)
[\
|
=
~
n
3
-
S~—

1 (g0,2),1) &

’ 3.4
(¢q(0,),t) B4
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for all z € X and t > 0. Replacing y by z, 2z, nx, (n + 1)z, (n — 1)z, (n + 2)z,
(n — 2)z and 3z in (3.2), respectively, we get

p(f((n+D)z) + f((n = D)z) —n f(2$)—2f(m)+(4n —2)f(x),t)
p gz, a),t) &

v(f((n+ 1)) + f((n — 1) —n*f(22) —2f(m$) +(4n® = 2)f(),1)
v (pq(x,2),1),

(3.5)

H(f (0 +2)) + F((n — 2)) — 02 f(3) — 0 f(—z) — 2/ (na) + 2n%f (x)
+2(n - 1>f<2a:> ) > 4 (py(x,20),1) &
v(f(n+2)x) + f((n — 2)) — nf(3x) — 0’ f(—z) — 2f (nx) + 202 f(z)

£)— (3.6)
+2(n* —1)f(22),t) <v (goq(:v, 2z),t),

p(f(2nz) = n®f((n + 1z) = n*f((1 = n)x) +2(n* — 2) f(nz) + 2n*f(2),1)
> [ (ol ma) 1) &

v(f(2nz) — n?f((n+ 1)) — n*f(1 —n)z) + 2(n* — 2)f(nx) + 2n*f(x),t)
< V' (palir,n2), 1),

(3.7)

p(f((2n+1)x) + f(—z) — n?f((n+ 2)x) — n® f(—nzx) —
+2(n* = 1) f((n+ Dz ),t)z (pq(, (n
v(f((2n+Dz) + f(—2) =0’ f((n + 2)x) — n*f(—nz) —
+2(n* = 1) f((n+1)z), 1) < v (gq(w, (

p(f((2n = Dz) + f(2) = n* (2 = n)z) — (n* + 2) f(nz) + 20° f(2)
+2(n* = 1) f((n = 1)a),t) 2 p' (g4, (n = D)a),t) &

v(f((2n —1)z) + f(2) = n*f((2 = n)z) — (n* + 2) f(nx) + 20 f(2)
+2(n® = 1) f((n = 1)2),t) <V (¢4, (n = )z),1),

f(nz) +2n° f ()
Dx),t) &
f(nx) +2n* f ()
D), 1),

(3.8)

2
+
2
+

3

(3.9)

p(f(2(n +1)z) + f(=22) = n® f((n + 3)x) = n*f(~(n + 1)z) — 2f(nz)
+2n%f(x) + 2(n* — 1) ((n+2)x),t) >,u(gpq( (n+2)z),t) &

v(f2(n+1z) + f(=22) = n* f((n + 3)x) = n*f(=(n + 1)z) — 2f(nz)
+2n° f(x) + 2(n* — 1)f((n+2)90) t) V (g, (n + 2)x), 1),

(3.10)

p(f(2(n = )a) + f(22) = n*f((n — 1)a) = n*f(~(n — 3)x) — 2f(nz)
+20° f(w) +2(n* = 1) f((n = 2)2),1) > p'(py(z, (n = 2)2),1) &

v(f((2(n = D) + f(22) = n*f((n — 1)) — n° f(—(n — 3)z) — 2f(nx)
+2n f(x) +2(n* — 1)f ) )

(3.11)

((n = 2)2),t) <V (pg(w, (n = 2)), ¢
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and

p(f((n+3)z) + f((n = 3)z) — n’f(4z) — n*f(=22) — 2f (na) + 20" f(x)

+2(n® = 1)f(32),1) 2 1 (pq(2,32),1) &
v(f((n+3)z) + f((n = 3)z) — n*f(4) — n*f(—2x) — 2f(nx) + 2n* f(z)
);

P (3.12)
+2(n® —1)f(32), 1) < V' (py(, 32), 1)

nx

for all z € X and t > 0. Combining (3.4) with (3.5)—(3.12), respectively, yields the
following inequalities:

p(f((n+2)z) + f((n —2)x) = n®f(3x) — n*f(x) — 2f (nx) + 2n* f ()

2

F207 = 1) f(20),8) 2 1 (0(,20), 2) 4 (7 0(0,2), ) & .
V(F((n+2)2) + Fl(n = 2)a) = nF(30) = (@) = 2f(na) + 202 @)
20 = 1) (20),1) < ¥ (g, 20), 5) %V (70 (0,2), ),

u(f(2n) = 2 f((n+ 1)) — n2f((n — 1)) + 2(n? — 2) f(na) + 202 f(z), 1
> 1 (ol ), 5) 1 (a0, (n = 1), 5) &
V(f(2na) = n2f((n + 1)) = n2f((n — 1)) +2(n? — 2) f(na) + 202 (x), 1

n? t

(3.14)

<V (ol ), ) (g (0, (0= 1)), 2),
P+ 1)) + F(@) = n2 (04 2)2) = 0 f () = 2f (o) + 20 (2)
+2(? - 1NWH+U@J)2MWA%@+¢M%@
(o Oma), D) i (0.0, ) & .
(20 1)2) + [(2) = 2] ((n+ 2)2) — 2 f(n2) — 2 (n) + 202 (2)
F2007 = 1) (0 + 1)), 1) <V (il (0 + 1)), 3)
e O0ma), D) (e (0,2), D).
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P20 = 1)) + f(x) = 2 (0 = 2)2) = (0 + 2) (n2) + 202 (2)
F2 = Df((n = 1)2),6) > 4 (24l (0 = 1), 5)

b (o0, (1~ 2)2), 7) &

v(f((2n —1)z) + f(z) = n*f((n — 2)z) — (n* + 2) f(nx) + 2n° f ()
2 t

(3.16)

+2(n% = 1) f((n = 1)2),1) < V' (gg(x, (n = 1)), 5)
,on? t
*V (ng — 190(1(0’ (n - 2)3;)7 5))

p(f(2(n + D)z) + f(22) = n’f((n +3)z) —n*f((n + D)x) — 2f (na) + 20" f(x)

L o(n? — 1) f((n+2)2). ) > 1 (gglz, (0 + 2)), 0)

3
’ n2
x5

o0, (1 1)), 5) 5 (0,20, 5) &

) ) 217
v(f(2(n+ D) + f2z) —n"f((n + 3)x) = n”f((n + D)z) = 2f(nx) + 2n°f (z

2007 = 1)f (0 +2)2),1) £ V' (4, (0+ 2)2), 5)
G0, ), 2 (0,22, ),

p(f(2(n = Da) + f(22) = n*f((n — D)z) = n*f((n = 3)z) — 2f(nx) + 2n° f(2)
t

+2(n = 1) f((n = 2)2),t) > 1 (pq(x, (n = 2)2), 3)
t

H (0, (0 = 3)2), 5) &
V(F(2(n = 1)) + f(20) = nf((n = 1a) = 2 f(n = 3)z) — 2f (n2) + 20 (&

202 = 1)f(n = 2)2),8) <V (e, (0 = 2)2), )

83.18)

n? t

qu((]? (n - 3)‘7:)7 _)7

ok o 2

and

p(f((n+3)z) + f((n = 3)z) — n’ f(4z) — n*f(22) — 2f (nx) + 2n° f (2)

2

F20% = 1)f@2),0) > (o, 30), 5) i (7 0y(0,22), ) & -
V(F((n + 3)2) + F((n — 3)2) — n2f(4) — n? f(22) — 26 (na) + 22 f(x) )
+2(n? — 1) f(32),1) < v (g, 32), %) ¥ (i (0,22), %)
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for all z € X and ¢t > 0. Replacing x and y by 2z and x in (3.2), respectively, we
obtain

H(f((2n + 1)) + F((2n — 1)) — n2f(3x) — 2/ (2nr) + 20 f (20)

)
+(n* = 2)f(2),1) > p (g (22,2),1) & (3.20)
v(f((2n+ 1)) + f((2n — D)z) — n*f(3z) — 2f(2nx) + 2n° f(27) '
+ (n? = 2)f(x),t) <V (p,(2z, 7),1)
for all z € X and ¢t > 0. Putting 2z instead of x and y in (3.2), we obtain
w(f2(n+ 1)z) + f(2(n — 1)x) — n’f(4z) — 2f(2n ) +2(2n% — 1) f(22),t)
(goq(Q:c, 2z),t) & (3.21)
v(f(2(n+ 1)) + f(2(n — D) — n*f(4x) — 2f(2n ) +2(2n2 — 1) f(22),t)
(go (2x,2x),t)

for all x € X and ¢t > 0. It follows from (3.5), (3.13), (3.14), (3.15), (3.16) and
(3.20) that

n?(n? — 1)t

u(f(32) — 6£(22) + 15£(),8) = 1 (g, (. (n + L)a),

i (y(2, ), I ), D

b ol 20), ) () )

0 b (0, m), "

* Nl(goq(()? (’TL - 1)‘7;)7

w11 (04 (0, (n — 2))), nz(n;)_ D) 4 1 (a0, 2), %>

1 (gl (n = 1)a), = (n;o_ ) & (3.22)
(F(32) — 67(22) + 15£(2). 1) < ¥ (g . (n -+ 1), "D

o (20, ), nQ(njO— 1)t) o (oo, m), n2(nio— 1)t)

* v (9, 20), (”22_0 Dy o) (ol ), %)

(a0, (n = 1)), O ;01)%) * V' (1240, na), W>

et/ (ouf0,(n =202, I 0,00,

«v/ (gy(a, (n = D), )
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for all x € X and ¢t > 0. Also, from (3.5), (3.13), (3.14), (3.17), (3.18), (3.19) and
(3.21), we conclude

p(f () —A4f(3x) +4f(22) +4f(x), 1)

> i oyl 20), " 4 0,2,
w1 (o320, I oy ), 2
(o), " I (200,
(240, (0 + 1)), I
1 (ol (n = 2)), =D
W (gl (n 4+ 2)), 1
1 (a0, (n — 1)), I
« 1 (pul0, (0 — ),
40,20, S o
U (4) — 4F(32) + 47 (22) + 4 (@), ‘
< V(a2 20), " 0,00,
(g, 32), O 2;1)t>*u’<soq<x,x> e
v (y(rme), ) o2, 2
7 (a0, (n + 1)), U2 ;61)2t)
(g, (n - 29, "1
(9l (n + 2)z), ”2(”;6_ Lt
(g0, (n 1)), C I

(0, (n — 3y,

n?(n? —1)%
7 36(n*t+1) )

* Vl(@q(oa 21’7)
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for all z € X and ¢t > 0. Finally, combining (3.20) and (3.21) yields

p(f(dx) = 24f(22) + 64f (2), ) > p (24w, (n + 2)2),

v(f(4x) — 24f(2z) + 64 (x),1) < v (,(z, (n + 2)z),

n?(n? — 1)t
17 )
n?(n? — 1)t
170
n*(n* — 1)t
68 )
n?(n? — 1)t
8B
(n? —1)%
17 )
, (n? —1)%
) * 1 (9q(0, (n = 1)2), —=5
(n? — 1)
68 )
n?(n? — 1)
" 28(3n* — n? +2)

n*(n* — 1)t
68
n?(n* — 1)t
17
(n? — 1)t
17

) i (0, + 1),

1 (0, (n — 3)a), T

0 D) 4 (0. (n — 2)),

n?(n*—1)%,

i) ) # 1 (10q(0,2)

n%(n? — 1)t
17

n*(n? — 1)t
68

)

) * 41 (i0q (2, ),

* M/(@q(xv (71 - 1)93)7

) 11 (10q (27, @),

# 41 (1922, 21),

) 11 (g, 22)

4 (pg(, 3),

# 41 (g (2, 2)

)

1 (pg(0, ),

# 41 (194(0, 22), )

)

) &

* :U’I(QOQ(J:J (TL - 2)$)7

* 1 (g, (n + 1)),
Pt — 1t (3.24)
17 )
n*(n* — 1)t

170
n*(n? — 1)t

68 )
n?(n? — 1)t

n*(n? — 1)t
68

n*(n? — 1)t
17

(n?—1)t

17 )*V/<90q(x72x>’28<3n2_1)>
n?(n?* — 1)t

)+ a0, -+ ),

17 )
“ (yf0, (n — 3)a), U

)*l/l(gpq(O, (n—1)x), 70
WD) ) 0, (0 — 2)a), S U
n?(n? —1)%, n*(n* —1)%t

68
'28(3n% — n? + 2)

)

)*V/(goq(x,nac),

*/ (g, (n = 1)a),

*ul(goq(Qa:,Qa:), )*V/(QOq(ZU,CL’),

*V/<(,0q(.l’,3l’>,

* V(9 (2, )

)

*V/<¢Q(07nx)7

)
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forallz € X and ¢t > 0. Let

My (1) = 1 (9, (n +2)a), = <”17_ Dty
1 Gl (= 2)2), " o o, (ot 1)),
1 gl (= 1), G o m), S
« (a2, 2), I ), P D
1 (g, 32), 7 D s 4 oy, 20), ;lsgnz__lii)
# 1 (g, 2), %) 1 (00, (n + 1)), 1_71) f
4 a0, = 39, ) (0, (0 - 1), P
(n2 —1)% (n? — 1)1

*MI(SOQ(Oanx>7 68 ) *M/(@Q(()? (n_Q):U)? 68 )
n?(n? — 1)
" 28(3n* — n? +2)

) &

, n?(n? — 1)t
)t oyl -+ 1)), "0
n?(n* — 1)t
170 )
n?(n?* — 1)t
68 )
n?(n?* — 1)t
' 28(3n2 — 1)
(n? —1)%t

) x v (i9(x, n),

)V (1042, @),

) x v (ipq(w, 22)

n?(n* — 1)t :
, m) *V (pg(0, (n + 1)z),

(240, (n — 3)a),

(n2 - 1)2t /
)i (0. (n — 20,
n?(n? — 1) n?(n* —1)%t
17(n* +1) '28(3nt —n?2+2)"
Then in (3.24) we will have

plf(4x) = 20f (22) + 641 (2), 1)
v(f(4x) — 20f(2z) + 64f(x), 1)

* V(0 (w, @)

)V (24(0, (n = 1)z),

* y,<90¢1<05 nl’),

*V,<90q<0a2x)a )*V/(SOq(Oax)

(2 t) &

M
Moo, (3.25)

>
<



112 S. ABBASZADEH

for all z € X and ¢t > 0. Let g : X — Y be a function defined by g(z) := f(2z) —
16 f(x) for all x € X. So, from (3.25), we conclude that

plg(2x) — 4g(x), ) = My(x,t) & v(g(2r) —4g(x),t) < Ny(z, 1) (3.26)

forallz € X and ¢t > 0. So

2z t 2z t
p 20 o) 2 a2 g <N 20
for all z € X and t > 0. Then by our assumption
t t
M‘I(2x7t> :MQ(xaa) & NQ(vat) :NQ(xva) (328)

for all z € X and ¢ > 0. Replacing x by 2¢z in (3.27) and using (3.28), we obtain

g2**tz) g(2bz) ¢

t
k _
p( AR+ gk ’4(4k)) > M,(2%x,t) = Mq(%@) &
g(2kx)  g(2kx) ¢ t (3.29)
k _
A pgk+1 4k ’4(4k)) < Ny(2%z,t) = Ny(z, J)
for all z € X, t > 0 and k > 0. Replacing t by ot in (3.29), we see that
g(2klx)  g(2kx) oft
W T ) 2 M (3.30)
g(2Flx)  g(2kx) oft '
V( Ak+1 - Ak ’4(4k)) SNQ(x7t>

forallz € X, ¢t > 0and k > 0. It follows from g(i—zi) —g(x) = Z?;é(g(ijix) - g(ijx))
and (3.30) that

g(2kz) N adt Mog(2lr) g(¥x) odt
— > — >
- - (3.31)
g(2kz) 2 ot Y1 g2 e) g(2z) odt
— < — <
V( 4k g(l‘)7]:0 4(4)]) —JZOV( 4j+1 4]' 74(4)3) — Nq(l‘,t)

for all z € X, ¢t > 0 and k > 0, where [[;_, ax = a1 *ag % ... x a,, and [[}_, a, =
aj * ag x ... % a,. Replacing x by 2™z in (3.31), we observe that

k—1 .
g(2mz)  g(2ma) a’t o ¢
ul gham o gm ’j=0 4(4)j+m> > My (2", t) = My(z, a_m) &
2k’—|—m 2m k—1 Jt
V(g( .T) g( fl:) (@) ) < Nq<2m$,t) _ Nq(ﬂf, _m>

Ahtmo gm0 L f(4)5Fm
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forall x € X, t >0 and all m >0, k> 0. Hence

g2 ma)  g(2ma) "I adt

— -) > M,
’u( Ak+m qm 7 ;ﬂ 4(4)]> - q(l’,t) &
k4+m—1 ;
9@ g2ma) it
V< Ak+m o gm Z 4 ) < Nq<$,t)

(4)7

j=m

forall x € X, t > 0 and all m > 0, k > 0. By last inequality, we obtain

g@m)  g2m) t
M — g o) 2 Mol )
Zj:m 4(4)j) (3 32)
S g2t |
v k+m - m A k+m—1 o
4 * 4 Zj:m 4(4])])

for all # € X, ¢ > 0 and all m >0, k > 0. Since 0 < @ < 4 and > 72 (($)’ < oo, the

Cauchy criterion for convergence in IFNS shows that {g(i—:x)} is a Cauchy sequence

in Y. Since Y is complete, this sequence converges to some point Q(z) € Y. So one
can define the function @ : X — Y by

Q) = (1) — Jim g(2) = (u,v) — Jim L (F(2570) ~167(2F0))  (3.33)

k—oo k—o0 4k

for all x € X. Fix v € X and put m=0 in (3.33) to obtain

9(2—’%)—xt>Ma:;. &l/g(2—kx>—xt<Nx;.
00 2 My o) & T (o)) < Nl )

forall z € X, t > 0 and all £ > 0. From which we obtain

H(Qe) — (). 1) 2 (@)~ 2E2 1y u I8 gy ]y
> My(e, ) &
Zj:O 2(02)1) (334)
Q) — g@).0) < (@)~ CE 1 e I8 g )
< Nyl )

for k large enough. Taking the limit as & — oo in (3.35) and using the definition of
IFNS, we obtain
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for all x € X and t > 0. On the other hand, we have

k1 k
(P2 a0y > @22 A2TD) by 0ED G )
2k+1 2k t
2 o) 1
k1 ok
(8D ), 1y < (@2 D Ly (12D oy, ]y
2k+1 2k
g2 _ ) 1
for all z € X and ¢t > 0. So it follows from (3.29) and (3.34) that
Q(21) = 1Q() (3.36)

for all z € X. By (3.1) and (3.2), we obtain

1 1 16
M(_Dg(ka’ Qky)7 t) - M(EDf<2k+lx7 2k+1y) - EDf(2kx7 Qky)a t)

Ak
k41 okt+l 4+t k.. ok 4%t
4kt ) 4kt
2k+1x7 2k+1y)7 _) * [ (9011(2kx7 Qky)v _>
2 32
) 4kt , 4kt
= 11 (pq(z,y), W) * 1 (ipq(,y), m)

> N/(Soq(

for all x;y € X and t > 0. Letting £ — oo in (3.37), we obtain

w(DQ(z,y),t) =1
for all z,y € X and t > 0. Similarly, we obtain

v(DQ(x,y),t) = 0.
This means that @) satisfies (1.4). Thus by Lemma 3.1, the function = ~~ Q(2z) —
16Q(x) is quadratic. Therefore (3.36) implies that the function @ is quadratic.

Now, to prove the uniqueness property of @, let Q" : X — Y be another quadratic
function satisfying (3.3). It follows from (3.3), (3.28) and (3.36) that
/ Q(2*z)  Q'(2"x)
Q(2Fx)  g(2Fx) t g(2kz)  Q'(2Fx) t
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for all x € X and ¢t > 0. Since a < 4, gives limy_o M,(z, 4k€fo;‘")t) = 1 and

limy, oo N, (2, L4290 — 0. Thus, u(Q(2)— Q' (x), 1) = 1 and v(Q(x) = Q' (x), 1) = 0,
therefore Q(x) = Q' ().

Case (2): £ = —1. We can state the proof in the same pattern as we did in the
first case.
Replacing = by § in (3.26), we obtain

x x
2 2’

for all z € X and ¢ > 0. Replacing z and ¢ by & and § in (3.38), respectively, we
obtain

plol@) —49(2),0) 2 My(5.1) & vlg(@) —49(2).0 S Ny(5.0)  (3:39)

T T z t o
M(4k9(2—k) - 4k+19(ﬁ)i) = My(Gr i) = Mala, (Z)kat) &
T T z t o
V@’“Q(ﬁ) - 4k+19(ﬁ)>t) < Nq(ﬁ» E) = Ny(z, (Z)kat)
forall z € X, t > 0 and all £ > 0. One can deduce
m m s X t
pu(4r* g(w) —4 9(2—m),t) > My(r, ) &
Zj:m-l—l M)
) . . y (3.39)
v(4 +m9(w) - 4m9(2—m)’t) < Ny(z, W)
]:m+1 4o

for all z € X, ¢ > 0 and all m,k > 0. From which we conclude that {4*g(%)} is a
Cauchy sequence in the intuitionistic fuzzy Banach space (Y, i, v). Therefore, there
is a function @ : X — Y defined by Q(z) := (p,v) — limy,_.o 4*g(3¢ ). Employing
(3.39) with m = 0, we obtain

p(@) ~ 9002 Mo, S & v(QU) — gla),t) < Ny, OS5

for all x € X and t > 0. The proof for uniqueness of () for this case proceeds
similarly to that in the previous case, hence it is omitted. 0

4. INTUITIONISTIC FUZZY STABILITY OF (1.4): FOR QUARTIC FUNCTIONS

In this section, we prove the generalized Hyers—Ulam stability of the functional
equation (1.4) in intuitionistic fuzzy Banach space for quartic functions.

Lemma 4.1. ([38]). Let Vi and V4 be real vector spaces. If a function f: V3 — V;
satisfies (1.4), then the function h : Vi — Vi, defined by h(x) = f(2x) — 4f(x) is
quartic.

Theorem 4.2. Let { € {—1,1} be fizred and let p, : X x X — Z be a function
such that

pu(22,2y) = apy(z,y) (4.1)
for all x,y € X and for some positive real number o with af < 16£. Suppose that
an even function f: X — Y with f(0) = 0 satisfies

p(Df(x,y),t) > 1 (polz,y),t) & v(Df(z,y),t) <V (pu(z,y),t) (4.2)
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forall z,y € X andt > 0. Then the limit

Vi) = (uv) — Jim o (F) — 47(2%)

exists for allz € X and V : X — Y s a unique quartic function such that

forallz € X andt > 0, where

n?(n* — 1)t

17 )
) i ool (1), D
n?(n? — 1)t n?(n* — 1)t
170 )

68
n*(n® — 1)t) o 1 (oo, 2), n (n68— 1)t)

s 11 (o (21, 27), T

(n? — 1)t n?(n? — 1)t
Y m)
<1 (ol o), o —gy) *# (#u(0: (n 1)), (= 1)

, n*(n? — 1)t
17
1 (2uf0, (n — ), Y (" =1

170
("= D) (0000, (n — 2)a),

Mv(x> t) = M/(QDU(ZB, (n + 2)1‘),

)

* M/(va(‘ra (n o 2):5)’

*M/(va(aja (n_ 1)37)’ )*MI(QOU(.CE,TM?),

* 11 (0o, 3), ) i (0o, 2),

) # 1 (00, (n — 1)z),

(n? — 1)
68 )
n*(n* —1)%t

7 28(3n* — n? + 2)

) ) # 1 (90(0, ) ) &
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N,(z,t) = v (gy(x, (n + 2)z), W)

n*(n? — 1)t n*(n? — 1)t
68 )

n (n68— 1)t> v (o, 1), n (7”;78 1)t>

n (n17 1)t) w7 (025, 7). n (n68 l)t)

(n? — 1)t n*(n® — 1)t
17 28(3n% — 1))

) Gl (),

(n? —1)% (n? —1)%t
17 170

(n? —1)%t / (n? —1)%t
T) * v (pu(0, (n = 2)z), T)

n*(n® —1)%* / n*(n? —1)%*
g ) Y 000) e

« v (py(, (n — 2)x), ) %V (@, (n+ 1)),
o (pule (= 1)2),
* 1//(<p1,(23:, 2x),

* v (@, 32), )+ v (@, 22),

* y/(gpv(x, x)

* v (0,(0, (n — 3)2), ) %V (9,(0, (n — 1)), )

* v (0,0, n),

*V/(QDU(O, 21), ).

Proof. Case (1): ¢ = 1. Similar to the proof Theorem 3.2, we have
p(f (4z) = 20f(22) 4+ 64f (), 1) = My (z,t) &
V(F(4) = 20£(22) + 64 (x),£) < Ny(a, 1

for all x € X and t > 0. Let h : X — Y be a function defined by h(z) :=
f(2z) —4f(x) for all z € X. From (4.4), we conclude that

w(h(2z) — 16h(x),t) > M,(z,t) & v(h(2z) — 16h(z),t) < Ny(z,1) (4.5)
for all z € X and t > 0. So

(4.4)

h(2x) t h(2z) t
- —) > M — —) <N, 4.
p(B ), L 2 M) & oM ), Dy < Ne) (6)
for all x € X and ¢ > 0. Then by our assumption
M, (22,8) = My(z, %) & Ny(22,1) = Ny(z, 1) (4.7)
a a
for all z € X and ¢ > 0. Replacing z by 2¥z in (4.6) and using (4.7), we obtain
h(2F1z)  h(2Fx) t A t
_ > M, (22, t) = M, (z, —
Mg 16+ 6(16n) = M@0 (v, 5) & @8
h(2M1z)  h(2Fx) t . t '
— < N,(2%z,t) = N,(z, —
V(g 6 Te0n) = (@w ) = Nolw 75
for all z € X, ¢t > 0 and k > 0. Replacing t by ot in (4.8), we see that
h(2¥tz)  h(2kx)  oft
- > MU 7t
g T6c Te(en) = M@t & (49)
2k+1 2k k ’
yMETE) PR Oy < e

16%+1 16F " 16(16%)
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forallz € X, ¢ > 0and k > 0. It follows from “22 _ p(z) = Th (e hEa)y
and (4.9) that

h(2fz) " i ) > Ii—[th(Qj“x) h(2z) ot

ATE: (), 16016 ~ L4 e T e ' 16(16)7
> Mv(x,t) &
h(2%z) S W) h(2z) ot (410
x o )
—h ) < — : .
TS < 16(16)7) H 167+1 16 16(16)7
< Nv( z,t)
for all z € X, ¢ > 0 and k£ > 0. Replacing « by 2™z in (4.10), we observe that
h(2Fmz)  R(2Mz) <~ odt t
- Ty M(27a ) = My(z, —
M gm 16™ 2; To(1g)m) = Me(27e:1) (2, ) &
h(2Fmg)  h(2mz) e ot t
- V< N(2™,t) = Ny (z, —
Y grem 16m ; To(igym) = V(7w ) = Nolz, 70)
forall z € X, ¢t >0 and all m > 0, k£ > 0. Hence
h(28™mz)  h(2™x) MO it
_ ) > M, (n,t) &
H(—girm 16m ]:Zm ooy ) = Mel@t)
h(2Fmz)  h(2™x) MO ot
_ ) < N, (2, t
Y germ 16m ; To(i6y) = V(@)
forall z € X, t > 0 and all m > 0, k£ > 0. By last inequality, we obtain
h(2Fmz)  h(2mx) t
A 16k+m —  1gm 1) > My(z, ktm—1 i ) &
2jmm 16067 (4.11)
V(h(2k+mx) h(2™x) ) < Ny t ) '
ktm m — U\ k+m—1  oJ
N S )

forallz € X, ¢t >0andallm >0, k> 0. SmceO<oz<16andZ] o(£%) < oo, the

Cauchy criterion for convergence in IFNS shows that { TG } is a Cauchy sequence
in Y. Since Y is complete, this sequence converges to some point V' (z) € Y. So one
can define the function V : X — Y by

V(@) = (10) = Jim 7eh(@) = (u,v) — im 1 (/(210) — a7(2%) - (1.12)

for all z € X. Fix x € X and put m=0 in (4.11) to obtain

u(ME2) ey s My, —

k V= P k-1 i
16 ijowje)j)

h(2z) t
v( T h(x),t) < N,(z, W)

j=0 16(16)7

) &
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forall x € X, t > 0 and all £ > 0. From which we obtain

p(V ()~ h(w), 1) 2 (v (@)~ "2 Ly MO
> My, ey &
j=o stioy) (4.13)
WV() (o). t) < o(v@) - 2D L MO
< Ny(, k_lt )

ijo 8(L1Yé)j )
for k large enough. Taking the limit as & — oo in (4.13) and using the definition of
IFNS, we obtain

16 — a)t
p(V() — h(@).1) = 2, (e, DO
(16 2 ’ (4.14)
v(V (@) = h(2),8) < Ny(a, =)
for all z € X and £ > 0. On the other hand, we have
V(2x) V(2x) h(2¥1x) ¢ h(2Fx) t
— 1) > — Z — Z
1( 16 Vi(x),t) > pu( 16 G0 g) * 11 TG V{(z), 7)
h(2F1z)  h(2Fx) t
g~ g 03 ©
V(2x) V(2z) h(2¢1x) t h(2kz) t
_ < _ Z _ Z
I/( 16 V(x)’t) — V( 16 16k+1 ) 3) *I/( 16k V(m)’ 3)
h(2¥tz)  h(2kx) t
g T g 03
for all z € X and ¢t > 0. So it follows from (4.8) and (4.12) that
V(2z) = 16V (x) (4.15)
for all z € X. By (4.1) and (4.2), we obtain
1 k.. ok o1 k41, ok+1 4 k.. ok
Wlygr D272, 2%y), t) = w1 DI (27 2,277 y) — 1 DF (272, 2%), 1)
167t 167t
> (D (2,24 y), S0 s (D (25, 2by), ~ )
) 165t 16"t (4.16)
> (@v(2k+1xa 2k+1y>7 T) * W (@v(2kxv 2ky>7 T)
16"t , 167t

= 1 (ol 9) 5g) # a (pul,9), o)
for all 2,y € X and ¢t > 0. Letting £ — oo in (4.16), we obtain
p(DV (z,y),t) =1
for all z,y € X and t > 0. Similarly, we obtain
v(DV (z,y),t) = 0.
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This means that V' satisfies (1.4). Thus by Lemma 4.1, the function z ~~ V' (2z) —
4V (x) is quartic. Therefore (4.15) implies that the function V' is quartic.

The rest of the proof is similar to the proof of Theorem 3.2 and we omit the
details. ]

5. INTUITIONISTIC FUZZY STABILITY OF (1.4)

In this section, we prove the main results concerning the generalized Hyers-Ulam
stability of a mixed quadratic and quartic functional equation (1.4) in IFNS.

Lemma 5.1. ([38]). A function f : Vi3 — Vi satisfies (1.4) for all x,y € V1 if and
only if there exist a unique symmetric bi—additive function By : Vi x Vi — V5 and
a unique symmetric bi—quadratic function By : Vi x Vi — V5 such that f(z) =
By (x,x) + By(x,z) for all x € V.

Theorem 5.2. Let ¢ : X x X — Z be a function such that

©(22,y) = ap(r,y) (5.1)

for all x,y € X and for some positive real number .. Suppose that an even function
f:X =Y with f(0) =0 satisfies the inequality

p(Df(x,y),t) > (plz,y),t) & v(Df(z,y),t) <v (plz,y),t) (5.2)

forallxz,y € X andt > 0. Then there exists a unique quadratic function @ : X —Y
and a unique quartic function V : X — Y such that satisfying

M(x,3t(4 —a)) * M(x,3t(16 —a)), 0<a<4
p(f(x) —Qx) — V(x),t) > M(x,3t(a—4)) * M(2,3t(16 — ), 4<a<16 &
M(z,3t(a —4)) * M(z,3t(a — 16)), « > 16
N(z,3t(4 — @) x N(z,3t(16 —a)), 0<a<4
v(f(z) — Qz) = V(z),t) < ¢ N(z,3t(a —4)) x N(2,3t(16 — ), 4<a <16
N(z,3t(a —4)) » N(z,3t(a — 16)), « > 16

(5.3)
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forallz € X andt > 0, where

M(z,t) = i (pla, (n + 2)a), "~ D

n?(n? — 1)t

o 1 (pl, (n — 2)a),

i (ol (n — 1)),

n*(n* — 1)t
17

(n* — 1)t

w1 (22, 27),

) * 1 (p(, 2),

« 1 (p(z, 32),

n*(n? — 1)t ) x
"17(17n? — 8)
(n* — 1)

17

0 D) b (0. (n — 2)),

n?(n? — 1)
17(n* +1)

s 41 (p(z,2)

# 11 (0(0, (n = 3)w),

"(0(0
* 1 (p(0,nx), o

n?(n? — 1)
' 28(3nt — 12 + 2)

x 1 (p(0,27), ) 41 (10(0, )

n?(n* — 1)t
17 )

n?(n? — 1)t
17

n?(n? — 1)t
68

, 2(n? — 1)t
(ol 20), "

(n T 1)t) * U (p(x, 27)
n*(n? — 1)t
'17(17n2 — 8)
(n? —1)%

N(z,t) = V,((,O(ZB, (n+2)z),

n?(n? — 1)t
68

n*(n* — 1)t

170 )

: n?(n* — 1)t

)t (p(am,a), "

n?(n* — 1)t
8B 1)

(n? —1)%

17 )

(n? — 1)

/010, (n = 31), P o0, (- 1),
(n? — 1)215)

(n?>—=1)>%,
) xv (¢(0, (n — 2)x), 0

n?(n? — 1) n*(n* —1)%t
" 28(3n* — n? +2)

)V (¢, (n+ 1)),

)

x V' (ip(x, (n — 2)z),

) x v (p(,nx),

w1/ (o, (n— 1)a),

*V (p(z, 32),

) * l//(go((), (n+1)z),

* V/(go(x, x)

)

* v (9(0,2z), ) * v (0(0, z) ).
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Proof. Case (1): 0 < o < 4. By Theorems 3.2 and 4.2, there exists a quadratic
function @y : X — Y and a quartic function V5: X — Y suCh that

p(f(2r) ~ 16£(2) — Qola). 1) > MGz, ) e -
V(f(22) — 16f(z) — Qol), 1) < N(w, L)
and
p(F(20) — 4f(@) ~ V(o)1) = 2, Oy
(16 o (5.5)
V((20) — Af(x) ~ Vifa). 1) < Nz, 20
for all z € X and t > 0. It follows from (5.4) and (5.5) that
p(f () + Q) — Vo)1) = M (234 — )  M(x, 316 — ) & o

W(F(2) + 5 @) — 25 Volw), 1) < N(z,31(4 — @)  N(z, 31(16 — )

for all z € X and ¢ > 0. Letting Q(z) = —15Qo(z) and V(z) = £Vy(x) in (5.6), we
obtain
p(f(2) = Qx) = V(x), 1) = M(z,3t(4 — o)) * M(z,3t(16 — a)) &
v(f(x) —Qx) = V(z),t) < N(x,3t(4 — a)) * N(z,3t(16 — «))
for all z € X and ¢ > 0.

To prove the uniqueness of @ and V; let Q',V' : X — Y be another quadratic
and quartic functions satisfying (5.7). Let Q =Q — Q" and V =V —V’. So

u(@(x) + V(). ) 2 plf(2) — Q) - V@), 2) * u(f(x) — Q'(a) — V'(a),

(5.7)

t

5))

2 2
> M(x, 375(42— 04)) « M(x, 3t(162— a)) o M(x, 315(42— a))
 M(a, 3t(162— @),

for all x € X and t > 0. Therefore it follows from the last inequalities that
w(Q(2Fz) + V(2Fz), 16M)

4 — a)16"t

> M (2Fz, w

3(4 — )16t
’ 2

3(4 — )16t
ok

3(4 — )16t
ok

. k
)« M2, 3(16 2@)16 t

16 — a)16Ft
)*M(Qkx,—g( 0 20‘) 0 )

v M, 3(16 ;’?)16 t

3(16 — o) 16"t
O{k

)
* M (25
= M (z,

« M(z, ) % M(x, )

forallz € X and t > 0. So
fim (=2 (@(20) + V(20)), 1) = 1

k—o0
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for all z € X and ¢ > 0. Similarly, we obtain

1 —

lim v(—(Q(2"z) + V(2¥x)),t) = 0.

k—oo 1_6k

Hence V = 0 and then Q = 0.
The proof for Case (2): 4 < a < 16 and Case (3): a > 16 proceeds similarly to
that in the Case (1). O
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