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Abstract

Following the definition of interval-valued fuzzy n-normed linear space given by S. Vijayabalaji et al., in this paper,
notion of interval-valued generalized fuzzy n-normed linear space is introduced. The notion of convergent sequence,
Cauchy sequence and their relation are studied. Some basic results are established on finite dimensional interval-valued
generalized fuzzy n-normed linear space.
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1 Introduction

It was Katsaras [I7] who first introduced the idea of fuzzy norm on a linear space. Afterwards, several authors
viz. Felbin [I2], Cheng and Mordeson [5], Bag and Samanta[2, [3] defined fuzzy normed linear space in different
approaches and developed many results of functional analysis in fuzzy setting. Different types of generalized norms
(viz. 2-norm[I3], n-norm [16], G-norm[I§], cone norm [I5] etc.) and consequently generalized fuzzy norms (viz. 2-fuzzy
norm [26], fuzzy n-norm [28], fuzzy cone norm[l], G-fuzzy normf4], etc.) have been introduced and established many
fundamental results of fuzzy functional analysis.

The concept of interval-valued fuzzy set was introduced by Zadeh [29] in 1975. An interval-valued fuzzy set is
characterized by an interval-valued membership function and it is taken as a generalization of fuzzy sets. Li [2]], in
2009, introduced distances between two interval-valued fuzzy sets (or numbers) defined on real line R in three different
approaches. Moreover, he noted that each kind of the defined distance is a metric on the corresponding sets. Obviously,
the idea of above defined metric space is different from that of George and Veeramani [I4]. It should be noted that
George and Veeramani applied fuzzy set to express the uncertainty of the distance between two points in a fuzzy
metric space and then proposed the concept of the t-norm which generalizes the triangle inequality of general metric
space. Motivated by the idea of fuzzy metric space, Shen et al. [23] put forward the concept of continuous interval-
valued t-norm (¥ -t-norm in short) and defined an interval-valued fuzzy metric space. Following the definition of
interval-valued fuzzy metric space, S. Vijayabalaji et al. [27] gave a definition of interval-valued fuzzy n-normed linear
space with underlying t-norm as ‘min’. In this paper, we introduce the idea of generalized interval-valued fuzzy
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n-normed linear space with underlying general t-norm. Some basic results on convergent sequence, Cauchy sequence,
completeness are studied in such spaces. Finally fundamental results on finite dimensional interval-valued generalized
fuzzy n-normed linear space are established.

It is worth mentioning the work of P. Debnath et al. [7, [8, [0, 10, [IT] 20 25] which help us to improve the quality
of the manuscript.

The organization of the article is as follows. Section 2 consists of some preliminary results related to interval-valued
fuzzy n-normed linear space. In Section 3, we define interval-valued generalized fuzzy n-norm over a linear space, give
proper example and study convergent sequence, Cauchy sequence and their relation. In Section 4, we establish
some fundamental results of functional analysis in finite dimensional interval-valued generalized fuzzy n-normed linear
spaces.

2 Preliminaries

In this Section, we collect some preliminary existing notations, basic definitions and results which will be used in
this paper. Following is the definition of an n-norm by Gunawan and Mashadi [16].

Definition 2.1. [16] Let n € N and X be a real vector space of dimension d > n. A real-valued function ||.,--- ,.||
defined on X x --- x X is called an n-norm on X if it satisfies the following properties:
S

n times
() ||z1, @, -+ ,xn|| = 0iff 21,29, -+ , 2z, are linearly dependent;
(ii) ||x1,xa,- - ,xy|| is invariant under any permutation;
(iil) ||z1, 22, , axy]| = |a|||x1, 22, - -+, zp]| for any « € R;
(i) o1, @2, a1,y + 2l <oy, @2, @1,y + oy, 22,0 21, 9|
for all z1,xa, - ,2p,y,2 € X. The pair (X,]||.,---,.||) is called an n-normed space.
<

n times

Next we recall the definition of a t-norm and fuzzy n-normed linear space.

Definition 2.2. [19] A ¢t-norm *: [0,1] x [0,1] — [0, 1] is a function satisfying the following conditions:

(i) * is associative and commutative;
(i) @ *x 1 =q, Va €0,1];
(iii) axy < B*d whenever a < and v <6, Va,,7v,d € [0,1].

If * is continuous then it is called continuous t-norm.

Definition 2.3. [24] Let X be a linear space over a field F(R or C) of dimension > n and * be a t-norm. A fuzzy
n-norm on X is a fuzzy subset of X™ x R if IV satisfies the following conditions:

(N1) for all t € R with ¢t <0, N(z1,22, - ,Zn,t) = 0;

(N2) for all t € R with ¢ > 0, N(z1,22, -+ ,&n,t) =1 iff &1, 29, - , 2, are linearly dependent;
(N3) N(z1,22, " ,&pn,t) is invariant under any permutation of z1,za, -, Zpn;

(N4) for all t € R with ¢ > 0 and ¢(#£0) € F, N(z1,22, - ,cxpn,t) = N(x1, 22, ,Tp, é),
(N5) Vs,t € R, N(x1,22, - ,&n+x,,8+1t) > N(x1,22, -+ ,Zpn,8) *x N(x1, 29, - , 20, 1);
(N6) tlirgoN(xl,xg,--- Ty t) = 1;

for all @1, za, - ,xpn, 2], € X. The pair (X, N) is called a fuzzy n-normed linear space.
Remark 2.4. N(x1,x9, - ,Zy,-) is a non-decreasing function of ¢, which follows from the conditions (N2) and (N5).

Before going to the definition of .#¥-t-norm, we recall the following notations from [6]. [I] denotes the set
of all interval numbers, namely the closed unit interval [0,1] and all closed sub-intervals of [0,1] i.e [I] = {a :
[a‘,a"’] such that 0 < ¢~ < aT < 1}. Ifa™ = a™, then the interval number a degenerates into an ordinary real
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number on I. Conversely, every a € I induces the interval number [a, a] that we will denote as a if no confusion arises,
so that (I] denotes [I] \ {0} and (I) denotes [I] \ {0,1}.
Fora,be[ll,a<bifa™ <b~  andat <bT;a=>bifa” =b~ and at =b" and @ < b if a < b but @ # b. Clearly
([1], €) is a partial ordered set.
In [23, 22], we see that every @, b € [I] satisfies the following operations:
(i) anb=la" Ab",at AbT].
ii) a” Vb ,at VbT].
(iii) a=1—-a=[1— a"', 1—a7].
ya—b=[a" —bT,at —b Janda+b=[a" +b",at +bF].

—~
=
S
<
<

I

f

Definition 2.5. [23] A function % : [I] x [I] — [I] which satisfies the following properties:

(i) * is associative and commutative;
(i) ax1=aanda* I =[0,a™];
(iii) a* b<e*difa<¢andb<d; for every @,b,¢,d € [I], is called an .# ¥ -t-norm.

If * is continuous, then * is called continuous . ¥ -t-norm.

Definition 2.6. [23] A sequence {a,} = {[a,,,a]]} of interval numbers converges to @ = [a~,a™] if lim a, = a~ and
n—oo

hm al =a". We write lim @, = a.

Following is the definition of an interval-valued fuzzy n-normed linear space by Vijayabalaji et al. [27].

Definition 2.7. [27] Let X be a linear space over a real field F. An interval-valued fuzzy n-norm N is a fuzzy subset
of X™ x R if it satisfies the following properties:

(N1) for all t € R with ¢t <0, N(21,22, -+ ,%pn,t) = 0;
(N2) for all t € R with t > 0, N(21,29, -+ ,2p,t) = 1 iff 1,29, -+ , 2, are linearly dependent;
(N3) N(x1,29, -+ ,2n,t) is invariant under any permutation of xy, s, - - , Tp;

(N4) for all t € R with ¢t > 0, N(z1,%2,+ ,ctpn,t) = N(z1,22, - ,xn,%) if ¢ # 0;

(N5) for all s,t € R, N(x1,22, -+ ,@p + 2h,5 +1) > min{N(z1, 2, - ,Tp,s), N(x1, T2, , 20, 1)};
(N6)

N6) N(xy,72,- -+ ,Tn,t) is a non-decreasing function of t € R and lim N(zy, 2o, -+ ,op,,t) =1

n—oo
for all x1, 29, - ,2pn, 2, € X. Then (X, N) is called an interval-valued fuzzy n-normed linear space (or briefly i-v
f-n-NLS).

They consider ‘min’ instead of general .##-t-norm *. In this paper, we use the general .# ¥ -t-norm * in the axiom
(N5) of Definition [2.7|and rewrite it in our sense. Further we provide some results on finite dimensional interval-valued
generalized fuzzy n-normed linear space. We also define the notion of convergence of sequence, Cauchy sequence and
study some well-known results based on completeness and compactness of linear spaces to this setting.

3 Interval-valued generalized fuzzy n-normed linear space

In this Section first we redefine the notion of interval-valued fuzzy n-norm using interval-valued-t-norm * and
named it as interval-valued generalized fuzzy n-norm.

Definition 3.1. Let n € N and X be a linear space of dimension > n over a real field F' and * be .#7-t-norm.
An interval valued fuzzy set N of X™ x R is called an interval-valued generalized fuzzy n-norm(in short i-v G-fuzzy
n-norm) if the following conditions hold:

(GN1) for all t € R with ¢ <0, N(z1,22, ,n,t) = 0

(GN?2) for all t € R with t > 0, N(x1,29, - ,2p,t) = 1 iff 21,29, , 2, are linearly dependent;
(GN3) N(x1,79, - ,xp,t) is invariant under any permutation of z1, 2, , Tp;
(GN4) for all t € R with t > 0, N(x1,29,+ ,c¥pn,t) = N(x1,22, * ,Tn, é) if ¢ # 0;
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(GN5) for all s,t € R, N(z1, %9, ,Tp + 20,8 +1) > N(x1,72, , 20, 8) ¥ N(x1,72, -+ ,7),1);

(GN6) tlgglo N(z1,29, ,xp,t) =1

for all 1,22, -+ , Ty, 2, € X. Then the triplet (X, N, %) is called an interval-valued generalized fuzzy n-normed linear
space (in short i-v g-fuzzy n-nls).

Remark 3.2. N(x1,22, -+ ,%p,t) is a non-decreasing function of ¢+ € R. It follows from (GN2) and (GN5). For, if
5 >t then

N(x17x27"' ;xnflaxas) =N T1,T2, " ,xn,1,$+97t+(8—t))

%

(

N(l’l,IEQ,"' 7xn—1amat) IN(xthf” 7zn—1767 (5 7t))
(xlnya"' axn—lax7t) IT
(

N
=N

L1, T2, " ,.’L'nfl,l‘,t)

Example 3.3. Let (X,]|.,---,.||) be an n-normed linear space. Define a function N by
——

n times

t .
W(xlal?, e ,-rrut) = £t+||w17w27---7w,L||’1] if t >0
0 if t<0
for all x1, 9, -+, 2, € X. We choose ¥ defined as @ ¥ b= [a~ Ab~,at AbT] where @ = [a—,a™] and b = [b—,bF]. Now

we show that N is a i-v g-fuzzy n-norm on X.

(i) If t € R with ¢ < 0, from definition we have, N(x1, 22, ,2pn,t) = 0. So, (GN1) holds.

(i) If 21,29, -+ ,x, € X are linearly dependent then ||x1,x2,- - ,7,|| = 0. Then N(z1, 22, -+ ,2n,t) = [17,17] =1,
for all t > 0. o
Conversely suppose that, N(zq,xa,  ,2Zn,t) =1 V£ > 0, then
t - 1+
[ A =[17,17] vt>0
t+ ||z, x2, -, zp|
t
=1Vi>0
t+HJ}1,J,‘2,"' aan
- ||x171:27“' aan =0
= x1,%2, -+ , &y are linearly dependent in X.

Thus (GN2) holds.

(iii) As ||x1, 22, ,2,| is invariant under any permutation of {1, 22, -+ ,2,} thus N(x1, 29, -+ ,2p,t) forallt > 0
is also so. Hence (GN3) holds.

(iv) For t > 0 and ¢ # 0, if N(z1,22,--- ,cz,,t) = 0 then

. t
tg ||.’L'1,.’,C27"' acan = |CH‘$17$27"' »xn” 1.€. H S ||$1,x2,"' 7=Tn||
Again if N(zy, 29, -+ ,cxy,,t) # 0, then
( 0 =| : 1
"Z'/' x ... C‘T =
1,42, ) n t‘i’Hxl,fo" 7an”a
1
lel
= 1]
‘%|+H1'1,I2,~" aan’
— t
:N($1,£L’2,"' axnvm)

So for t > 0 and ¢ # 0, N(z1, 29, -+ ,cTn,t) = N(x1, T2, , Tp, %) Thus (GN4) holds.
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(v) We consider only the cases when both s > 0 and ¢ > 0. Other cases are obvious.

Case I: s > ||z1,22, -+ ,2,|| and t > ||z1,22, -+ ,2,]|. Then N(xq1,z2, - ,2pn,8) = [m,l] and
N(z1, 29, ,2,t) = [m,l] Now, N(x1,22, ,&p,8) ¥ N(x1,22, -+ ,20,t) = e A
m,l] Suppose that N(z1, 2, -+ ,2n,s) < N(x1, 79, -+ ,2p,t) ie S_‘_thz;m,znu < t+||zl,xt2,~-,z’n|\’
then we have t||z1,x2, -, Tn|| > s||z1, 22, -+, 2},||. Using this inequality, we obtain
N(x1,02, ,Tp + 0,8 +1t) — N(x1,29, -+ , 20, 8)

_ s+t s

B (S+t)+ ||x1,m2,~-~ ,{En—I-{E/nH - s+ Hxl’m%"' ,an

_ 5||:Z:1,I2,~~ 7xn|| +tHxleQ"" ax;LH *SHIMIQ"" aanr‘T;LH

{(S+t>+|‘$1,$27~-~ 7$n+xln||}{5+‘|x1>$2"" ’xﬂH}
t||(E1,.’E2,--~ 7$n|| —s||x1,x2,--~ 7x;1||

>0
{(s +8) + lJwr, 2, on + 2 [[Hs + o, 2o, wn|l}

ie N(ﬁl,IQ, e sxptal s+ t) > NLxl,xg, <o Ty, ). Similarly, i@(zl, To, - @l t) > N(xy, 20, ,Tp, 8),
then N(x1, 29, ,&n + 2,8 +1t) > N(x1,22, - ,2},t). Hence (GN5) holds.

. . . t _ . t _ — + . NT . _ =0
(vi) Since tll)rgo Terae ] = 1 8o [tl_lg& P | P 1] =[17, 17] and hence tlizf{.lo]\f(gcl,g@7 T,y t) = 1.

Therefore (GN6) holds.

Hence (X, N, %) is an i-v g-fuzzy n-nls.

Definition 3.4. Let (X, N, %) be an i-v g-fuzzy n-nls and {z,,} be a sequence in X. Then {z,} is said to be convergent
and converges to x € X if for each y1,y2, -+ ,yn—1 € X, 0 € (I), t > 0, there exists m € N such that

N(yl7y2a"' 7yn—l7xr_m7t) >T_S Van

where § = [§7,67], 0 <§~ <t < 1.

Proposition 3.5. In an i-v g-fuzzy n-nls (X, N,%), a sequence {z,} converges to x € X if and only if for each
Y1,Y2, s Yn—1 er N(ylay%"' 7yn713xr_xat) —1lasr — oo.

Proof . Let us choose ty > 0 and suppose {z,} converges to x € X. Then for each y1,y2, -+ ,yn—1 € X, § € (1),
there exists m € N such that o o
N(y1,y2, * yYn—1,Tr — T, t0) >1—0, Vr>m

ie. 1—N(y1,y2," * »Yn_1,%r — T, tg) <O Vr >m.
Since § € (I) is chosen arbitrarily, taking limit as n — oo, we get

lim N(yhy% e Yn1, Ty — %to) =1.

700

Conversely, suppose that, for each ¢ > 0 and for each y1,y2, -+ ,yn—1 € X, N(Y1,Y2, + Yn1,Tr — x,t) = 1 as
r — 00. So for every 0 € (I), there exists m € N such that

N(y17y27"'7yn—17$7‘_x7t0)>i_57 Ver
This completes the proof. [

Proposition 3.6. In an i-v g-fuzzy n-nls with the continuity of the underlying .##-t-norm ¥ at (1, 1), every convergent
sequence has unique limit.

Proof . Let (X, N,%) be an i-v g-fuzzy n-nls and {x,} be a sequence in X. If possible suppose that {z,} con-
verges to two distinct points x and y in X. Since z # y, there exists a set of linearly independent set of vectors
{yluy27' oy Yn—1,T — y} in X. Then for Y1,Y2, s Yn—1 € X and tO > 03

L to, - o to. -
th(ylaZ/%'"7yn—17$r_x7£):1 and th<y17y27"'7yn—1axr_y7£):1'
2 r—00

r—00 2
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Now,

— to, _ — to
N(ylay27"' >yn717$_y7t0) ZN(yl7y27"' aynfhxr_g%?) * N(ylay27"' 7yn71;$7“_y7§)

—1%1=1 as r— oo (since * is continuous at (1,1))

Therefore,

N(ylvy%"' 7yn*17m_y7t0) :T

Since to > 0 chosen arbitrarily, N (y1,y2, - ,Yn—1,2—y,t) = 1, for all ¢ > 0. This implies that {y1,y2, - ,Yn—_1,7—
y} is a linearly dependent set in X, which is a contradiction to our assumption. [

Definition 3.7. A sequence {z,} in an i-v g-fuzzy n-nls (X, N,%) is said to be a Cauchy sequence if for each
Y1,Y2, Yn—1 € X, 0 € (I), t > 0, there exists m € N such that

N(yl?yQa"'7yn—la$r_xs;t)>i_6 Vr,s >m
where 6 = [07,6F], 0 <0~ < 6T < 1.

Proposition 3.8. In an i-v g-fuzzy n-nls (X, N, %), a sequence {,} is a Cauchy sequence iff for each y1,y2, -+ ,yn—1 €
X, N(y1»y27'“ s Yn—1,Tr —xs,t) —1lasr,s— oo.

Proof . The proof is same as the proof of the Proposition [3.5] [J

Proposition 3.9. In an i-v g-fuzzy n-nls (X, N, %), every convergent sequence is Cauchy.

Proof . Let {z,} be a sequence in an i-v g-fuzzy n-nls (X, N, %) converging to x € X. Let us choose 6 € (I). For
0 € (I), we can choose A € (1) such that (I —X) % (I —X) > (I —6). Then for each y1,92, -+ ,yn—1 € X, t > 0 and
A € (I), there exists m € N such that

t _
N(ylﬂy27"'ay’nflamr_x;§)>1_)\, V?"Zm
Now,
N N t t
N(ylny,"' »Yn—1, Lr —st,t) :N(y17y27"' s Yn—1,Tr _x+x—$s7§ + 5)

t. _ —
> (ylay2a"' 7yn—1,ﬂfr*%§) * N(ylvaa"' yYn—1,Ts — I,
T-XN%xT-X VYr,s>m

This shows that {z,} is a Cauchy sequence in X. O

Remark 3.10. The converse of the above Proposition [3.9] is not necessarily true. For justification, we consider the
Example We first show that, a sequence {z,} is a convergent (or Cauchy) sequence in (X, N, %) iff {z,} is

convergent (or Cauchy) in (X,||.,---,.]|)
——

n times

{z,} is a convergent sequence in (X, N,*) which converges to x € X

if and only if for each y1,%2, -+ ,yn_1 € X, t >0, lim N(yi,y2, - ,Yn_1,0r — T, t0) = 1
T— 00

t
if and only if lim =1" Vt>0
r—oo {4 ||y1ay27"' yYn—1, Ty 7‘T||
if and Only if lim Hy17y27”' yYn—1, Ty _SCH =0
r—00

if and only if {z,} is convergent in (X,||.,---,.]|).
——

n times

We follow same line of proof for Cauchy sequence. Therefore, if ||.,-- - ,.|| be an incomplete norm on a linear space
X, the i-v g-fuzzy n-nls as defined in the Example is an incomplete i-v g-fuzzy n-nls.
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4 Finite dimensional interval-valued generalized fuzzy n-normed linear space

This Section consists some results on interval-valued generalized fuzzy n-norm defined over a finite dimensional
linear space. We start with the following lemma.

Lemma 4.1. Let (X, N,%) be an i-v g-fuzzy n-nls and ¥ be continuous at (I,T). If {x1,z2,--- , 2} is a linearly
independent set of vectors in X, then there exist ¢ > 0 and ¢ € (I) such that for each set of scalars {ay, -+ ,ax},
there exists y1, 42, - ,yn—1 € X such that
k k
N(y1,y2,- - ,yn_l,Zaiazi,cZMiD <1-6. (4.1)
i=1 i=1

Proof . Let s = Zle loi|. Tf s = 0 then o; = 0, Vi = 1,2,--- ,k. Then Ny, 92, ,yn,l,G,CZle |o;|) = 0 and
the result holds for any ¢ > 0 and & € (I). Next suppose that s # 0. Then (4.1)) is equivalent to

N(ylay%"' » Yn— 152/8117“ <1- (4.2)

where Zle |B:| = 1. If possible suppose that 1' does not hold. Then for any ¢ > 0 and & € (I), there exists a set
of scalars {f1, B2, -+ , Bk} with Zle |B;| = 1 such that for any y1,y2, * ,Yn—1 € X,

N(yl,y%"’ ,yn—1,26i$ia6) ZI*E (43)

In particular, for each positive integer m, if we choose c= % and &, = [6,,,0+] = [ 12, — Jr1] then there exists a
set of scalars {Blm),ﬁém), e (m)} with El 1 |6 \ = 1 such that for any y1,y2, - ,yn_1 € X,

N(ylvaa"' 7yn—17Zm,C) ET_E (44)

where z,, = Zle [3Z.(m)xi, m = 1,2,---. Since Zle \Bi(m)| =1, m=1,2---, we have 0 < \ﬂi(m)| <1 fori=

1,2,--- , k. So for each fixed i, the sequence {ﬁgm)} is bounded and hence {Bi(m)} has a convergent subsequence. Let

B1 denotes the limit of that subsequence and let {z ,, } denotes the corresponding subsequence of {z,}. By the same
argument {21 ,,} has a subsequence {23, } for which the corresponding subsequence of scalars {ﬁém)} converges to (.
Proceeding in this way, after n steps we obtain a subsequence {zy , } where zj , = Zle 'yl-(m)oci with Zle ;"™ =1

and {%_(m)} converges to 5; as m — oo, for each i = 1,2,--- k. Let y = f1x1 + Poxs + - -+ + Brxr. Now, for all ¢ > 0
and for all Y1, Y2, s Yn—1 € X7

_ _ . et
N(y13y27' o Yn—152km — yat) :N(y17y2a e 7yn—17i£1(72’( ) - Bi)xia ?)
N (m) bty 2N (m) ¢
ZN(y17y27"' 7yn717(’71 _ﬁl)th) ke ok N(y17y27"' 7yn717(’7k _ﬁk)xku E)
— t _ e t
:N(y17y2a"'7yn—17xla(ml)7)* *N(y15y27"'7yn—1;xkaT)
klvi™ — Bl Ely, ™ — Bkl

which implies that

lim N(y1,92, s Yn-1,2km — Y,t) > 1% --- 1 Vt >0 (by the continuity of ¥ at (1,1)).

m—oo

Thus,
m N(y1,¥2, s Yn—1,Zkm — Yy t) = 1 Vt > 0.

m—r o0

Hence {zj,m, } converges to y. Now, for s > 0, we choose m such that i < s. Then we have,

_ — 1 1
N(ylay27' o 7yn71azk,m7s) = N(y17y27 sy Yn—1,Rk,m +978 + E - E)
— 1. — 1
Z N(y17y2a"' yYn—15 Zk,m 7) * N(Ql»y%'" 7yn717978 - 7)
m m
>(T—0,)*1  (since {y1,y2, - ,Yn_1,0} is a linearly dependent set)
=1 ~0m)
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From above we have,

_ 1 1
N (ylay27"' ayn—lazk,rms) > (1_m7+1) and N+(yl7y27"' 7yn—17zk,m75) > (1—m)~
Therefore, lim N~ (y1,y2, * ,Yn—1,2km,S) = 1L and lim NT(y1,y2, * ,Yn—1, 2k.m,s) = 1. This implies
m— o0 m—0o0

lim N(y1,92, s Yn—1,2km,S) =1 Vs >0
m—r 00

and hence lzm L Zjm = = 6. Since limit of a convergent sequence is unique, we conclude that y = 6. Hence y =

Bixy + 621‘2 + -+ Brxp = 0 which implies 51 = B2 = = B =0, since {x1, 22, - ,2x} ia a linearly independent
set of vectors. This is a contradiction to the fact that Zle |B:| = 1. Therefore lb holds and hence the lemma is
proved. J

Definition 4.2. An i-v g-fuzzy n-nls (X, N, %) is said to be compact if every sequence in X has a convergent subse-
quence which converges to some point in X.

Definition 4.3. Let (X, N,¥) be an i-v g-fuzzy n-nls and F C X. F is said to be bounded if for each y1,y2, -+ ,yn_1 €
X and 0 € (I), there exists ty > 0 such that

N(yl,y27-'~,yn_l,l‘,to)>i—g Vel

Theorem 4.4. Let (X, N, %) be a finite dimensional i-v g-fuzzy n-nls and ¥ be continuous at (1,T). A subset A of X
is compact iff A is closed and bounded.

Proof . Suppose that A is compact. Choose x € A. Then there exists a sequence {x,} C A such that lim x, = x.
T—>00

Since A is compact, there exist a subsequence {z,, } of {z,} converges to a point in A. Again {z,} converges to z

and so {z,, } also converges to x. Thus, z € A i.e Ais closed. If possible suppose that A is not bounded. Then there

exists y1, Y2, ,yn—1 € X and dy € (I) such that for each positive integer r, there exists x, € A for which

N(ylvy%"' 7yn717mrar) ST_% (45)

Since A is compact, there exist a subsequence {z,,} of {z,} converging to some element z(say) € A. So for

Y1,Y2, ,Yn—1 EXa . .
llimN(yl,yg,--- yYn—1,Tr, —x,t) =1 ¥Vt >0. (4.6)
— o0

From (4.5, we can write

N(ylay%"' 7yn—1717r“7'l) < T*(So.

Thus,
T (Tzﬁ(yhyz"“ 7yn—171‘7“la’rl)
:N( Y1,Y2, s Yn—1,Try _fE‘f'fL',’r[ _t+t)
Zﬁ(yhy% *HyYn—1,Try —ZL’,t) gﬁ(yhy%'“ yYn—1,2, 7 _t)
>1%1 asl— oo
=1

This implies I — 6y > 1 i.e 6o < 0 - a contradiction. Hence A is bounded.

For the converse part, suppose that A is closed and bounded and dimX = k. Let B = {e1,eq, - ,ek} be a basis
for X and {z,} be a sequence in X. Since B is a basis for X, there exists a set of suitable scalars ﬁ§ , ér), - ,B,(:)
such that z, = ﬁ%r)el + B(T)eg + ﬂk ex, r=1,2,---. Then by Lemma there exists ¢ > 0 and 0 € (I) such

that for the scalars 5(” ér), e ,6,(:), there exists y1,%2, -+ ,yn—1 € X such that

k k
N(yl;y%'" 7yn—1326izi702|ﬂi|) < nga r= 152"" . (47)
=1 =1
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Since {z,.} is bounded, § € (I) and y1,¥y2, -+ ,yn_1 € X, there exists ¢ > 0 such that

N(yhyQﬁ" ayn—hZBixiat) >T_57 r= 172a"' . (48)
i=1

(4.7) and (4.8) together implies

k k k
N(yhyQa"' 7yn—1726ixiacz‘ﬁil) <N(y1’y27”' ayn—laZﬁimi?t)7 r= 1a2a"'
i=1

i=1 i=1
i.e CZ |B;| <t, r=1,2,--- (since N(.,---,.,t) is a nondecreasing function w.r.t t).
i=1
This implies that Zle 16| < %, r=1,2,---. Hence, we have |3;] < %, foreachi=1,2,--- ,kand r = 1,2,---.
Thus for eachi =1,2,--- , k, {ﬁi(r)} is a bounded sequence of scalars in R. Hence {ﬂi(r)} has a converging subsequence.

Then we follow the line of proof of Lemma [4.1] to show that there exist a subsequence of {,} which converges to some
element in A. This proves that A is compact. [

Theorem 4.5. Let N be an i-v g-fuzzy norm over a finite dimensional linear space X and the underlying .##-t-norm
% be continuous at (1,1). Then (X, N, ¥) is complete.

Proof . Let dimX =k and {ej, ez, - ek} be a basis for X. Let {x,} be a Cauchy sequence in (X, N,*). Then there

exists a set of suitable scalars ﬂ(r), (r) AR ,(CT) such that z, = Bir)el +5§T)e2 +e +B,(Cr)ek, r=1,2,---. Since {z,}
is a Cauchy sequence, for each y1,92, + ,¥n_1 € X,
lim N(y1,%2, »Yn1,Tr — Ts,t) = 1, V£t > 0. (4.9)
r,8—00

Now by Lemma there exists ¢ > 0 and § € (I) such that

k

W(y17yz,-~-,yn717Zez( ) cZIB — B9 <1-5. (4.10)

i=1

If Zle |B§T) - ﬁi(s)\ = 0 then Bi(T) = ﬁi(s) for all i = 1,2,--- ,k, which implies {x,} is a constant sequence and
hence the theorem is done. So suppose that Ele |6Z.(T) - ﬁi(s)| # 0. Again for § € (1), the relation |j implies there

exists ng € N such that
k

N(ylay%"'aynflaz (B = BN, ) >T =3 Vr,s > no. (4.11)
i=1

Therefore from (4.10) and (4.11)), for all r, s > ng, we have

k k
N(yhy%"' 7yn—172 ( 6(8 CZ|B 5(5 <N(y1vy27"' ayn—laz (ﬂ(r) /B(S ) )
i=1 i=1
which implies that
k
CZ |BZ-(T) — ,6’1-(5)| <t Vr,s>mng (since N(.,---,.,t) is a nondecreasing function w.r.t t).

i=1

Since t > 0 is alrbitmry7 hm ZZ 1 |ﬁ(r) Z-(S)| =0ie lim |ﬁi(r) - ﬁi(s)\ =0,4i=1,2,---,k. Hence {ﬁi(r)} is a
T,§—00
Cauchy sequence of scalars for each i = 1,2,--- , k and thus each sequence {,Bl(r)} converges. Let, lim Bl-(r) = f3; for
T7—r 00

i=1,2,--- k. Define z = Zle Bie;. Then clearly x € X. By similar line of proof of the Lemmam we can conclude
that o

lim N(y17y27"' y Yn—1, Ty _.’E,t) :T Vvt > 0.

r—>00

This completes the proof. [
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Conclusion:

This article contains the definition of interval-valued generalized fuzzy n-normed linear space which generalize the
notion of interval-valued fuzzy n-normed linear space. Here we use the general .# ¥ -t-norm * instead of . -t-norm
‘min’. We study the notion of convergent sequence, Cauchy sequence and establish some well-known results of fuzzy
functional analysis including completeness and compactness on finite dimensional i-v g-fuzzy n-nls. Our results are
more interesting and important than existing results as we consider general .# ¥ -t-norm * instead of particular . % -t-
norm ‘min’ (which is used in existing results) and consequently results are also more general than existing results. We
think it will enrich the contents of fuzzy mathematics and in future there is a wide scope of research with underlying
general & ¥ -t-norm * setting to develop the results of functional analysis in this new fuzzy setting.
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