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Abstract

Fuzzy fractional pantograph stochastic differential equations (FFPSDEs) is investigated here. The initial objective is
to show the existence and uniqueness of solutions using Banach fixed point theorem. The second objective is discussing
averaging principle of FFPSDEs, precisely, we will prove that the solutions of FFPSDEs can be approximated in the
sense of mean square by the solutions of averaged fuzzy fractional stochastic system.
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1 Introduction

Pantograph equations are a sort of delay differential equation that may be encountered in physics, medicine, biology,
and other domains. The word pantograph come from the work of Taylor and Ockendon [28]. Many academics have
recently explored pantograph differential equations (PDEs) of fractional order, for example, we recommend the reader
to [3), 14, [15], 17, 18] [20]. Furthermore, multiple writers have demonstrated the existence and uniqueness of solutions
for various fractional pantograph differential equations (FPDESs) with distinct fractional derivatives, for example see
[2, 13, 19, 32] 33]. Recently, PDEs have also been extended to pantograph stochastic differential equations (PSDEs),
see [27), 24], in this context, Priyadharsini et al [30], extended PSDEs to fuzzy setting, they proposed a new type of
equation nemely fuzzy fractional stochastic pantograph differential equations (FFSPDEs). On the other hand, the
notion of averaging principle has a long history. It’s a great way to look at the qualitative properties of a dynamical
system. Then, the study of this method for stochastic differential equations (SDEs) has received a lot of attention as
theory has progressed [4l, T3], 16, 22| 25] 29, [34]. Arhrrabi et al [5] initiated the study of averaging principle of fuzzy
SDEs, also, Arhrrabi et al [6} [7, [8 @] 10, 111 12] studied the existence and stability of solutions for fuzzy fractional SDEs
(FFSDEs) with Brownian motions, existence and uniqueness results of FFSDEs with impulsive and Fuzzy fractional
boundary value problem and other types of FFDEs. To our knowledge, no publication has looked at the averaging
principle of fuzzy fractional PSDEs, instead, numerous studies have looked at the averaging principle of fractional
PSDEs in a crisp case. To close this gap, we will investigate the existence, uniqueness, and averaging principle of
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solutions for a class of fuzzy fractional PSDEs defined by

“Drz(u) = f(u,z(u),z(\t)) + < /Oug(s,z(s),z()\s))dw(s)>,u €T :=10,T].

z(0) = zo,

(1.1)

where “D7 is the Caputo fractional derivative of order v € (0,1), w(u) is standard Brownian motion with m-
dimensional and A € (0,1). The functions f : Z x F2, — Fgn and g : Z X F2, — R™ ™ are continuous on Z.
The following are the innovations and main contributions of this paper:

e In the fuzzy stochastic setting, fuzzy fractional PSDEs are a novel concept.

e Under Lipschitz conditions, the averaging notion is employed to investigate the property of solution for a class
of fuzzy fractional PSDEs.

The remainder of this work is structured as follows: Section 2 has some fundamental definitions, premises, and
notes on fuzzy fractional PSDEs that will be useful later. Some relevant criteria for the existence and uniqueness of
solutions for system are derived in Section 3. We expand the averaging technique for system in Section
4 under certain conditions. Section 5 includes an example to demonstrate the usefulness of our findings. The last
section is where you come to a conclusion.

2 Preliminaries

Let Fr~ indicates the fuzzy subsets on R™, defined as ¢ : R™ — [0, 1], which satisfies:
(1) ¢ is normal, i.e Jz9 € R™ such that ((zg) = 1,

(2) ¢ is a convex fuzzy set, i.e for 0 < 5 <1
min{¢(z1),((22)} < ¢(Bz1+ (1 — B)22),Vz1, 22 € R™,

(3) ¢ is upper semicontinous on R™,
(4) [€]° = cl{z € R™ : {(2) > 0} is compact, where cl represents the closure of a set.

Let v € (0,1], we define [¢]” = {z € R"|¢(z) >~} and [(]° = {z € R"|{(z) > 0}. From the conditions (1) to (4).
The notation [¢]” = [((7),((7)], denote the y-cut set of ¢, for v € [0,1]. We denote by ¢ and ¢ as the left and right end
point of ¢, respectively. For ( € Fgn, we define the lengh of the y-cut set of ¢ as len([¢]”) = () — ¢(v). For addition

and scalar multiplication in fuzzy set space Fgn, we have [(; + (|7 = [G1]7 + [¢]7, [8¢]Y = B[¢]”. The Hausdorff
distance is given by

Do (C1,2) = sup {16, (1) = 1[G () = &)1+

0<~y<1

= sup Dp([G]",[¢])-

0<~<1
We know that (Fgn, D) is complet metric space and satisfies:
Do (Cl + C?n 42 + C3> =D (Cl? <2)7

Doo (a<1a aCQ) = |a|Doo (Cl, 42)7

Do (¢1,¢2) < Do (¢1,¢3) + Do (€35 C2)s
for all (1,(2,(3 € Frn and a € R™.
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Definition 2.1. [28] e The derivative v'(u) of v is given by

()] = (") (5), @) ()],

as long as v'(s) € Fgn.
e The fuzzy integral fcd v(s)ds, ¢,d € T is given by

/Cdv(s)dslv = [/Cdm(s)d&/cdﬂ(s)ds] )

as long as the integral on the right hand side exist.

Definition 2.2. [31] Let f : Z — Fgn, the fuzzy Rieman-Liouville integral of f is defined by:

(7)) = ﬁ / *(u— o) f (),

Definition 2.3. [31] Let Df € C(Z,Frn) N L(Z, Fgr). The fuzzy fractional Caputo diffentiability of f is given by:

cDVf(u) = ~7C1+4(Df)(u) = F(ll— 0 /Ou Efi)il))")* dv

The set R™ can be embedded into Fr» by using the following embedding <> : R™ — Fgn such that for u € R" we
have
1, b=u,
<“>(b)_{ 0. bu
Notations: Let (2, Fgn) be the complete probability space and w(u) be a m-dimensional Brownian motion defined

on (Q,Fgn). Let L%(, Frn) be the collection of all strongly measurable square integrable (€2, Fgn)-valued random
variable, which is a complete metric space equipped with the following metric

D*(¢1,¢2) = EDZ (¢1, ).

Let C’(I, L?(Q, .FRn)) be the Banach space of all continuous process from Z into L?(Q, Fgn ) such that ED? ({1, () <
oco. Denote by By, := C(I, L?(Q, ]—"Rn)) the closed bounded subspace of all continuous fuzzy process ¢ in L?(Q, Fgn)
consists of A,-adapted measurable process {¢(u),u € T} equipped with the norm

EDZ (C1,¢2) = sup EDZ ((i(u), Co(u)).
0<a<T

Remark 2.4. Note that (Bj, D) is a complete metric space.

Proposition 2.5. [2I] Let ¢ : T — R", then for u € Z;

sup EH / " p(eus)| < or / “ s Pds.

w€|0,t]

Proposition 2.6. [26] Let z,z’ € £2 (I x €, N;R”). Then for all u € 7 we have

D2 (( [ atsrtu)). ([t )) = [ DA (Galo)). o).

3 Existence and uniqueness result

In this part, by using Banach’s contraction mapping principle, we will show the existence and uniqueness of solution
for FFPSDEs (1.1).
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Definition 3.1. We say that {z(u),u € Z} is a solution of problem if

(i) z(-) € C(T, Frn),

(i2) 2(0) = 2o,

(#i7) for 0 < u < T, we have

1 “ Y1
z(u)=z0+7r(7)/0 (u—s)"""f(s,2(s),2(\s))ds
€ uU—SA’*l ) v,z(v), z(\))dw(v) )ds
i = </0 o(v,2(0),20))d ()>d. 51)

The following assumptions are being prepared in order to get the primary conclusion in this section:

(A1) f is continuous and 3L; > 0 such that

EDZ (f(u2,w), f(u,2, W) < L1 (ED%(z,2) + EDZ (w,w) ).
(A2) g is continuous and 3Ly > 0 such that

Ellg(u,z,w) — g(u,z’,w’)”2 < Ly (]EDZO(Z,Z’) + ]EDZO(W,W’)).

(A3) We have

~

EDZ (f(u,0,0),

O>

)<a and  E[g(u,0,0) < g.

Theorem 3.2. Suppose that the assumptions (A1)-(.A3) holds, then problem (1.1)) has a unique solution provided

that
AL, T 2L, T2 +1

@ - DEMPE @& - DEO)?

Proof . We define the operator T : B, — By, by

(o) =20+ o [ UG b, )>ds+r(17) [ e (us)u_u))dw(u»d&

<1

For each positive number r, we define B, = {z € By, : ED?% (z, f)) < r}.
Step 1: We prove that T(B,) C B,.. We choose

r> 3ED§O(Z0, 6) + Ji .
- 1—Js
By using the assumptions above, Propositions Holder inequality and Ité isometric, that for z € B,., we get
ED2, ((T2)(w), f))

< 3EDZ, (20,0) + 3EDZ, (F(l)/u(u—s)V*lf(s,z(s),z(As))dS,())+3JED2 ( 7)/ </ (u— 5)7 g (u, 2(w), 2(xu)) du u)>ds 0)

- 67271 P 67271 LAy s
< 3EDZ (20,0) + %71 CEEIE / D2( (s,2(s),2 (,\s)),f(s,o,o)>ds+m/0 IEDgo(f(,0,0),O)ds

6L,T371 u N - 6q1 T
TR Jy [P0+ B 09,0+ o s

767“27_1[12 : ’ 2 (z(u),0 2 (z(\u),0)|du )ds 730TT27+1(12
* (27—1)(F(7))2/() (/0 [EDZ(2(0).8) + EDL (2(0), 0] )d T oy D)2

< 3EDZ (20,0) +

g(u z(u), ()\u)) 7g( f),f))

< 3EDZ (20,0) +

120, T2 N 6q1 T2 N 6727t Lor N 30T+ gy
2y =DTM)?  y-DTH)? @y -HTH)?* 2y - DT )3
< 3EDZ, (20,0) + J1 + Jor,
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where
6q1 T2 3CrT* g, 120, T2 6TV,

@ - 0rmE T -neeE MM T eonroe T o nemRE

Finally, we have

I =
EDZ ((Tz)(u),0) < r,
which implies that T(B,.) C B,.

Step 2: In this step, we will prove that T is a contraction operator. Using the assumptions (A1)—(.A3), Proposition
Hoélder inequality and Ité isometric, we have for z,z’ € B, and v € T

<20 (g [ 9 (e a0 s s [ 97 (02 00) s )
#2802 (s [ ([ atusto a0 aut) s, i [0 ([ aus .2 ) aut Jas ),
< ooy L EDR (260 209) 752905 0) s
4 m/ou </OS]EHg(u,z(u),z(/\u)) g7 (w), 2 () Qdu)ds,
< m /O ’ (ED@C (a(s), 2/(5)) —|—ED§O(Z(/\5),Z’(>\S)))CZS
+ m /0 ' < /O | [Engo(z(s>,z'(s)) L EDZ (z(As),z’(As))]du)ds,
< mEDg(z,z’) + mED;(z,z’),
2y 2y+1
(@ hrmr * @ o orer) PPk

Finally, we can get

41,7 QL T2+ , /
@ - DI)? @ 1)(r(7))2>EDoo(sz )-

EDZ, ((T2)(u), (T#)(w)) < (

Therefore, since (2—yiL1§(TI‘2(W'y))2 + (2552’1?(2;;7 1))2 < 1, T is a contraction operator. Consequently, using Banach’s

contraction mapping principle, we get to the conclusion that T has a fixed point, which is the unique solution to (1.1).
O

4 Averaging Principle result

The construction of an averaging concept for FFPSDEs is the focus of this section. First, we look at the standard

form of Eq. .
ze(u) = zo + ﬁ /Ou(u — )77 f(5,2e(5), 2 (As)) ds

+F\(/j)/Ou(u—s)'y_l</OSg(u,ze(u),zg()\u))dw(u)>ds, (4.1)

where 0 < € < ¢y and ¢y is a fixed integer. Moreover zg, f and g have the same requirements as in Eq. . For every
fixed 0 < € < ¢y and u € Z, according to the existence and uniqueness findings, the Eq. has a unique solution
zc(u). In order to determine if z.(u) can be approximated by a small process to a simple process, we make certain
assumptions about the coefficients. Let f : Frn X Frn — Frn and § : Fre X Frn — R™*™ be measurable functions
satisfying (A1)-(A3) and the other inequalities:
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(A4) For K € 7 and z,w € Fgn, we have

K
% / D2 (f(s,2,), f(2,w))ds < 71(K) (1 + DZ(2,0) + D% (. 0)),

K
i | Nats.zw) = taw) | ds < 20(5)(1+ D2 (2.0) + D2(w.0))

where Klim ~vi(K) =0, ¢ =1,2. After making the necessary preparations, we will demonstrate that z. converge as
—r 00
e — 0, to solution of the following averaged FFSPDEs

=z < uufsvfl w(s),wc(As))ds i “u78771 ) w(u), we(Au))dw(u) Yds
witw) =3+ s [ e e w s+ Y [ s ([ g, w ) dut s, (42

Under the same presumptions as Eq. (4.1)), it is obvious that Eq. (4.2) likewise has a unique solution w.. As the
main outcome of this section, we now examine the connections between the processes z. and we.

Theorem 4.1. If the conditions (A1)-(.A4) are verified. Then, for a given random tiny number § > 0 and a constant
k>0,0<v<1, there exist 0 < 1 < ¢g | Ve € (0,€1], we have

sup  EDZ (ze(u), we(u)) < 4.

u€[0,ke=7]

Proof . For 0 < u < v, we have

sup EDZ (ze(u), we(u))
uw€[0,v]
2

2;su 2 uu—SV—l 5.7.(5).z.(\s))ds uu—87_1~wsw $)\ds
= T2 pEDoo</0< Y11 f (s 2e(s), E(A»d,/O( Y11 Fwe(s), e(A))d)

w€[0,v]

(I‘(2'y€))2 uzl[lol,)v] ED;(/OU(UJ - 8)7_1< /Osg(s,ze(s), Ze(/\s))dw(s)>ds, /Ou(u - s)'y_l< /OS g(we(s),we()\s))dw(s)>ds).

Denote by

+

262 u

= — su 2 uu78 —1 s,2¢(8), Ze(As s,
= Toe UE[O?U]EDoo(/O (u—5)77"f(s,2e(s), ze(As))d /O

Jy = @(2# o ED?,O(/Ou(u - s)v—1</os g(s,ze(s),ze()\s))dw(s»ds,/Ou(u - 5)7—1</Osg(we(s),we(As))dw(s)>ds)-

Then, by utilizing the attributes of the metric D, we obtain

(= 57 F(we(s), m(As))ds) ,

2

i 2 ' — )7 (s, 2(5), Ze (Ns))ds uu—s'y_l 8, We(s), we(As))ds
7 < gy e BDE( [ =7 o) 2O, [ 077 ), s
isu 2 uufswfl s, We(s),we(As))ds uu757*1~w s), we(As))ds
+ oy, s EDE ([ a7 s w w0, [ 7 o), whs, )
Z:J11+J12.

By using Hélder inequality and assumption (A1), we get

462’(}27_1

I = ey e (D (o) 200, (s w0, wehs) s ).

u€[0,v
462L11}27_1

< m/{) (IEDOO (ze(s),we(s)) +EDZ, (ze()\s),wﬁ()\s))>ds,

8e2Lv27 1

< DTG J, B s
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For Jyo, we use Holder inequality and assumption (A4), we obtain

4e20?7 1 u i
Ji2 < Wui&?y] (/o EDZ, (f(S,wg(s),WE(/\s)),f(wg(s),\;\;E()\s)))als>7
P (v) [1 + sup EDZ (w.(u),0) + sup EDZ (w.(\t) ﬁ)}
- (- 1)(F(7))271 uE[OI:,)v] R uE[OI,)v] e ’ ’
4e20%Y ) R
< @ -naee®@ [1+2 Sup ]EDoo(we(uLO)L
= 4e%0™ By,

where 51 = % [1+2 zt[tp ] ED2Z, (we(u),ﬁ)] Therefore

82 Lyv?7~1
2y = DHT'()?

For the second term J2, by using Proposition 2.6 and Holder inequality, we have

2ep27 1 “ ° / / "Ny — a(w we(A\v') v |ds
% G I () B0 500500 = e O i

4ev?r—1 “ ’ ! / ") =g, we(v'), we(\') v|as
_M(I‘(V))Quzl[g)v]/o\ </O EHQ(U,ZE(’U )7Z€()‘v )) g( 9 6( ) e )\ || d )d

dep2r—1 u s / / e ) ) .
e iy (] B0 w0 o) w0 i

= Jo1 + Jag.

J1 < /U ED?, (ze(s), We (s))ds + 42?8y (4.3)
0

Using assumption (A2), we get

46L2’U27_1 v ® 2 / / 2 / / /
Jo1 < W/@ (/0 EDZ (zc(v"), we(v')) + EDZ, (2 (M), we(A')) dv )ds7

4€L2’027 °
‘W/O EdZ, (2(s), we(s))ds.

Also, we use assumption (.A4), we have

i< g s ([ (58 [ R0 ) ) w0 P ),

0
dev Y2 (v) [1 + sup Ed% (we(u) 6) + sup EdZ (we(Xt) 6)}
> TS N+ o 12 %) € ) 0o € ) )
(27 - 1)(F(7))2 u€([0,v] u€(0,v]
4ep?rt! ( )[ Fd2 ( ( )’\)]
< —————572(v)|1+2 sup o (We(u),0)],
(2y —DIT(M)?2 " wel0,0]
= 4ev®7 13,
where (B = S £ 1C) R— | sup Ed? (w.(u ,6 . Therefore
> = T HEHE | Sup (We(w),0)]
deLov®Y /” o S
Jo < | Ed% (2zc(s), wc(s))ds + 4ev® 1 3s. (4.4)
37— DI Jy Do (2l wels)

Hence, combining (4.3) and (4.4) together, we get

2 Z\U), WU 6'()27 € v 461}27(61}11}_1—’_[/2) 2 WelS S
2 B o) St (5 o) + G St [ o e

4ev? (eLyv™" + Ly) /“
0

(2’)/ — 1)(F(’y))2 sup ]Edio (ZG(U/)vwe(U/))dl}/,

v’ €[0,s]

<4ev®Y (eﬂl + ’Uﬁg) +
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Thus, using Gronwall inequality, we obtain

Su %o (Ze(u), we(u ev? (e v ex 461)27(6[’1“_14—[,2)
UE[OF)v]EdOO( e(u), We(u)) < dev™ (e + vfy)) P( (27 = 1)(T(7))? >

Choose 0 < v < 1 and L > 0 such that for every u € [0, Le~7] C Z, we get

sup  Ed2(zc(u), we(u)) < ke,
u€[0,Le~7]

where

ALY L2 ([ L= tel Ty 42 I,
k=4L*el 727 (eﬂl + Le_”’ﬁg) exp ( € (L1 € T 2)

2y = HIT())?

is a constant. Therefore, for any given number §, Je; € (0, €g] such that for each € € (0, ¢1] and u € [0, Le 7], we get

sup  EDZ_ (zc(u), we(u)) < 6.

uw€[0,Le~"]

U
5 Example

We give an example to illustrate our findings in this section. Consider the following FFPSDESs

“D7z(u) = z(u) + z(u)(% — 1)? + (z(u)dw(u)), 0<u<l, $<v<Ll
(5.1)
z(0) = 0,
Thus, the appropriate standard form of the FFPSDEs mentioned above is
Dz = z° + ze(g — 1) + (z°dw(u)).
Then, f(u,z(u),z2(Mu)) = z€ + z°(% — 1)? and g(u,z(u),z(Au)) = z°. Hence
1
f(z¢(u),z°(Au)) = / f(s,2°(s),2°(\s))ds,
0
19z
127
and .
"2 Ow) = [ gls,(5) 2 () ds = 2
0
As a result, the average form of (5.1)) may be expressed as
c € 19z €
D'we = D du + e(z dw(u)). (5.2)

We can see that the coefficients f and g satisfy the assumptions (A1)-(A3). Then, according to Theorem [3.2] the
FFPSDEs has a unique fuzzy solution. On the other hand, we can naturally see that the coefficient f and g
satisfy the assumption (A4), then, according to Theorem as € —> 0, the solution z¢ and w* to Egs. (5.1) and
(5.2) are equivalent in the sense of mean square. Clearly, the reduced system is much easier to understand than
the standard system . Even better, Theorem ensures that just a minor mistake is introduced throughout the
substitution procedure.

6 Conclusion

In this work, we have proved the existence and uniqueness results for FFPSDEs via Banach fixed point analysis.
Also, the averaging principle for this type of equation is studied. Precisely, we proved that the solution of the simplified
system converges to the solution of the original system in the mean square sense.
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