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Abstract

In this paper, the concepts of n-monomorphism, n-epimorphism, n-isomorphism, n-equivalent, n-coproduct, n-product,
n-injection, n-projection, n-initial object, n-terminal object, n-pushout diagram, n-inverse system, n-inverse limit, and
n-homology of categories will be introduced and will be shown the relationship between them. Next some of their
properties and structured characteristics will be investigated and obtained some results about them.
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1 Introduction

Category theory formalizes mathematical structures, and their concepts in terms of a labeled directed graph called
a category, whose nodes are called objects and their edges called arrows (or morphisms). This category has two basic
properties: the ability to compose the arrows associatively and the existence of an identity arrow for each object. The
language of category theory has been employed to formalize concepts of other high-level abstractions such as sets,
rings, and groups. Several terms were utilized in category theory, including the "morphism” used differently from their
usage in the rest of mathematics. In category theory, morphisms obey specific conditions of theory. Samuel Eilenberg
and Saunders Mac Lane introduced the concepts of categories, functors, and natural transformations in 1942-45 in
their study of algebraic topology, to understand the processes that preserve the mathematical structure. Category
theory has practical applications in programming language theory, for example, the usage of monads in functional
programming. It may also be used as an axiomatic foundation for mathematics, as an alternative to set theory and
other proposed foundations. In mathematics, an abelian category is a category in which morphisms and objects can be
added and which kernels and cokernels exist and have desirable properties. The motivating prototype example of an
abelian category is the category of abelian groups, Ab. The theory originated to unify several cohomology theories by
Alexander Grothendieck and independently in the slightly earlier work of David Buchsbaum. Abelian categories are
very stable categories. For example, they are regular and satisfy the snake lemma. The class of Abelian categories is
closed under several categorical constructions. For instance, the category of chain complexes of an Abelian category or
the category of functors from a small category to an Abelian category is also Abelian. These stability properties make
them inevitable in homological algebra and beyond. This theory has significant applications in algebraic geometry,
cohomology, and pure category theory. The Abelian categories are named after Niels Henrik Abel. An exact sequence
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is a concept in mathematics, especially in group theory, ring, module theory, homological algebra, and differential
geometry. An exact sequence is a finite or infinite sequence of objects and morphisms between them such that
the image of one morphism equals the kernel of the next. Homological algebra is the branch of mathematics that
studies homology in a general algebraic setting. It is a relatively young discipline whose origins can be traced to
investigations in combinatorial topology (a precursor to algebraic topology) and abstract algebra (theory of modules
and syzygies) at the end of the 19th century, chiefly by Henri Poincar ‘e and David Hilbert. The development of
homological algebra has closely intertwined with the emergence of category theory. By and large, homological algebra
is the study of homological functors and their intricate algebraic structures. One beneficial and ubiquitous concept in
mathematics is that of chain complexes, which can be studied through their homology and cohomology. Homological
algebra allows extracting information in these complexes and presenting it as homo-logical invariants of rings, modules,
topological spaces, and other 'tangible’ mathematical objects. Spectral sequences provide a powerful tool for doing
this. From its very origins, homological algebra has played an enormous role in algebraic topology. Its sphere of
influence has gradually expanded and presently includes commutative algebra, algebraic geometry, algebraic number
theory, representation theory, mathematical physics, operator algebras, complex analysis, and the theory of partial
differential equations. K-theory is an independent discipline that draws upon methods of homological algebra, as does
the noncommutative geometry of Alain Connes.

This paper is organized as follows. In Section Two, we state and discuss the axioms and draw the main consequences.
In Section Three, we define n-monomorphism, n-epimorphism, n-isomorphism, n-equivalent, and consider conditions
that a chain map will be n-isomorphism. Section 4 briefly discusses categorical constructions. In this section, we
introduce the concepts of n-coproduct, n-product, n-injection, n-projection, n-initial object, and n-terminal object.
We prove some results about them. Finally, in Section Five, we discuss the n-homology of categories. We introduce
the n-pushout diagram, n-inverse system, m-inverse limit, and n-homology of categories. We introduce n-pushout
diagram, n-inverse system, n-inverse limit, and n-homology of categories.

2 Preliminaries

In this section, we recall some of the fundamental concepts and definitions, which are necessary for this paper. For
details, we refer to [4,10,12,13].

Definition 2.1. Let C be an additive category and d° : X° — X! a morphism in C. An n-coker of d° is a sequence
(Y, dm) s XA x2 A e
such that, , for all Y € C the induced sequence of abelian groups
0 —cx™y) T exn, y) T L Y exty) 25 o(x0,y)

is exact. Equivalently, the sequence (d', ..., d") is an n-coker of d° if, , for all 1 < k < n— 1 the morphism d* is a weak
cokernel of d*~1, and d" is moreover a cokernel of d”~'. The concept of n-ker of morphism is defined dually.

Definition 2.2. Let C be an additive category. An n-exact sequence in C is a complex
x0 L x4, e 2 e
in Ch™(C) such that (d°,...,d"~ 1) is an n-ker of d", and (d*, ...,d") is an n-coker of d°.

Definition 2.3. Let € be an  additive category, X a complex in Ch"1(0), and
f9: X% — Y° a morphism in C. An n-pushout diagram of X along f° is a morphism of complexes

X X0 X! X2 Xnl 5 xn
2 L
Y Yo vl Y2 yr—l __,yn

such that in the mapping cone C' = C(f)
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n—2

—1 0 n—1
X0 XTPYO L L Xt Py v
the sequence (d2, ...,d"~ 1) is an n-coker of d_ !, where we define
k —di™ 0 k+1 k k+2 k+1
dy .= {fk{(i-l dlf,:|:X PY" — X2 PY

for each k € {—1,0,1,...,n — 1}. In particular
—1 _d())( —1 n—1
;" = ¢ | and dz™" = [f" dy ]

Note that the fact that C(f) is a complex encodes precisely that X and Y are complexes and that f is a morphism
of complexes.The concept of n-pullback diagram is defined dually.

Definition 2.4. Let n be a positive integer. An n-abelian category is an additive category C which satisfies the
following axioms;
(A0) The category C is idempotent complete.

(A1) Every morphism in C has n-ker and n-coker.

(A2) for every monomorphism f9 : X — X! in C and, for every n-coker (f°, f!,..., " 1) of f°, the following
sequence n-exact:

0 1 n—1 n
x0 L xr Iy I xen STyt

(A2°P) for every epimorphism ¢g" : X" — X"*l in C and, for every n-ker (¢°, g%, ...,g" ') of g", the following
sequence n-exact:

0 1 n—1 n
x0 4y xt 9, 9 xn 9, xntl

3 Special n-chain maps

Definition 3.1. Let C be an additive category and A, B,C' € Ch™(C), a morphism u : B — C' in a category C is an
n-monomorphism (or is n-monic) if u can be canceled from the left; that is, , for all objects C and all morphism
f,9: A— B, we have that uf = ug implies f=g

A A© Al A? An Antt
ool L] [l
B B B! B2 B" Bt

<ol | b
c o o c? on ot

and, for all 0 < ¢ < n, u’ : B® — C% are monomorphisms. It is clear that v : B — C' is an n-monomorphism if and
only if, for all A, the induced map wu, : Hom(A, B) — Hom(A, C) is an injection. Hom(A, B) is an abelian groups,
because of C is additive category, and so u is an n-monic if and only if ug = 0 implies g = 0
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Definition 3.2. Let C be an additive category and B,C, D € Ch™(C), a morphism v : B — C in a category C be
an n-epimorphism (or is n-epic) if v can be canceled from the right; that is, , for all objects D and all morphism
h,k: C — D, we have that hv = kv implies h = k.

B BO B! B? B™ Bt
ool L b
C C° Cct C? cn cntl

kl lh k"l Jh" ll l l k”+1J/J/hn+l
D DO D! D? D™ contl

and, for all 0 < i < n, v* : B® — C* are epimorphisms. It is clear that, v : B — C is an n-epimorphism if and
only if, for all D, the induced map v* : Hom(C, D) — Hom(B, D) is an injection. Hom(A, B) is an abelian groups,
because of C is additive category, and so v is n-monic if and only if gv = 0 implies g = 0.

Definition 3.3. Let C be an additive category and A, B € Ch™(C), f : A — B is an n-isomorphism if there are

the chain maps h: B — A and k : B — A such that B ALy Band AL B E A are identity chain maps
and, for all 0 < i < n, f': A* — B? are isomorphisms.

It is easy to see that, the composition of n-isomorphisms is an n-isomorphism.

Proposition 3.4.

(a) Let C be an additive category and A, B,C € Ch"(C), A — B — C be an n-monomorphism, then so is A — B.
If both A — B and B — C are n-monomorphism, then sois A — B — C.

(b) Let C be an additive category and A, B,C € Ch™(C), A — B — C be an n-epimorphism, then so is B — C.
If both A — B and B — C are n-epimorphism,, then so is A — B — C.
Proof .

(a) By proposition 1.41 [I2] this holds for k-monomorphisms, where 0 < k < n. So, The the proof holds for
n-monomorphism.

(b) By proposition 1.42 [I2] this holds for k-epimorphisms, where 0 < k < n. So, The the proof holds for n-
epimorphism.

O

Proposition 3.5. Let C be an abelian additive category. A chain maps is an n-isomorphism if and only if is both an
n-monomorphism and an n-epimorphism.

Proof . If

A0 Al A? Am Antl
o | | e

BY B! B? B" Bl

is an n-isomorphism, then there are n-chain maps such that
BY B! B2 B" Bt

e[l [[ ol

AO Al A2 A" An+1

T S S

B! B? B" Bl
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is an m-monomorphism and
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Al Al A? A™ Antl
lf © l l J{ l frt
B B! B2 Br B+
A 1 | el
Al Al A? A™ Antl
is an n-epimorphism.
Conversely, let A, B € Ch™(C), and
A Al Al A? An Antl
b | e
B B° B! B Br Br+!

clearly be an n-monomorphism and n-epimorphism. B? — 0 is the cokernel of f* : A" — B,  foralli € {0,1,....,n+
1}. 1pi : B® — B’ is clearly a kernel of B® — 0. By the theorem 2.11 [] so is f! : A* — B* , for all

i€{0,1,...,n+1}.

Already, we have the same chain maps. The theorem 2.11 [4] asserts that the chain maps f : A — B is an
n-isomorphism. Hence there is a chain maps gi : B* — A, for all i € {0,1,...,n + 1} such that

B BY B! B? B™ Brtl
bk L] | e
A A° Al A? A" Antl
[ N
| \

B BY B! B? B" Bt
oo e ] | e
B BY B! B? B" Bt

Dually we note that 0 — A’ is a kernel of f?: A* — B, and that both f?: A* — B% and 14: : A" — A® are
cokernel of 0 — A? | for all i € {0,1,...,n+1}. Hence there is a chain maps g} : B* — A?  for alli € {0,1,...,n+1}

such that

A A Al A? A" Antl
w1 | e
B B B! B? B" Brtl
I | | [
A A° Al A? A" Antl
[ . |

A A° Al A? A" Antl
[ | e
A A° Al A? A" Antl
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By the definition of n-isomorphism, f: A — B is. O

Proposition 3.6. Let C be an additive category and A, B € Ch™(C). If f : A — B is an n-isomorphism, then there

is a unique n-chain map g : B — A such that A B % Aand B % A L B are identity chain maps and
g : B — A is an n-isomorphism.

Proof . Let h and k be as in the definition of n-isomorphism. Then we have the following diagram:

B B! B? B" Bl
of 1] |
A Al A? A" Antl
o 1] | e
A Al A2 A" Arntl
Lol Il

A0 Al A? A" ArtL

According to the above diagram, the proof is complete. [

Proposition 3.7. Let C be an additive category, A, B € Ch™(C), and let U : A — B be an morphism in chain maps.
Then the following hold,

(i) if ker u exists, then u is an n-monic if and only if ker u = 0.

(ii) if cokeru exists, then u is an n-epic if and only if cokeru = 0.

Proof . We refer to the diagrams in the definition of kernel and cokernel. Let keru® be p’ : K — A*, and assume
that , forall0 <i<n+1, p' =0. If ¢ : X* — A’ satisfies u’g’ =0, for all 0 < i < n+1, p' = 0, then the universal
property of kernel provides a morphism of chain maps ' : X! — K* with g* = p’§" = 0 (because p’ = 0), for all
0 <i<n+1. Hence, u' is a monic and then u is an n-monic. Conversely, if v is an n-monic, consider

K° K! K2 K" Kntl
L [ el
A Al A? A" Antl
O | o
B B! B? B BntL

Since 1’ is a monic, u'p’ =0 =u'0 =0, for all 0 < i < n + 1, we have p’ = 0. The proof for n-epimorphisms and
cokernels are similar. [

Definition 3.8. Let C be an additive category, let A, B € Ch"~1(C). If B is an object in an additive category C,
consider all ordered pairs (A, f), where f : A — B is an n-monomorphism. Call two such pairs (4, f) and (4', f’)
n-equivalent if there exists an n-isomorphism g : A’ — A whit f/ = fg.

A/O All A/2 . Alnfl A/n

AANPRANI! INC DN
PN NN N

anl B™
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A n-subgadget of B is an n-equivalence class [(4, f)] such that A* subgadget of is an equivalence class [(A*, f*)]
for all 0 < i <n, and we call A a n-subobject of B. Note that if (4%, f’*) is equivalent to (A%, f*), then A" = A? |
for all 0 <4 < n then (A, f’) is an n-equivalent to (A4, f) and A’ = A.

Definition 3.9. Let C be an additive category, let C, B € Ch"~(C). If B is an object in an additive category C,
consider all ordered pairs (f,C), where f : B — C' is an n-epimorphism. Call two such pairs (f,C) and (f’,C")
n-equivalent if there exists an n-isomorphism g : ¢ — C’ whit f' = gf.

B B! B? Bn1 B"
0 n
£ N NN
90\»‘\’0/0\\/0/1\\10/2 \\‘J N

C/TL* 1 Cln

A n-quotient of B is an n-equivalence class [(f, C)] such that A® quotient of is an equivalence class [(f?, C*)]
for all 0 < i < n, and we call C' a n-quotient of B. Note that if (f'!, C"") is equivalent to (f¢,C?), then C* = C"* for
all 0 < i <n then (f’,C") is an n-equivalent to (f,C) and C' = C

By the above definition, we define difference n-ker as follows:

Definition 3.10. Let C be an additive category and d" : X" —s X"+l g™ : X" — X"+ two morphisms in C.
We say that X — X! — X2 — ... — X" is a difference n-ker of ¢” and d'” if

e (i) we have

K° K! K? K" Krtl
po ] | -
Al Al A? A" Antl
Al U | ol
BY B! B2 B" B!
e Dn-K2 forallk: X — A
X° X! X2 X Xt
poo L] | Jsee
AP Al A? A™ Antl
Al 1 | el
B B! B? B" Antl
There is a unique X — K such that
X0 Xt X2 X" Xntl
NI | |
c° Ct c? cn cntl
A0 Al A? Am Antl

is commute.
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Proposition 3.11. Let C be an additive category and K, A, B € Ch"(C). If f : K — A is a difference n-ker
ofz : A— B and y: A — B. Then it is an n-monomorphism and represents the largest n-subobjects S of

A S s A=} B.

Proof . Let for X € Ch™(C), then we have the following;

c’ ct c? cn crtt
ol L] T
K K! K K" Kt
el | i
A Al A? A" Arntl
oL | el
A Al A? A" Arntl
thus, leads to the following diagram:
cO Ct Cc? cn cntt
bl | L
AP Al A? A" Artl
Al U | ol
B° B! B? B" B,
by D n-K1. But by D n-K2,
c° Cct Cc? cn crtt
NN INCN
K% - K1 K? K" Kt X
AP Al A? A" Antl
and
O Ct C? cr crtl
AN AN NG
K & K! K? K" K+t X
PN N AN
AV Al A2 A" Antl

is commute, then fa = fb implies a = b and f : K — A is an n-monomorphism. ]

All difference n-ker of x : A — B and y : A — B represent the same n-subobject, and conversely, if K — A is
a difference n-ker of x : A — B and y : A — B, if K’ — A represent the same object, Then K’ — A is difference
nkerofx: A— Bandy: A — B.

Definition 3.12. Let C be an additive category and A, B,C,X € C. Given two chain maps f : A — B and
g: A — B we say that h: B— C'is a difference n-coker of f and g if
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¢ D n-C1 we have

Al Al A? A" Antl
e 1] [l ol
BY B! B2 B" Bt
e ] | [
co ct Cc? cn cntl
e D n-C2 | for all k: B — X such that
AP Al A? A™ Antl
A 1 IS
B B! B? B" Brtt
peo L] | e
X0 X! X? X" Xxntl
There is a unique C' — X such that
B° B! B? B Bntl
NN | |
CO ct C? cn cntl
NN NN
X0 X! X2 xn Xl

is commute.

351

Definition 3.13. Let C be an additive category and d"~! : X"~!1 — X" a morphism in C its cokerd” ! is d" :

X" — X"+l | An n-image of d" ! is a sequence

0 1 n—1
d, .. d Y x° L x4y xn

such that

n — im(d" ') = n — ker(cokerd™ ™ 1).

Definition 3.14. Let C be an additive category. An we say the complex

dO dl dnfl dn
X0 S xt &, s xn &, xntd

in Ch™(C) from the left, it is strongly n-exact sequence (d°, ...,d" ') is an n-ker of d", and d° is an injection.

Definition 3.15. Let C be an additive category. An we say the complex

do dl dnfl d'n.
X0 &y xt &y 4y xSy xtl

in Ch™(C) from the right, it is strongly n-exact sequence (d*,...,d") is an n-coker of d°, and d" is a projection.

Proposition 3.16. Let C be an abelian additive category. The composition of kernel and n-coker, (n — 1)-ker and

cokernel, cokernel and n-ker, (n — 1)-coker and kernel are identity.
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Proof . The prove is by induction on n > 1. The base step n = 1, by theorem 2.11 [] is clear. If n = 2, , for
all X € Ch?(C), then (d°,d') is a 2-coker of d?. Let X° — X! be the kernel of X! — X? — X3 and, , for all
K € 0bj(C), K — X!, also. We have to prove that X° — X! and K — X! are equal. We shall apply the definition
of kernel and n-coker a number of times. If X° — X' is a monomorphism, by definition of abelian category [4] it is
a kernel of some map X! — B — 0. By definition of n-coker, we have X° — X! — B — 0 that X? — B and
X3 — 0 yielding a commutative diagram:

X2 XS =

ker(X! — B — 0) 2 — coker(X? — X1)

XO
~N S
Xl
AN
K

The above diagram implies there are the chain maps X° — X! — X2 — X3 — 0, and X% — K such that

(3.1)

ker(X! — X? — X3) =—— B—0

X(]

commutes. Thus the subobjects represented by X° — X' and K — X! are contained in each other and hence
equal. Since X — X! is a kernel of X' — X? — X3, ker(2-coker)=Id. We now turn to the inductive step.
Assume inductively, that n = k4 1, where k& > 2, and the result has been proved in the case where n = k. In the case
in which n = k 4 1, then, , for all X € Ch¥*1(C), then (d°,d',d?, ...,d*) be a (k + 1)-coker of d**1. Let X° — X!
be the kernel of X! — X2 — X3 — ... — X* — X**1 and, for all K € 0bj(C), K' — X! also. We have to
prove that X° — X' and K’ — X! is equal. We shall apply the definition of n-ker and n-coker a number of times.
If X — X' a monomorphism. By definition of abelian category [4] it is a kernel of some map X! — B — 0 —
0 — 0 — ... — 0. By definition of n-coker, we have X° — X! — B — 0 — 0 — ... — 0 that X?> — B,
X3 —0,X*—0,., X¥ — 0, X1 — 0 yielding a commutative diagram:

ker(X! = B—=0— .20 =X — X2 5 X3 » .. — XM= (k+1) - coker(X° — X1)
A
AN
ker(X! — X2, - XkHhYy=—K —— 5 B—0—..—0

By the chain maps, there is the chain map and X° — X! — X2 — X3 — . — XF — X**1 50, there
is a map X° — K’ such that

X(]
l N
Xl
e

K/
commutes. K/ — X! — B — 0 — 0 — ... — 0; there is a chain map K’ — X! such that

XO
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Thus the subobjects represented by X — X! and K’ — X! are contained in each other and hence equal.
X% — X' is a kernel of X! — X2 — X% — .. — X* — Xk*+1 Thus ker ((k+1)-coker)=Identity, and dually
((n — 1)-ker) and cokernel, cokernel and (n-ker), ((n-1)-coker) and kernel are identities. O

4 Categorical constructions

Definition 4.1. Let C be an additive category, if A and B are complexes in Ch"~2, then their n-coproduct is a
triple (A U B, «, 3), where AU B is an complex in Ch" 2 and o : A — AU B, f: B — Al B are morphisms in
chain maps, called n-injections, such that,

(i) for every complex X in Ch"~2 and every pair of morphism in chain maps f: A — X and g : B — X,
there exists a unique morphism in chain maps 6 : AU B — X making the diagram commute: fa = f and

a0 Al A A g
| / / - |
AU BO % Ay B! » A2 B? o » An—2 ) Bn—2 »y An—1ypn-1 ynt
95 =4d. A o o o 'J
B . X0 X! X2 — . — s x"2__ |, xnl
g/ / / / /
B B! B2 B2, pn!

(ii) the sequences

n—2 on—1

0 d° dt d
A 2 AU BY = AluBY = A2y B2 ey Anty vt xnt

and

n—2 —1
* 0"

0 d° dt d
B 2 A0 BY oy Aty Bt Ly an2 g2 by gnmt g1 0yt

exists such that the sequences (d?, ...,d?~2,0"~1) is an n-coker of a® and (d?, ...,d?~2,0"1) is an n-coker of 3°
where we define

df == (AFT U BR ot oRal, gRHIgRak) - AR L BR — AR BRHE
for each k € {0,1,..,n — 2}.

Proposition 4.2. Let C be an additive category of commutative k-algebra such that k is a commutative rings,
A,B € Ch"2(C), then A, B is the n-coproduct in the category of commutative k-algebra.

Proof . We prove this by induction on n, the case in which n = 1 having been dealt with in proposion 5.2 [12] . In the
case in which n = 2, for a 2-coproduct, we define o’ : A* — A’ (8 Bl by a’ — a*®1 and define §° : B* — A° X B
by b* — 1 ® b*; note that both o and 3% are k-algebra in chain maps.

Now let X € ChP(C), fi: A — X? and g¢' : B' — X' be k-algebra in chain maps. First, the diagram commute:
by the diagram
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A4
AO®BO fo>A1®B lfl
T
o . Xo—ﬁlf>X1
e |

BO Bl

If a' € A and b' € B® for i = 1,2, so that ©/8'(b") = O/(1 ® b*) = ¢*(b") and O'a‘(a’) = O(a’ ® 1) = fi(a?) for
i=0,1.

The function ¢ : A® x B® — X*, given by (a*,b") — f(a%)g(b?) for i = 0,1, is easily seen to be k-bilinear, and
so there is a unique map of k-modules ©" : A* @), B — X' with ©%(a’ x b*) = f(a")g(b") for i = 0, 1. To prove that
©! is an k-algebra in chain maps, it suffices to prove that ©((a ® b)(a’ ® b)) = O (a @ b)O*(a’ @ V') for i = 0,1. Now
fori=0,1

Of((a* @ V) (a" @ 1)) = O (a'a’ © ") = F(a') F(a")g(b)g(8").
On the other hand, ©%(a’ ® b")O(a'* @ b'") = f(a®)g(b®) f(a’?)g(b'?) for i = 0,1. Since X is commutative, f(a’%)g(b') =
g(b") f(a’"), and so ©! does preserve multiplication for i = 0, 1.

Second, © is unique for i = 0,1. If ® : A'®, B® — X’ be a k-algebra in chain maps making the diagram
commutate for i = 0,1. In A° ®; B, we have (a' ® b') = (a' ® 1)(1 @ b*) = a(a®)B¢(b*), where a* € A* and b* € B*
for ¢ = 0,1. Thus, for ¢ = 0,1

P'(a’ @b') = '[a’(a")B'(b')] = ' (a’(a")) @ (B (")) = fla')g(b') = @' (a’ ® V).
Since A’ ®;, B’ is generated as a k-module by all a’ ® b*, we have % = ® for i = 0, 1.

0 d°
Third, the sequence (d2, ©°) is 2-coker of a!. By the definition a? is injection, then sequence A® 2= A°®Q B® —
1
A'Q® B! 2 X1 is exact. Now let Y € (C) the induced sequence of abelian groups

0
0— Hom(X",Y) & Hom(A' R B',Y) =5 Hom(A°0(R) B, Y) 5 Hom(A%,Y),

so that is exact. For proof of (d?,0°) is an 2-coker of 3° is dual.

We now turn to the inductive step. Assume, inductively, that n = (k' 4+ 1), where k& > 2, and that the result has
been proved in the case where n = k’. In the case in which n = (k' + 1), for a (¥’ + 1)-coproduct requires, we define
aF AP — Ak (o B* by a* — ¢* ® 1 and define g¥ : B¥ — AF X B* by b¥ — 1 ® bF ; note that both o
and 8% are k-algebra in chain maps.

Now let X € Ch¥ (C), and let fE A — XK and ¢ : B¥ — X* be k-algebra in chain maps.

oA Al A2 —s AR -1 — A¥
] e e / ~
A'R B oy Al Q B » A2 ® B? oo » AF -1 Q BF -1 y A¥ @ BF ¥
} @Joi ) ) . ) B y T Gi l It ak' . Ak/
e X0 X! X2 5 . Xk -1 7/3'“’7 XK
v / / e v

BO B! B2 )2 Lt S -

and b¥" € B¥', so that OF % (bF') = ©F (1 @ b*') = g¥ (') and OF oF' (a¥') = ©F (a¥ ® 1) = ¥ (a¥).

The function ¢* : A¥ x B¥ — X* given by (a*',bF") —s f(a*)g(b¥'), is easily seen to be k-bilinear, and so
there is a unique map of k-modules O% : A¥ @, B¥ — X* with ©F (a* x b*') = f(a* )g(b*). To prove that ©F is
an k-algebra in chain maps, it suffices to prove that ©F ((a* @ b*')(a’* @ b'*")) = OF (a* ® b¥)OF (a’* @ b'*"). Now

O ((a* @b (@™ @ b™)) = OF (™ @ V™) = f(a") f(a*)g (0 )g (™).
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On the other hand, @klga "@bEYOF (' @ b*) = f(a*)g(bF ) f(a’* )g(b'F). Since X is commutative, f(a’*)g(b*) =
g(b* ) f(a’¥), and so ©F does preserve multiplication.

Second, OF is unique. If &+ : A¥ @5, BF — X* be a k-algebra in chain maps making the diagram commutate.
In A* ® B¥, we have (a¥ @ b¥) = (a* @ 1)(1 @ b* ) = oF (a*)B* (b*"), where a* € A* and v* € B¥. Thus,
B (a" @ b) = B [aF (o) 8¥ ()] = B (¥ (aM)) 2 (BY (1)) = F(a*)g (b)) = B (aV 0 b").
Since A* ®;, B¥' is generated as a k-module by all ¥ @ b*', we have U* = &
Third, the sequence (d?,d!,...,d*=% ©F) is (k + 1)-coker of a’. By the definition o is injection and the sequence
0 0 1 k-2
(d%,d,...,d"—2, @k’l) is k-coker of a”, then we have the sequence A° *= A°&) B BN A'® B! ey

AF 2@ BF -2 T O XK1 guch that, for all Y € (C) the induced sequence of abelian groups

oF dk 24

0—sHom(X* 1Y) ®“57 Hom(A¥ 2®B" 2y) s
? () -
5 Hom(A' Q) B, Y) 5 Hom(4* Q) B, ¥) ©% Hom(4°,Y)

so that is exact. By d% ' : X*=1 — X* is complex and by the definition (, for every object X) we put Xk = Ak

’
Oé dk —1

and we have AF — A ® Bk LR X* then we have the sequence A° o A'Q B° ey A'Q B! Ay B

AF -1 (%) BF-19 *> XK and, for all Y € (C) the induced sequence of abelian groups

, 71
0—s Hom(x* ,v) & Hom(A¥ 1 Q) BY ! Y) LT

0 04
L Hom(Al R BL.Y) &5 Hom(4° R B°,Y) *5 Hom(A°,Y)

so that is exact, and the sequence (d?,d.,...,d*=1, d* ©%) is (k + 1)-coker of a®. For proof of (d%,d},...,d*=1 ©F) is
(k + 1)-coker of B° is dual. O

Definition 4.3. let C be an additive category, A and X a complex in Ch™(C) is called an n-initial object if, for
every object X in C, there exists a unique chain maps A — X.

Lemma 4.4. let C an additive category, Any two n-initial objects A, A" a complex, in Ch™(C), should they exist, are
n-isomorphic. In fact, the unique chain maps f : A — A’ is an n-isomorphism.

Proof . By hypothesis, there exist unique morphism in chain maps

A A Al A? A" Antl

L | I

A’ A0 A A2 Am Amtl
and

A A0 Al A”? A Amtl

L | o

A A° Al A? An Antl

Since A is an n-initial object, the unique morphism in chain maps
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A AO Al A2 A" An-‘rl
lh J{ho J{ J{ l J{h"“
A AO Al A2 A An-‘,—l
must be the identity: h = 14. Thus the composition
A AO Al A2 A An+1
lgf J{gof0 J{ J{ l lg”“f”“
A AO Al A2 A An+1
and
A/ A/O All A/2 A/n Aln+1
o L] | e
A/ A/O A/l A/2 A/n A/n+1 .
are identities, and so
A AO Al A2 A™ An+1
N | [
A/ A/O A/l A/2 Aln A/n+1

is an n-isomorphism. [

Proposition 4.5. Let C be an additive category, if A, B in Ch"™(C), then any two n-coproducts of A and B, exists,

are n-isomorphic.

Proof . If C is an n-coproduct of A and B, then there are morphisms in chain maps

A A° Al A? A" Antl

Pl | ke

C CcO ct C? cn cntl
and

B BY B! B2 B" Bl

| N | | s

C CcO ct C? cn contl

Define a new category D whose objects are diagrams
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A A° Al A? A" Antl
N | b

X X0 X1t X2 X" xntt
RN T e

B B° B! B? B" Bntl,

where X is a complex, in Ch™(C) and

A A0 Al A? Am Antl

[ |

X X0 X! X2 xm Xl
and

B BY B! B2 B™ Bl

I | [+

X X0 X!t X2 X Xl

are morphism in chain maps. Define a morphism in D to be a triple (1%, 0%, 1%), for all i € {1,2,...,n + 1}, where 6 is
a morphism in chain maps in C making the following diagram commute:

) A0 Al A2 — A" ; Antl
0 n+1
V2 VA S
A0 50 A1 A2 L AT Antt g
NN N \ N
vol o x0 X! X2 . X el yntl
AR VARRvA ST LA
X/O — 60 X/l X/2 — X/n N X/n+1 §nt1
51 BY B! B? — ... —— B"™ —¢&'"tt 5 Bntl
AR Va4 / e
BO B! B? B™ Bt
Define  composition in D by (17,98, 1) (1Y, 67, 1%) = (1%, 007, 1%), for  all

1 € {1,2,...,n+ 1}. It is easy to check that D is a category and that an n-coproduct in C is an n-initial object
in C. By Lemma (4.4)), n-coproduct in a category are unique to (unique) n-isomorphism if they exist. OJ

Definition 4.6. Let C be an additive category, if A and B are complexes in Ch"~2, then their n-product is a triple
ANB,p,q),where AN B is an complex in Ch" 2 andp: AN B — A, ¢: AN B — B are morphisms in chain maps,
p
called n-projections, such that,

e (i) for every complex X in Ch"~2 and every pair of morphism in chain maps f : X — A and g : X — B, there
exists a unique morphism in chain maps 6 : X — A B making the diagram commute: pf = f and ¢ = g.
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oA Al A2 An-2 A
p p
e / / e 1
A BY -y Atn B! » A211 B2 b oy A2 B2 y An=tmpn-t gt
r. . . Y. g
. | . | o | T |
¢ - X° X1 X% — . Xn=2 gt xnol
I I -~ e
BY B! B2 B2 pr!
(ii) the sequences
X0 L 40 B0 L At n Bt Ly an-zn pre B gne1 gt 2 gne

and

0 0 1
X0 2 40m B0 Ly gt pt &y an2ppn-2 B gnoip g1 9 pet

is exist such that the sequences (6°,d?,...,d?~2) is an n-ker of p"~! and (6°,d?, ...,d?~2) is an n-coker of ¢"~!

where we define

B (AR B phtlghtlyh bHlghtloky . gk gk, AR+l gl
for each k € {0,1,..,n — 2}.

Definition 4.7. let C an additive category, 2 and X a complex in Ch™(C) is called an n-terminal object if, for
every object X in C, there exists a unique morphism in chain maps X — €.

Lemma 4.8. let C be an additive category, Any two n-terminal objects 2, a complex, Ch™(C), should they exist,
are n-isomorphic. In fact, the unique chain maps f : @ — ' is an n-isomorphism.

Proof . Just reveres all the arrows in the proof of Lemma (4.4); that is, apply Lemma (4.4) to the opposite category
cor. O

Proposition 4.9. let C be an additive category, Any two n-terminal objects A and B a complex, Ch™(C), then any
two n-product of A and B, should they exist, are n-isomorphic.

Proof . Adapt the proof of property, Proposition (4.5)); n-products are n-terminal objects in suitable category. O

5 n-Homology

Example 5.1. We show that n-ker is an n-pullback. Let C be an additive category, X a complex in Ch"™(C), and
frrl . X+l 5 Y+l 3 morphism in complex.

Let Zy, Z1 € C the induced sequence of abelian groups

C(ZO XO) —) C( Xl) 7_dl> 7d:>1 C(Zn,Xn) ﬂ C(Zn+1,Xn+1) 50

is exact, equivalently, the sequence (d%,d%, ..., d}_l) is an n-ker of d¥. Such that in the mapping cone C' = C(f)
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0 1 n—2
XO= x'T[v° 5 X2 [y % L xr [yt X”HHY” ey yott,
the sequence (d?, ...,d"~ 1) is an n-ker of d.
Definition 5.2. Let C be an additive category and given a partially ordered set /. An n-inverse system in C is an
ordered pair ((M;)ier, (¢])j=:), abbreviated {M;, v}, where (M;);cr is an indexed family of complexes in Ch™"2(C)

and (¢ : M; — M;);»; is an indexed family of morphisms in chain maps for which ¢! = 1y, , for all i, and such
that the following diagrams commute where k = j > 1.

M kEKo - (M )k€K1 (Ml?)kGKz AT — (Mlzliz)kGanz - (M1?71>1€€Kn71

w“\l |

e e (@mhHY
(M'L )’LEIC (w )k (M'Ll)ZEIl M’L?)/L'EIQ e T (Ml 2 €1, (M'L 1)iEI¢L71
(1/:)]\\‘ \ 1 \ 2 -2 (w"% -1
(M})jes, — (Mj)jer, = (MF)je, (M} )jed, o = (M} )jes, s

Definition 5.3. Let C be an additive category, I be a partially ordered set, (M;);e; a complex in Ch"~2, and let
{M;, %} be an n-inverse system in C over I. The n-inverse limit (also called n-projective limit or n-limit) is an
object limM; and a family of projection in chain maps («; : imM; — M;);c; such that

— —

o (i) ¥ia; = a; whenever j = i

e (ii), for every X € Ch"~%(C) and all chain maps f; : X — M; satisfying ¢§fi = f;, for all j = 4, there exists a
unique morphisms in chain maps 6 : X — limM; making diagram commutes.
—

(M]O) (Mjl) (MJZ) - . — (M;FQ

(iii) We have

n2

0 0% 1. ag0 d0a a1 n—1¢ n—1
X" — limM;” — limM; ... <, hmM M
— —

the sequence (6°,d°,...,d"~2) is an n-ker of a"~!, where defined

d¥ = dh a9t limM) — limM !
— —
for each K € {0,1,..,n — 2}.

Definition 5.4. Let C be an additive category and given a partially ordered set I. An n-direct system in C is an
ordered pair ((M;)ier, (¢})i=;), abbreviated {M;, %}, where (M;);er is an indexed family of complexes in Ch™~2(C)
and (cp; : M; — Mj);<; is an indexed family of morphisms in chain maps for which, @t = 1py,, for all 4, and such
that the following diagrams commute where i < j < k.
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(Mio)iefo (le)zeh

AN

(M) ke °) M) rex, M keKz

\\\

(MO)JEJO JEJl ]EJz (Mn 2)J€Jn 2 (Mn 1)J€Jn 1

Definition 5.5. Let C be an additive category, I be a partially ordered set, (M;);e; a complex in Ch™ 2, and let
{M;, ¢!} be an n-direct system in C over I. The n-direct limit (also called n-inductive limit or n-colimit) is an
object limM; and insertion morphisms in chain maps (a; : M; — limM;);c; such that

— —

o (i) ajo) = o whenever i < j

o (ii) Let X € Ch"2(C), and let there be given morphisms in chain maps f; : M; — X satisfying f;¢! = f;, for

1
all ¢ < j. There exists a unique morphism in chain maps 6 : limM; — X making diagram commutes.
—

(M) (M}) (M?) » ... ——— (M}7?) ——— (M}™)

(M)

e (iii) We have

af . d° ;. dr—2 n-1 _
MO 25 imMO -5 limr) . T limd ot T xm!
— — —

the sequence (d°,...,d"~2,6"~1) is an n-coker of o, where defined
d¥ = aFttdk 0F  limMF — limMFT?
N — —
for each K € {0,1,..,n — 2}.

Definition 5.6. Let C be an n-abelian category, X a complex in Ch™(C), define
(n) —i—cycles =n— Z(X") =n —kerd" = (d° d*, ..., d" ")

(n) — i — boundaries = n — B*(X™) = (n) — imd" !
for all i € {0,1,2,...,n}. Notice that n — Z* and n — B* all lie in C.

Definition 5.7. Let C be an n-abelian category, X a complex in Ch"(C) and d" : X" — X"*! a morphism in C.
A ith n-homology of d" is, for all i € {0,1,2,...,n}
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Hi(X) n—Z724(X) n-—kerd" (d°, d',...,d" 1)
n—1ti; = : = ; = - - p
n—BYX) n—imd*t  (imd°,imd!, ... imd" 1)

Now n— H;(X) lies in n— 0bj(C) if n-quotient are viewed as object, as on definition (3.8). However, if we recognize
C as a full subcategory of n-Ab, then an element of n— H;(C) is a coset (2°+imd°, 2t +imd*, ..., 2" 2 +imd" =2, 2"~ 1 +
imd"1); we call this element a n-homology class , and often denote it by cls(z°, 2!, ..., 2772, 2"~ 1),

Proposition 5.8. If C is an n-abelian category, then n— H; : Comp(C) — (C) is an additive category for each i € Z.

Proof . Let X and Y are complex in Ch™(C), if f : X — Y is a chain map, define n—H;(f) : n—H;(X) — n—H;(Y)
by

n— Hi(f):cls(2°, 24, .., 2" ) = els(f:2°, fi2h, ., fiz™ ).

We must show that f;z* is a cycle, for all 0 < k < n — 1, and that n — H;(f) is independent of the choice of cycle
2¥: both of these the following from f being a chain map; that is, from commutatively of following diagram:

X x0 B, x X2 xn %%, xn+
b1 N
Y yo &y y? yn Byt

First, let z be an i-cycle in n — Z;(X), so that d& 2k = 0, for all 0 < k <n—1. Then commutativity of the diagram
gives d¥ fk b= fhtlgk 2k =0, so that f;2* is an i-cycle.

Next, assume that (20 +imd, z! 4+ imd', ..., 2"t +imd" ') = (y° +imd°, y* + imd*, ...,y" "1 + imd"1); hence,
F—yk cimdh, for all 0 < k <n —1; 2FyF = dl)“{lxk’l for some ¥~ € X*~1 and, for all 0 < k < n. Applying f;
gives
fikzk _ fq,kyk — fikdlj(flxk—l _ dé}/*lfk—lxk—l e imdl;fl
for all 0 < k <n — 1. Thus, cls(2°, 2, ..., 2" 1) = cls(y°, v, ...,y 1), and n — H;(f) is well defined
Let us now see that n — H; is a functor. It obvious that n — H;(1x) is the identity. If f and g are chain maps
whose composite gf is defined, then, for every i-cycle z*, wh have

— Hi(gf) : cls(2°, 24, ..., 2" = (g f)icls(20, 21, ., 271
=g ficls(2°, 2, ..., 2" 1)
—n— Hy(g)els(fi(2), fi(21), s £i(="1))
=n — H;(g)n — Hy(f)cls(2°, 2%, ..., 2" 1),

Finally n — H; is additive: if f,g: (X,dx) — (Y, dy) are chain maps, then

Hi(f+g):cls(2°, 24, ., 2" = (fi + gi)els(22, 21, .., 2"
_ds((fl +gZ)(z )7 (fz +91)( ) ) (fz +9i)(zn_1))
=(Hi(f) + Hi(9))els(z", 2, .. 2" 7).

O

Proposition 5.9. Let C be an n-abelian category. If

d° dt dar
xO &y x1 Ay A xen AT yeng
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is an n-exact sequence in Ch™(C), then, for each i € Z, there is a morphism in C

o in— Hy(X") — H,_1(X")
defined by

O - CZS(Z?L+17 271'L+17 RS Z’Z;%) —>Cls((d())(i71)_1(d,1)(171)_1(d§i71)_1"'(d§711)_l(dg(7l)(dgi)_1zg+l

7(dg(i71)_l(dkifl)_l(d§(i71)_1"‘(d7;(:,11)_1(dg(n)(d;li)_lz’}t+1

(%) e, )T R T () T ) T )
Proof . We will make many notation abbreviation in this proof. Consider the commutative diagram having n-exact
TrOwWS:

P dl 42 l an—1 n l
XO Xit1 Xl Xit1 X2 Xit1 Xnil Xit1 xn Xit1 Xn+1
i+1 i+1 i+1 i+1 i+1 i+1
0 1 2 n—1 n ntl
d¥ diy diy J{df:_l a5 J{dfﬂ_l
_  —
X? €0 Xll i X12 d2 in ! qn-1 Xln dan thn-i_l
X4 X4 X3 X; Xi
4X° gx! ax? ldxnil den ldxwrl
K2 T T 3 7 T
L L
0 1 2 T yn—1 n n+1
Xi—l 0 Xi—l 1 X?,—l 2 Xi—l n—1 i—1 gn ? Xi_l .
J{ Xi—1 J{ Xi—1 J{ dXi—l J{ dXi,l J{ Xi—1 J{
) ) ) tee

)

Let z,’iﬂ € Xi"+1 and zF € X7, for all 0 < k < n — 1, then by definition n-abelian category d% is epimorphism,
by coker d%, = 0, then d%. is surjective and d}lel

= z,’j_H. Now push xF down to d¥"zF € X . By
: n—-1 X" 'k  _ gX" m-1_k n—-1 gx" ! _k
commutatively, dy " d; T,y = d;it dy, m,_y, so that dy ~ d; x

R X" -1,k
’ no1 € imd " and dif dy xy o, € X[,
Thus d¥X" 2" € zmd?{j Since (d°,d*,...,d""1) is n-ker of d", for 2§ € X?

0 L dvtdn2ldrdOzk C - kerd'y,
Given that imd}:_ll Ckerdy,  Cn—kerdy, ,then dX"xk = dr=tdn—2..d*d%zf, for all 0 < k <n — 1, for %,

-
injection, because ker dg(i_l = 0 by definition n-abelian category. Thus

Rt
(d%, )" (dx, ) (k)T (A ) A ) d) T
make senses; that is, the claim is that

0 1 n—1y __ 0 1 n—1
cls(Zp i1y Znats o Zpyr) = cls(xg, 2, oy 2g” )

is a well-defined homomorphism. First, let us show independence of the choice of lifting. Suppose that d}lel = Zni1,
where 7% € X,,. Then % = x*. By the definition of complex,

(@)~ @) (@A) @) Ty = (d) A T (@) T ) TN € B
that is,

els((d”) M (d") (@A) THA ) TN ) = els((d”) TN T (@) T T AN

Thus, the formula gives a well-defined function

XO

ZXT],+1 —> T
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Second, the function Zxn+1 —>

XU
BX°

is a homomorphism. If szH,z;fH € Zxn+1, let d"zk = zﬁ_H and d"z!k =
i—1
z;LkH, for all 0 < k < n — 1. Since the definition of ¢ independent of the choice of lifting, choose x* + 2’F as a lifting

of szH + z;kﬂ, for all 0 < k <n — 1. This step may now be completed in a routine way.

Third, we show that z§ is a cycle: by dX"zF = d»~1d"=2...d*d%zf = 0, for all 0 < k < n—1, d° is injective. Hence,
the formula gives a homomorphism

Zxo
XO
Bifl

ZXn+1 — =1- H,;_l

— X"k

Finally, the subgroup Bi{ol goes into Bff;“. Suppose that sz_l Ty 1, where 5172-4-1 € Xﬁ'll, and let d"aF =

zk .1, where 2k | € X[, for all 0 < k < n — 1. Commutatively gives d"d*"zk = dX" Nk = aX gk =k
for all 0 < k < n — 1. Since o(z¥ ;) is independent of the choice of lifting, we choose dX"z¥ whit d"d* "2k = 2k,
forall 0 <k <n-—1, and so

o (els(2 41, Zh1s o 2ni1)) =cls((d®) () 7 h (@) 7N @) TR ) (@F ) (D))
cls((d)~Hd) (@) T T (@) ()
Cls((d)~Hd) T (@ ) T @) (@) (g )

= dls(0,0,...,0).

Thus, the formula gives a homomorphism o; : n — H;(X" ) — H;_1(X°). O

Theorem 5.10. ((n+1)-Long Exact sequence) Let C be an n-abelian category. If

X0 & xr &y xn 4 (5.1)

is an n-exact sequence in Ch™(C), then there is an (n 4 1)-exact sequence in C

d° dl d?
0— Hy(X") =51 — Hy(X') =52~ Hy(X?) — ...
d:’_l

b~ Hy(X™) 55 (k1) — Hy(X™Y 250 - H (X0). (5.2)

Proof . We have to prove that, the sequence (5.1) have a (n+1)-ker and (n+1)-coker. By (5.1) is n-exact sequence, then
(d°,dY, ...,d"" 1) is n-ker of d”, so that d"d"~1d"2...d'd" = 0. Thus §;d"d>~'dr—2...d d0 = 6;(d*d"~1d"2...d'd"), =
§;0, = 0, then (d%,dL,...,d"~1,d?) is n-ker of §;. This is the sequence (5.2) is n-coker now follows by duality. O
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