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In this work, a modified equilibrium approach based on the 

calculation of multicomponent efficiencies is implemented for 

simulating packed columns. In this modified approach, the non-

idealities of the distillation process due to interphase mass transfer 

are taken into account, while the algorithm remains simple and 

efficient.The whole method consists of a segment-wise procedure, 

which is performed iteratively in a computational MATLAB code 

to simulate an experimental packed distillation column with 

structured packings. In each iteration, the component efficiencies 

are determined to consider mass transfer effects through the 

packed segments. According to the obtained profiles for 

temperature and component compositions, good agreement is 

observed between the reported experimental data and simulation 

results, with average deviations of approximately 0.5% and 19% 

for temperature and compositions, respectively. This confirms that 

the modified equilibrium model presented here can accurately 

predict the performance of multicomponent distillation in packed 

columns, and therefore it can be employed as a valid and reliable 

approach for the design and simulation of real distillation towers. 
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1. Introduction 

For more than a century, researchers have focused on distillation as a significant unit operation 

for various applications [1]. This process is the most widely practiced method to separate 

mixtures of chemical species in the petroleum, natural gas, chemical, and petrochemical 

industries [2]. The distillation process is an energy-intensive method used in many industries 

to separate compounds based on differences in volatility [3]. Distillation columns are mainly 

categorized into trayed-type and packed-type columns. Trayed towers are favored when the 

velocity of the liquid is low, whereas columns with random packings are efficient for high 

velocity of the liquid. Besides, the structured packings are preferred when the pressure drop is 

considered as a significant factor. Additionally, they serve as a suitable alternative to trays when 

a higher degree of separation or capacity is required [4]. According to these advantages, 

attention to the structured packed towers has increased significantly in retrofitting or improving 

the existing stage columns [5].  

Distillation towers may consume more than half of the plant's energy requirements and thus 

account for a significant portion of the project's capital costs [6]. Due to high installation 

capacity and energy usage, distillation has a central effect on the overall performance of 

industrial plants. Due to the high capital and operating costs of distillation towers, it would be 

beneficial to utilize mathematical modeling tools for optimizing column operating and design 

parameters simultaneously, with the aim of minimizing costs.  

However, engineers typically design distillation columns based on experience and heuristics, 

aided by rigorous stage-by-stage distillation models available in commercial process simulation 

software [7]. An example can be seen in the work by Dai et al. [8], where the economic 

assessment and optimization of different strategies for ethanol-water azeotrope separation are 

performed using Aspen Plus. Another recent work by Margarida et al. [9] has used Aspen Plus 

to optimize a process consists of distillation towers for ethanol recovery and reactive distillation 

towers for conversion of the residual free fatty acids. 

Hence, many researchers have tried to use modeling and simulation tools for optimizing the 

distillation process. A reliable model is important for evaluating the process performance. Since 

the control, management, and operation of the distillation columns are accompanied by various 

complexities, computer programs that adequately describe this operation should be available 

throughout the industrial plant. 

The two main modeling approaches used in distillation design are the equilibrium stage model 

and the rate-based model (known as the non-equilibrium model) [10]. Both methods use 
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rigorous Mass, Equilibrium, Summation, and Heat or enthalpy relations (MESH) at each stage. 

In the equilibrium stage model, it is assumed that the liquid and vapor streams from each stage 

reach the thermodynamic equilibrium. This means that the vapor and liquid phases have the 

same chemical potential and equal pressure and temperature. This modeling approach does not 

require detailed design information. It needs only the data for calculating of equilibrium 

constants and enthalpies. The equilibrium modeling approach is a conventional method for 

simulating packed distillation towers. Therefore, the packed distillation column is modeled like 

a staged column, so that the height of the packed bed is divided into several sections, each of 

which is considered as a separate stage. Here, the balance equations for any packing sections 

are identical to the corresponding equations for a single stage in trayed columns [11]. 

Actually, the equilibrium modeling approach can be used together with the Murphree efficiency 

method for trayed columns and the HETP (height equivalent to a theoretical plate) method for 

packed towers [12]. These two concepts attach the equilibrium approach to actual equipment 

design, as the output streams from a stage may not reach thermodynamic equilibrium in 

practice. A distillation column is more accurately described by the rate-based approach than by 

the equilibrium method, because it considers the interphase mass transfer between two phases 

under the assumption that the vapor-liquid equilibrium (VLE) is established only at the 

interfaces. Unfortunately, this increase in accuracy is dependent on the model size, so that 

increasing the number of elements will significantly increase the computational load. The 

equilibrium stage method remains suitable and widely used, representing the thermodynamic 

limit of the distillation process based on rigorous MESH calculations, even though it may not 

be as accurate as the rate-based method. Furthermore, it is also satisfactory for conceptual 

designs and optimization goals.  

 In fact, in an actual distillation operation, the output streams of a packed section or an actual 

tray are rarely in equilibrium. To overcome the discrepancy of the model with the actual 

situation and consequently consider the mass transfer effects, the first solution is to apply the 

efficiency concept into the equilibrium modeling approach. Accordingly, the deviation from 

the ideal state on any tray or packing section is accounted by introducing efficiency values into 

equilibrium relations. Indeed, efficiencies are often used to fit the results of the equilibrium 

stage model with actual column operating data [13]. For designing a large-scale distillation 

column, the knowledge of distillation efficiencies and the ability to estimate accurate 

efficiencies are significant [14]. Efficiencies have a direct effect on the number of required 

stages and an indirect impact on the equipment running costs. Therefore, the appropriate 

https://www.sciencedirect.com/topics/earth-and-planetary-sciences/thermodynamic-equilibrium
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application of the efficiency concept results in significant savings in capital and operational 

costs for the distillation process. Additionally, predicting the column efficiency is crucial to 

determine its performance and meet the desired purity requirements [15]. Therefore, any factors 

that cause a decrease in efficiency will undoubtedly affect the entire column's performance. So, 

it is essential to correctly predict the efficiencies before the construction or installation of 

distillation columns. It can be said that the increase of the separation efficiency, as well as its 

estimation, has been the main task in the design and operation of distillation columns [16]. 

HETP concept for packed towers is used as a concept something similar to the stage efficiency 

in trayed towers. HETP is simply used into equilibrium modeling approach. According to this 

concept, the separation efficiency of a packed distillation tower is characterized for design 

purposes. In fact, the mass transfer efficiency of packed distillation columns is defined by HETP 

concept. Since the mass transfer efficiency of components in binary mixtures is similar, the 

HETP value of both components is equal.  

However, in multicomponent mixtures, HETP values of various components are different as 

the HETP depends on several factors such as components of the mixture, physical properties of 

the system, and operating conditions of the column. Therefore, this concept is not directly 

applicable to multicomponent distillation. 

In conventional approaches for the modeling of multicomponent distillations, the efficiency of 

HETPs is often assumed to be equal for all components in each stage or packed section. 

However, it has been experimentally demonstrated that in multicomponent distillations, 

efficiencies can vary from stage to stage and even from component to component [17-19]. As 

the component efficiencies differ, the same separation would not be obtained using the 

assumption of constant efficiencies, and consequently, introducing multicomponent efficiency 

calculations into the modeling algorithm is desirable. If the individual component efficiency 

could be estimated during the simulation, the design of the column would be significantly 

improved by avoiding unnecessary over-sizing. Thus, capital and operational costs would be 

diminished. To the best of our knowledge, none of the commercial simulation programs are 

capable of handling multicomponent efficiency calculations. Non-equilibrium simulators, such 

as RateFrac in Aspen Plus [20] and ChemSep [21], can only calculate efficiencies based on the 

results of non-equilibrium simulations.  

In recent years, various researchers have attempted to use multicomponent efficiencies, along 

with equilibrium modeling, to account for the non-ideality of the distillation process. Aittamaa 

[22] initially applied the multicomponent efficiency calculations in the distillation modeling. 
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Later, Ilme [23] developed this approach further. Several researchers, such as Klemola [24] and 

Jakobsson [25], comprehensively examined this method. Ilme et al. [18] and Jakobsson et al. 

[19] also applied efficiencies on the modeling of industrial columns. In our previous work [26], 

a simple non-equilibrium method based on rigorous efficiency calculations was also presented. 

Schubert et al.[27] present a comprehensive review of the existing theoretical efficiency 

prediction models along with the critical analysis of their strengths and weaknesses. The future 

of the tray efficiency modeling is expected to feature hybrid approaches, i.e. using theoretical 

models accompanied with fluid dynamics information from experimentally validated CFD 

models. 

So far, most of studies conducted to multicomponent efficiency computations have been related 

to tray distillation columns, and the packed towers are rarely modeled based on this method. 

Among various researches, Keskinen et al. [28] focused on the equilibrium stage model with 

multicomponent efficiency factors, and applied it for modeling of packed distillation columns 

at total reflux conditions. However, they believed that the applied method still requires further 

verification with additional laboratory data. The primary challenge in packed distillation 

modeling based on the efficiency approach is determining component efficiencies for any 

packed section. Furthermore, their application to the simulation and design procedure is not 

clearly revealed. 

This paper aims to discuss the main characteristics of applying a rigorous efficiency-based 

distillation model to simulate packed distillation columns, with a focus on temperature and 

composition profiles. This paper also provides a detailed comparison between the efficiency-

based mass transfer model and experimental data from a packed distillation column. During the 

column simulation, individual component efficiencies are estimated for the packed column in 

question, and then the obtained efficiencies are directly applied in the simulation procedure.  

The main characteristic of the presented model is that the multi-component segment efficiencies 

are simultaneously calculated along with the complete distillation model. Subsequently, the 

distillation process non-ideality due to mass transfer phenomena is accounted for while the 

structure of the equilibrium stage model is retained. 

 

2. Model description 

Basically, there are two main approaches proposed for modeling of packed columns: discrete 

approach and continuous approach. In the first approach, the packed bed as a continuous contact 

https://www.sciencedirect.com/science/article/pii/S0009250918301866
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system is divided into some segments so that every segment is approximately considered as a 

separation stage in a tray tower. On the other approach, differential balance equations are 

explored for a small packing element. Therefore, a numerical integration scheme is applied to 

solve these differential equations [29, 30]. In present work, the first approach is used so that the 

packed column is divided into some separate segments. Then, each of them is considered a 

discrete stage, taking into account their non-ideal behavior. In the model, non-ideal behavior 

resulting from deviations from the equilibrium state assumption is considered based on 

multicomponent efficiency calculations. To determine the efficiency of a packed column with 

mass transfer effects, one mass transfer stage should be initially defined. This requires the 

packed bed to be vertically discretized into several control volumes, known as segments, each 

of which contains both vapor and liquid phases with homogeneous composition and 

temperature. The model equations are then written for each segment. The configuration of a 

typical segment in the packed column is schematically shown in Figure 1. 

 

Figure 1. Schematic representation of a segment in the packed column 

 

The equilibrium constants (K-values) are adjusted away from the thermodynamic equilibrium 

value when the efficiency-based equilibrium model is applied for the evaluation of the column 

non-ideal behavior. This modification is performed by incorporating the phenomena occurring 

in the packed bed (such as back-mixing) into a model for K-values. 

 

 In contrast, the structure of the ideal stage model is preserved. This approach is inspired by the 

application of efficiency concept. Several types of efficiencies have been used in the modeling 

of distillation process, including Murphree [31], Hausen [32] and vaporization [33] efficiencies, 

with the Murphree efficiency known as the most widely used concept in the distillation column 
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simulations. All of these different types of efficiencies attempt to determine the deviation of 

real stages from the equilibrium state. 

In the procedure of modeling, the whole packed bed is considered as a sequence of mass transfer 

stages, each of which corresponds to a special height of packing that represents a calculation 

segment. This segment height is then associated with a mass transfer stage by definition of 

multicomponent efficiencies. Each segment is numbered from the top to the bottom. The model 

governing equations, according to Figure 1, are presented in Table 1. 

 

Table 1. Equations of the efficiency-based modified equilibrium model for the jth segment 
 

Material balance equations 

𝑣𝑖,𝑗(1 + 𝑟𝑗
𝑉) + 𝑙𝑖,𝑗(1 + 𝑟𝑗

𝐿) − 𝑣𝑖,𝑗+1 − 𝑙𝑖,𝑗−1 − 𝑓𝑖,𝑗 = 0 

c  

equations 

Modified equilibrium equations 

𝐸𝑖𝑗
𝑀𝑉𝐾𝑖𝑗 (

𝑙𝑖,𝑗
∑ 𝑙𝑘,𝑗

𝑐
𝑘=1

) ∑ 𝑣𝑘,𝑗

𝑐

𝑘=1

− 𝑣𝑖,𝑗 + (1 − 𝐸𝑖𝑗
𝑀𝑉) (

𝑣𝑖,𝑗+1

∑ 𝑣𝑘,𝑗+1
𝑐
𝑘=1

) ∑ 𝑣𝑘,𝑗

𝑐

𝑘=1

= 0 

c 

equations 

Energy balance equation 

𝐻𝑗
𝑉(1 + 𝑟𝑗

𝑉) ∑ 𝑣𝑘,𝑗

𝑐

𝑘=1

+ 𝐻𝑗
𝐿(1 + 𝑟𝑗

𝐿) ∑ 𝑙𝑘,𝑗

𝑐

𝑘=1

− 𝐻𝑗+1
𝑉 ∑ 𝑣𝑘,𝑗+1

𝑐

𝑘=1

− 

                               𝐻𝑗−1
𝐿 ∑ 𝑙𝑘,𝑗−1

𝑐

𝑘=1

− 𝐻𝑗
𝐹 ∑ 𝑓𝑘,𝑗

𝑐

𝑘=1

+ 𝑄𝑗 = 0 

1 

equation 

 Total number of equations   2c+1 

 

In this table, 𝑐 is the number of species, 𝑓𝑖,𝑗 , 𝑣𝑖,𝑗 and 𝑙𝑖,𝑗 are the flow rate of components related 

to feed, vapor and liquid streams, respectively. 𝑟𝑗 is the dimensionless side-stream flow rate and 

𝐻𝑗 is the enthalpy. 𝐸𝑖𝑗
𝑀𝑉also stands for component Murphree efficiency.  

In the simulation method, the first stage (condenser) and the last stage (reboiler) are considered 

as ideal equilibrium stages. So, equations written for these stages are different from equations 

of intermediate stages. The equations for the top and bottom stages are represented in Table 2. 

 

 

Table 2. Equations for the condenser and the reboiler as ideal stages 
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 condenser ( j =1 ) reboiler ( j = N ) 

Material balance 𝑙𝑖,1 + 𝑣𝑖,1 − 𝑣𝑖,2 − 𝑓𝑖,1 = 0 𝑙𝑖,𝑁 + 𝑣𝑖,𝑁 − 𝑙𝑖,𝑁−1 − 𝑓𝑖,𝑁 = 0 

Energy balance ∑ 𝑙𝑘,1

𝑐

𝑘=1

− 𝑅𝑅 ∑ 𝑣𝑘,1

𝑐

𝑘=1

= 0 ∑ 𝑙𝑘,𝑁

𝑐

𝑘=1

− 𝑊 = 0 

Equilibrium 

relation 

Partial 𝐾𝑖,1 

𝑙𝑖,1
∑ 𝑙𝑘,1

𝑐
𝑘=1

−
𝑣𝑖,1

∑ 𝑣𝑘,1
𝑐
𝑘=1

= 0 

𝐾𝑖,𝑁 

𝑙𝑖,𝑁
∑ 𝑙𝑘,𝑁

𝑐
𝑘=1

−
𝑣𝑖,𝑁

∑ 𝑣𝑘,𝑁
𝑐
𝑘=1

= 0 

Total 

∑ (𝐾𝑝,1 

𝑙𝑝,1

∑ 𝑙𝑘,1
𝑐
𝑘=1

) − 1 = 0

𝑐

𝑝=1

(𝑏𝑢𝑏𝑏𝑙𝑒 𝑝𝑜𝑖𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛) 

𝑙𝑖,1
∑ 𝑙𝑘,1

𝑐
𝑘=1

−
𝑣𝑖,1

∑ 𝑣𝑘,1
𝑐
𝑘=1

= 0  ( 𝑖 = 2 ∶ 𝑐 ) 

 

 

In Table 2, 𝑅𝑅 is the reflux ratio and 𝑊 is the bottom product flow rate. 

Accordingly, for a packed distillation column consisting of N calculation segments, N (2c+1) 

non-linear equations are obtained. This value is equal to the number of equations for the 

equilibrium stage model. So, using this modeling procedure, it is possible to consider the effect 

of mass transfer on the column performance without changing the structure of the equilibrium 

modeling approach. These sets of equations are solved simultaneously by the Newton–Raphson 

iterative method [34] in which successive sets of the output variables are computed. This 

calculation loop will continue until the sum of squares of discrepancy functions are inclined to 

the convergence criteria or zero. 

2.1. Multicomponent packing efficiencies 

For a dilute system in a packed column, the mass balance for the vapor phase could be written 

in matrix notation as follow [15]: 

𝑉
𝑑(𝑦)

𝑑ℎ
= −(𝐽 

𝑉)𝑎𝑒𝐴𝑐 (1) 

where 𝑎𝑒 is the effective interfacial area of the packing and 𝐴𝑐 is the column surface area. By 

using the definition of the vector of diffusion fluxes,(𝐽 
𝑉), based on the matrix of overall mass 

transfer coefficients for vapor phase, [𝐾𝑂𝑉], Eq. (2) is achieved: 

𝑉
𝑑(𝑦)

𝑑ℎ
= 𝑐𝑣[𝐾𝑂𝑉](𝑦∗ − 𝑦)𝑎𝑒𝐴𝑐 (2) 

where 𝑦 
∗ is the vapor composition in equilibrium with the composition of the liquid leaving the 

stage. Based on the definition of the overall heights of transfer units (HTUs) for the vapor phase, 

equation (2) can be expressed as: 
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𝑑(𝑦)

𝑑ℎ
= [𝐻𝑂𝑉]−1(𝑦∗ − 𝑦) (3) 

In order to determine the vapor composition profile along the column, Eq. (3) should be 

integrated numerically. To avoid this, Keskinen [28] suggested that the term (𝑦∗ − 𝑦) could be 

estimated with the arithmetic average value for a certain segment height. This approximation 

leads to: 

(𝑦)𝑗 − (𝑦)𝑗+1 = ℎ𝑗 [𝐻
𝑂𝑉]𝑗

−1 (
[𝐾]𝑗 (𝑥)𝑗 + [𝐾]𝑗−1 (𝑥)𝑗−1

2
−

(𝑦)𝑗 + (𝑦)𝑗+1

2
) (4) 

where (𝑦)𝑗  and (𝑥)𝑗 represent the composition vectors of vapor and liquid streams leaving the 

segment 𝑗, and (𝑦)𝑗+1 and (𝑥)𝑗−1 indicate the composition vectors of vapor  and liquid streams 

entering the segment 𝑗. [𝐾]𝑗 and [𝐾]𝑗−1 are the diagonal matrix of K-values corresponding to 

liquid compositions 𝑥𝑗 and 𝑥𝑗−1, respectively. [𝐻𝑂𝑉]𝑗
  relates to the overall HTUs matrix in 

segment 𝑗 and ℎ𝑗  is the segment height. 

Now, the packed bed efficiencies can be defined similar to the definition of Murphree plate 

efficiencies as follow: 

𝐸𝑗
𝑀𝑉 =

𝑦𝑗 − 𝑦𝑗+1

𝑦𝑗
∗ − 𝑦𝑗+1

 (5) 

According to Eq. (5), a diagonal matrix [𝐴]𝑗 is defined in which the reciprocals of term 

(𝑦𝑗
∗ − 𝑦𝑗+1) are its arrays: 

[𝐴]𝑗 =

[
 
 
 
 
 
 
 

1

𝑦1,𝑗
∗ − 𝑦1,𝑗+1

0

⋮

0

0

1

𝑦2,𝑗
∗ − 𝑦2,𝑗+1

⋮

0

…

…

⋱

…

0

0

⋮

1

𝑦𝑐−1,𝑗
∗ − 𝑦𝑐−1,𝑗+1]

 
 
 
 
 
 
 

 (6) 

Eventually, the following expression is obtained to calculate each component's efficiency in 

each segment of the packed column: 

(𝐸𝑀𝑉)𝑗 = [𝐴]𝑗 
ℎ𝑗

2
[𝐻𝑂𝑉]𝑗

−1 {[𝐾] 𝑗
 
(𝑥)𝑗 + [𝐾]𝑗−1(𝑥)𝑗−1 − (𝑦)𝑗 − (𝑦)𝑗+1} (7) 

Eq. (7) is our main equation during the modeling of the packed distillation column. This 

equation is applied to consider the deviation from the equilibrium state. The basic term in 
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equation (7) is the matrix of overall HTUs, [𝐻𝑂𝑉], that should be determined before calculating 

the segment efficiencies. 

2.2. The overall HTUs matrix 

The diffusion in a multicomponent system is very complex in comparison with the binary 

systems. In such systems, the diffusion rate of each component is affected by the diffusivity of 

all components in the mixture[23]. Therefore, the gradient of chemical potential is the driving 

force in calculations instead of the gradient of concentration [11, 35].  

The component efficiencies are estimated based on the two-film theory in conjunction with 

multicomponent mass-transfer theory, as outlined in Maxwell-Stefan diffusion relationships 

[15]. In the mass transfer model of packed columns, the correlations of binary mass transfer 

coefficients are used to obtain the matrices of multicomponent height of transfer units (HTUs) 

for each phase. Then, the matrix of overall HTUs can be calculated.  

These calculations require some data about the geometry of the packed column and packing 

elements, the internal vapor and liquid flow rates, and the physical properties of each phase. 

The matrices of HTUs for the liquid and vapor phases are determined as follows: 

[𝐻𝐿] =
[𝑅𝐿]𝑢𝑆𝐿

𝑎𝑒
  (8) 

[𝐻𝑉] =
[𝑅𝑉]𝑢𝑆𝑉

𝑎𝑒
 (9) 

Where 𝑢𝑆𝐿 and 𝑢𝑆𝑉 are the superficial velocities for liquid and vapor phases, respectively. [𝑅𝑉] 

and [𝑅𝐿] are the inverse matrices of mass transfer coefficients with elements calculated by Eq. 

(10). 

𝑅𝑖,𝑖 =
𝑧𝑖

𝑘𝑖,𝑐
+ ∑

𝑧𝑚

𝑘𝑖,𝑚

𝑐

𝑚=1
𝑚≠𝑖

 

𝑅𝑖,𝑗 = −𝑧𝑖 (
1

𝑘𝑖,𝑗
−

1

𝑘𝑖,𝑐
) 

(10) 

In the above equation, 𝑧 is the considered phase mol fraction, and 𝑘𝑖,𝑗 is the binary mass transfer 

coefficient for the same phase.  

Finally, the matrix of overall HTUs is determined using the multicomponent HTU matrices for 

vapor and liquid phases as follows: 
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[𝐻𝑂𝑉] = [𝐻𝑉] +
𝑉

𝐿
[𝐾][𝐻𝐿] (11) 

Here, [𝐾] represents a diagonal matrix consisting of vapor-liquid equilibrium (VLE) constants. 

In order to calculate the coefficients of binary mass transfer in Eq. (10), different correlations 

were presented for various commercial packings. In the present work, the relation of Bravo et 

al. (1985) [36] for structured packings is applied.  

By using this relation, the vapor and the liquid binary mass transfer coefficients are predicted 

as: 

𝑘𝑉 =
𝑆ℎ𝑉  𝐷𝑉

𝑑𝑒𝑞
 (12) 

𝑘𝐿 = 2√
𝐷𝐿𝑢𝐿𝑒

𝜋 𝑆
 (13) 

where 𝑆ℎ𝑉 denotes the Sherwood number, 𝑑𝑒𝑞 represents the channel equivalent diameter, 𝑆 is 

the spacing of corrugation (channel side), 𝑢𝐿𝑒 is the liquid effective velocity, and 𝐷 is the 

diffusion coefficient.  

There are also several correlations for the calculation of the effective interfacial area per unit 

volume (𝑎𝑒). This parameter is a complex function of various properties and operating 

conditions. Based on the method proposed by Bravo et al. (1985), the surface is considered 

completely wet. Hence, the interfacial area density (𝑎𝑒) is considered equal to the apparent 

specific surface area (𝑎𝑃). Consequently, the interfacial area is determined as a product of 𝑎𝑃 

and the volume of the jth segment. 

3. Simulation procedure 

To implement multicomponent efficiency calculations for a packed distillation column, a 

sequence of steps is applied for all segments. The general outline of the segment-wise efficiency 

calculations is presented in Figure 2.  
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Evaluate the matrix of the overall heights of mass transfer units

[HOV]

Evaluate the matrices of the heights of mass transfer units

[HV] , [HL]

Calculate the matrix of multicomponent Murphree efficiencies

[EMV]

Calculate the matrix of VLE constants (K-values)

[K]

Input necessary data

The converged profile for temperatures, compositions and internal flows
in addition to packing data

Calculate the binary diffusion coefficients

 Dij
V , Dij

L

Calculate the matrices of the binary mass transfer coefficients

[kV] , [kL]

Calculate the inverse matrices of mass transfer coefficients

[RV] , [RL]

 

Figure 2. The sequence of multicomponent efficiency calculations for each segment 

 

The whole calculation procedure for the packed column proceeds as follows. The height of the 

packed bed is initially divided into a number of segments. Next, each segment corresponds to 

a mass transfer stage by introducing the efficiency values. To accomplish this, segment-wise 

efficiency calculations, as shown in Figure 2, are implemented in each iteration. Then, the 

obtained packing efficiencies are applied to correct the compositions at the equilibrium 

relations. The improved Newton-Raphson approach has been employed to solve the set of 

equations for the model simultaneously. This pattern is repeated until complete convergence of 

the mathematical model for the entire packed column. The detail of the modeling method is 

presented as a flowchart in Figure 3.  
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start

Specify input data
(Feed conditions, Side streams, 

Heat loads, Pressure profile, 
Reflux ratio, Distillate rate)

Initialize values
(Temperatures, Internal flows, 

Compositions)

set kk=1
(Inner loop iteration counter)

Multicomponent efficiency calculations 

(In the first time set all efficiency to a constant value)

Compute sum of squares of discrepancy function 
(SS1)

control the convergence criteria

SS1 ⩽ ε1 ?

Using the new values 
in the next iteration

set kk=kk+1

No

Yes

Comparison of 
Internal flow and temperature profiles 

for two successive steps

SS2 ⩽ ε2?

end

No

Yes

Compute Newton–Raphson corrections

compute new values for
Temperatures, Internal flows, Compositions Using the converged values 

in the next iteration

set k=k+1

N
ew

to
n

-R
a

p
h

so
n

 m
et

h
o

d

set k=1
(Outer loop iteration counter)

 

Figure 3. The sequence of whole simulation steps 

The simulation model of the column was specified by defining main inputs, including the 

system thermodynamics, the flow rate, condition, and composition of the feed stream, as well 

as information about the column and structured packing elements.  

Vapor-liquid equilibrium (VLE) calculations are performed based on the 𝛾 − 𝜙 approach [37]. 

In this approach, a liquid activity coefficient model is employed to account for the 

thermodynamic properties of the liquid phase, while an equation of state is used for the vapor 
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phase. In the present work, the NRTL activity model [38] is applied for the liquid phase, and 

the SRK equation of state [39] is applied for the vapor phase. In addition, the column is assumed 

to be adiabatic. The NRTL parameters used in this work are presented in Table 3. The provided 

parameters are used together with 𝐺𝑖𝑗 = 𝑒𝑥𝑝(−𝛼𝑖𝑗𝜏𝑖𝑗) and 𝜏𝑖𝑗 = 𝐵𝑖𝑗/𝑇. 

Table 3. NRTL parameters for binary mixtures at 101.3 kPa[40] 

component 𝑖 component 𝑗 𝐵𝑖𝑗 [𝐾] 𝐵𝑗𝑖 [𝐾] 𝛼𝑖𝑗 

Water Ethanol 624.92 -29.17 0.294 

Water Methanol 594.63 -182.61 0.297 

Ethanol Methanol 73.41 -79.17 0.303 

 

The modified equilibrium method, along with the calculation of multicomponent packing 

efficiencies, is executed in a computational code written in MATLAB. This computational code 

can simulate any packed column with any segment number, including various types and sizes 

of packings, as well as different column diameters. One of the significant advantages of our 

developed code is its ease of modification, allowing for the verification of various assumptions. 

Furthermore, the code has high flexibility to solve convergence issues.  

4. Validation method 

In this paper, a laboratory-scale packed distillation column (presented by Mori et al. [41]) for 

the separation of a non-ideal ternary mixture containing methanol, ethanol, and water is 

considered to evaluate the modeling method. A schematic diagram of the desired packed 

column is presented in Figure 4. As shown in the Figure, feed enters from the middle of the 

packed bed. Therefore, the height of the stripping and enriching sections is the same, and each 

section consists of six structured packing elements. The geometry of the used packings is 

similar to other commercial corrugated sheet-type packings. However, its sheets are 

sandwiched by gauze. Therefore, the wetting properties are identical to gauze-type packings. 

Packed column characteristics and the geometry of the structured elements are specified in 

Table 4. The operational conditions used in the experiment are also given in Table 5 . 
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Figure 4. Schematic representation of the packed distillation column, in addition to packing specifications 

 

 

Table 4. Specifications of the packed column and information on packing elements 

 
 

Column specifications 

Column height 3 m 

Packed height 2.2 m 

Diameter 0.21 m 

Packing elements information 

type MC-250 (Mitsubishi Company) 

Element diameter 0.199 m 

Element height 0.183 m 

Height of the triangle 9.9×10-3 m 

Base of the triangle 25.4×10-3 m 

Corrugation spacing 15.6×10-3 m 

Specific surface area 250 m2/m3 

Void fraction 0.98 

Channel flow angle 45° 
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Table 5. Operating condition of the packed distillation column 
 

specification value 

Reflux ratio 6.42 

Reflux temperature 312.55 K 

Column pressure 101.4 kPa 

Feed flow rate 1.11 mol/s 

Feed composition 

(mole fraction) 

Methanol 0.185 

Ethanol 0.045 

Water 0.770 

Feed temperature 333.15 K 

Distillate flow rate 0.19 mol/s 

 

The physical properties for the mixture and pure components are estimated with several 

methods presented in Table 6. Moreover, Table 6 presents the relationships used for calculating 

the binary mass transfer coefficients and the effective interfacial area for the commercial 

structured packing being used. 

 

 

Table 6. Methods for estimating physical and mass transfer properties 
 

Physical properties [42] 

Vapor molar density Equation of State (SRK) 

Liquid molar density Modified Rackett method 

Pure gas viscosity Chung method 

Mixture gas viscosity Wilke method 

Pure liquid viscosity Correlation based on experimental data [Reid et al., 1987] 

Mixture gas viscosity Grunberg and Nissan's method 

Pure surface tension Sastri-Rao method 

Mixture surface tension Tamura method 

Mass transfer properties 

Binary gas diffusion coefficient Brokaw method 

Binary liquid diffusion coefficient Reddy and Doraisway method 

Binary mass transfer coefficient Bravo et. al. (1985) 

Effective interfacial area equal to the specific packing surface (𝑎𝑒 = 𝑎𝑝) 
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5. Results and discussion 

According to the efficiency-based modified equilibrium model presented, a packed distillation 

column is selected to carry out the simulation procedure. This column separates a ternary non-

ideal mixture of methanol, ethanol, and water. The simulations aim to examine the behavior of 

the desired packed column under operational conditions using the modified modeling method. 

To derive the fundamental equation (7) for estimating packing efficiencies, it is primarily 

assumed that the integral solution of equation (3) is approximated using the arithmetic mean 

value of the term 𝑦∗−𝑦. It is clear that equation (7) approaches the integral solution as the height 

of the segments decreases. Therefore, the number of calculation segments significantly affects 

the precision of the results. Furthermore, segment size directly influences total computation 

time. Additionally, if the segment height is too small, the segment efficiencies will be quite 

low. This results in numerical instabilities due to large fluctuations in the model variables, 

which require more computation time.  

Conversely, if the height of the calculation segments is too high, numerical problems may occur 

during the calculations, leading to a decrease in the accuracy of the obtained results. 

Understanding suitable segment height can lead to reasonable outcomes. Thus, the effect of the 

number of calculation segments is thoroughly examined by altering the number of divisions 

along the packed column. 

Figure 5 illustrates the predicted temperature profiles along the column for different segment 

sizes. Additionally, the measured temperatures along the packed bed are displayed. As 

expected, the temperature decreases from the bottom to the top of the column. Notably, a 

significant change occurs at the feed inlet, which becomes more pronounced as the number of 

segments increases. Figure 5 also demonstrates a strong agreement between the predicted 

results and the measured temperatures. The quantitative comparisons between the simulation 

results and the experimental data (for 25 segments) confirm this, as shown in Table 7. The mean 

relative error for the temperature data is approximately 0.5%.  
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Figure 5. The predicted temperature profiles along the packed height based on several segment sizes. 

 

Table 7. The quantitative comparison between simulation and experimental temperature data (Nsegments=25) 

h [m] T_exp. T_sim. (%e) 

0.37 340.8 340.2 -0.18 

0.73 343.6 342.3 -0.38 

1.47 350.0 349.0 -0.29 

1.83 350.5 350.1 -0.11 

2.20 358.2 352.8 -1.51 
 

% mean error 0.5 
 

On the other hand, the influence of segment size on predicting column performance is evaluated 

by comparing each component's composition profile with the measured compositions along the 

column. Thus, a comparison of predicted liquid compositions for various segment sizes and 

experimental data is presented in Figure 6. The experimental data consist of four liquid 

compositions taken along the length of the packed bed. As shown in the figure, the efficiency-

based modeling approach effectively predicts the composition of all species. The quantitative 

comparisons between simulation and measured compositions along the column (25 segments), 

presented in Table 8, support this conclusion. The primary discrepancy between the plant data 

and simulation results relates to the concentration of ethanol.  
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Moreover, Figure 6 indicates that increasing the number of segments can reduce errors in the 

predicted compositions, especially in the middle of the column. Figure 6 also illustrates that the 

differences in the profiles between various segment sizes at the top and bottom sections are less 

pronounced than those in the middle section. 

According to the obtained results, the deviation of compositions and temperatures from the 

experimental data through the packed bed is minimal. Thus, the modified approach is 

confidently recommended for the design of packed distillation columns. 

Mole fraction
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Figure 6. Liquid mole fraction profiles of all components along the packed height for different segment 

sizes. 

According to our findings, increasing the number of segments leads to significant changes in 

both temperature and composition profiles in the middle section of the column. However, the 

differences between profiles become less noticeable when the number of segments is greatly 

increased. Therefore, based on the resulting profiles for various segment sizes, it can be 

concluded that the simulation with 25 segments (8.8 cm for each segment) is efficient for 

accurately predicting experimental profiles. 
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Table 8. The quantitative comparison of liquid compositions between simulation and experimental data (Nsegments=25) 

 
 

 

 

 

 

 

 

 

 

h [m] 

MeOH EtOH Water 

Exp. Sim. (%e) Exp. Sim. (%e) Exp. Sim. (%e) 

condens

er 
0.85 0.89 4.3 0.11 0.09 

-

20.4 
0.04 0.02 

-

41.6 

0.36 0.75 0.79 5.3 0.19 0.14 
-

23.1 
0.06 0.06 3.7 

0.73 0.59 0.65 9.9 0.27 0.20 
-

25.3 
0.13 0.14 6.8 

1.47 0.27 0.31 13.3 0.18 0.17 -9.7 0.54 0.53 -2.9 

1.83 0.23 0.25 4.8 0.20 0.18 
-

13.4 
0.56 0.58 3.0 

reboiler 0.04 0.04 5.0 0.03 0.04 20.5 0.93 0.92 -0.9 

  
% mean 

error 
7.1     18.7     9.8 

In Figure 7, the calculated component efficiencies for the packed column under consideration 

are depicted as a function of the packed bed length for 25 segments. Based on these efficiency 

values, the mass transfer in each segment is corrected, after which the temperature and 

concentration profiles are obtained. As shown in Figure 7, the component efficiencies differ 

from one another. This indicates that each component can have varying mass transfer properties 

along the column. Furthermore, oscillations in component efficiencies can be observed in the 

middle section of the column. This is due to fluctuations in the compositions at the feed inlet.  
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Figure 7. Calculated efficiencies for different components as a function of the packing height 

 

It is important to note that packing efficiencies depend on segment size, resulting in reduced 

efficiencies as segment size decreases. This indicates that no specific trend for the efficiency 

profile along the packed bed is expected, unlike trayed columns. In fact, the efficiency profile 

across the height of a trayed column is unique due to the constant number of stages.  

6. Conclusion 

A simulation algorithm utilizing an equilibrium model modified by multicomponent packing 

efficiencies is implemented as a rigorous method for evaluating the performance of packed 

distillation columns. The main feature of the modified method is its ability to maintain the 

simple structure of the equilibrium model. In the present model, the non-ideality of a real 

distillation column, resulting from mass transfer phenomena, is considered through 

multicomponent efficiency calculations. For modeling purposes, the packed column was 

divided into separate segments, and the multicomponent efficiencies were determined for each 

segment. A basic equation was introduced to evaluate the packing efficiencies. To implement 

the simulation process, an experimental packed column with structured packings to separate a 

ternary non-ideal mixture was chosen. For validation of the modified approach, the results 

obtained are compared with reported measurement data. The effect of segment size on the 

precision of the results was investigated, concluding that simulating with 25 segments can 

effectively predict the reported experimental data. The qualitative and quantitative comparisons 

displayed good agreement between the simulation results and the experimental data, so that the 

average deviations of about 0.5% for temperature and 18% for component compositions were 
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acquired. These results were obtained based on estimated component efficiencies. The resulting 

efficiency profiles confirmed that each component can have distinct mass transfer 

characteristics due to differences in component efficiencies along the column. 
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Nomenclature 

vapor flow rate, mol/s 𝑉𝑗 
 

component vapor flow rate, mol/s 𝑣𝑖,𝑗 
 

liquid flow rate, mol/s 𝐿𝑗 
 

component liquid flow rate, mol/s 𝑙𝑖,𝑗 

feed flow rate, mol/s 𝐹𝑗 
 

component feed flow rate, mol/s 𝑓𝑖,𝑗 
 

the dimensionless side-stream flow rate 𝑟 𝑗  

the vapor mole fraction 𝑦  

the vapor composition in equilibrium with the outlet liquid 

composition 
𝑦∗ 

the liquid mole fraction 𝑥  

the mole fraction of appropriate phase 𝑧  

the enthalpy, J/mol 𝐻𝑗 

 
 

heat load, J/mol 𝑄𝑗 
 

Reflux Ratio 𝑅𝑅 

bottom product flow rate 𝑊 

the segment height, 𝑚 ℎ𝑗  

the effective interfacial area, 𝑚2/𝑚3 𝑎𝑒 

the apparent specific surface area, 𝑚2/𝑚3 𝑎𝑝 

the column surface area, 𝑚2 𝐴𝑐 

the matrix of vapor-liquid equilibrium constants (K-values) [𝐾 ] 

the matrix of overall mass transfer coefficients, 𝑚/𝑠 [𝐾𝑂𝑉] 

the vector of diffusion fluxes, 𝑚𝑜𝑙/(𝑚2. 𝑠) (𝐽𝑉) 

the matrix of overall HTUs [𝐻𝑂𝑉] 

the matrix of HTUs for each phase [𝐻] 

the inverse matrix of mass transfer coefficients [𝑅] 

Murphree vapor phase segment efficiency 𝐸𝑀𝑉 

the binary mass transfer coefficient, 𝑚/𝑠 𝑘𝑖,𝑗 

Sherwood number, dimensionless 𝑆ℎ 

the diffusion coefficient, 𝑚2/𝑠 𝐷 
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the equivalent diameter of a channel, 𝑚 𝑑𝑒𝑞 

the corrugation spacing, 𝑚 𝑆 

the effective liquid velocity, 𝑚/𝑠 𝑢𝐿𝑒 

the superficial vapor velocity, 𝑚/𝑠 𝑢𝑆𝑉 

the superficial liquid velocity, 𝑚/𝑠 𝑢𝐿𝑉 

 

References 

[1] R. Taylor, R. Krishna, and H. Kooijman, "Real-world modeling of distillation," transfer, vol. 1000, 

p. 1, 2003. 

 

[2] G. Niggemann, S. Gruetzmann, and G. Fieg, "Distillation startup of fully thermally coupled 

distillation columns: theoretical examinations," in Institution of Chemical Engineers Symposium Series, 

2006, p. 800. 

 

[3] Y. Zhao, H. Jia, X. Geng, G. Wen, Z. Zhu, and Y. Wang, "Comparison of conventional extractive 

distillation and heat integrated extractive distillation for separating tetrahydrofuran/ethanol/water," 

Chemical Engineering Transactions, vol. 61, pp. 751-756, 2017. 

 

[4] D. Ernest, J. Henley, and J. D. Seader, "Separation Process Principles: Chemical and Biochemical 

Operations," ed: United States of America: John Wiley & Sons Inc, 2011. 

 

[5] Y. S. Lee, M. G. Kim, D. M. Ha, A. Oda, C. Ito, T. Aragaki, et al., "Analysis of packed distillation 

columns with a rate-based model," Korean Journal of Chemical Engineering, vol. 14, pp. 321-324, 

1997. 

 

[6] Z. Jiang and R. Agrawal, "Process intensification in multicomponent distillation: A review of recent 

advancements," Chemical Engineering Research and Design, vol. 147, pp. 122-145, 2019. 

 

[7] K. Kraemer, S. Kossack, and W. Marquardt, "Efficient optimization-based design of distillation 

processes for homogeneous azeotropic mixtures," Industrial & Engineering Chemistry Research, vol. 

48, pp. 6749-6764, 2009. 

 

[8] S.-B. Dai, H.-Y. Lee, and C.-L. Chen, "Design and economic evaluation for the production of ethyl 

lactate via reactive distillation combined with various separation configurations," Industrial & 

Engineering Chemistry Research, vol. 58, pp. 6121-6132, 2018. 



Poortalari, et. al / Progress in Engineering Thermodynamics and Kinetics Journal, 1 (2025) 91 - 118 

115 

[9] B. R. Margarida, L. I. Flores, F. Hamerski, F. A. Voll, and L. F. L. Luz Jr, "Simulation, optimization, 

and economic analysis of process to obtain esters from fatty acids," Biofuels, Bioproducts and 

Biorefining, vol. 15, pp. 749-769, 2021. 

 

[10] J. Peng, S. Lextrait, T. F. Edgar, and R. B. Eldridge, "A comparison of steady-state equilibrium and 

rate-based models for packed reactive distillation columns," Industrial & engineering chemistry 

research, vol. 41, pp. 2735-2744, 2002. 

 

[11] F. M. Khoury, Predicting the performance of multistage separation processes: CRC Press, 1999. 

 

[12] E. Masurela, Z. Wangb, R. Szaboc, and S. Corbetc, "Optimisation of the rectisol TM design with 

packing: the rectisol TM demonstration unit," CHEMICAL ENGINEERING, vol. 69, 2018. 

 

[13] Taylor, Ross, and Harry Kooijman. "ChemSep Tutorial: Efficiencies." (2012): 1-22. 

 

[14] T. Domingues, A. Secchi, and T. Mendes, "Overall efficiency evaluation of commercial distillation 

columns with valve and dualflow trays," AIChE journal, vol. 56, pp. 2323-2330, 2010. 

 

[15] R. Taylor and R. Krishna, Multicomponent mass transfer vol. 2: John Wiley & Sons, 1993. 

 

[16] S. Mu, H. Su, Y. Hu, and J. Chu, "A study on increasing separation efficiency of an industrial, 

compound distillation column," Developments in Chemical Engineering and Mineral Processing, vol. 

10, pp. 7-18, 2002. 

 

[17] J. Ilme, K. Klemola, J. Aittamaa, and L. Nystrom, "Calculating distillation efficiencies of 

multicomponent i-butane/n-butane column," Chemical Engineering Communications, vol. 184, pp. 1-

21, 2001. 

 

[18] J. K. Ilme, K. I. Keskinen, V. L. Markkanen, and J. R. Aittamaa, "Simulation of industrial 

multicomponent MTBE distillation column using an equilibrium stage model with efficiency 

calculation," in INSTITUTION OF CHEMICAL ENGINEERS SYMPOSIUM SERIES, 1997, pp. 497-

510. 

 



Poortalari, et. al / Progress in Engineering Thermodynamics and Kinetics Journal, 1 (2025) 91 - 118 

116 

[19] K. Jakobsson, J. Aittamaa, K. I. Keskinen, and J. Ilme, "Plate efficiencies of industrial scale 

dehexaniser," in Proceedings of the International Conference on Distillation & Absorption (on CD), 

2002. 

 

[20] A. Plus, "Aspen Plus user guide," Aspen Technology Limited, Cambridge, Massachusetts, United 

States, 2003. 

 

[21] H. A. Kooijman and R. Taylor, "The ChemSep Book," Dominio Público, 2006. 

 

[22] J. Aittamaa, "Estimating multicomponent plate efficiencies in distillation," Kemia-Kemi, vol. 8, p. 

295, 1981. 

 

[23] Ilme, J. K. "Estimating plate efficiencies in simulation of industrial scale distillation columns." 

(1998): 1071-1071. 

 

[24] K. T. Klemola, Efficiencies in distillation and reactive distillation: Finnish Academy of 

Technology, 1998. 

 

[25] K. Jakobsson and J. Aittamaa, "Comparison of plate efficiency estimation models to experimental 

results of pilot scale: a case study," in 2001 AIChE Annual meeting, Separations Technology, November 

4-9, 2001, Reno, NV, USA, 2001, pp. 98-103. 

 

[26] H. Poortalari, J. K. Sabet, and F. Varaminian, "Efficiency-based nonequilibrium modeling of 

industrial-scale multicomponent distillation columns," Separation Science and Technology, vol. 52, pp. 

1885-1900, 2017. 

[27] V. Vishwakarma, M. Schubert, and U. Hampel, "Assessment of separation efficiency modeling and 

visualization approaches pertaining to flow and mixing patterns on distillation trays," Chemical 

Engineering Science, vol. 185, pp. 182-208, 2018. 

 

[28] K. I. Keskinen, A. Kinnunen, L. Nyström, and J. Aittamaa, "Efficient approximate method for 

packed column separation performance simulation," in Proceedings of the International Conference on 

Distillation & Absorption (on CD), 2002. 



Poortalari, et. al / Progress in Engineering Thermodynamics and Kinetics Journal, 1 (2025) 91 - 118 

117 

 

[29] R. M. Kelly, J. Ferrell, and R. Rousseau, "Design of packed, adiabatic absorbers: physical 

absorption of acid gases in methanol," Ind. Eng. Chem. Process Des. Dev.;(United States), vol. 23, 1984. 

 

[30] R. K. Srivastava and B. Joseph, "Simulation of packed-bed separation processes using orthogonal 

collocation," Computers & chemical engineering, vol. 8, pp. 43-50, 1984. 

 

[31] E. Murphree, "Graphical Rectifying Column Calculations," Industrial & Engineering Chemistry, 

vol. 17, pp. 960-964, 1925. 

 

[32] A. Medina, N. Ashton, and C. McDermott, "Hausen and Murphree efficiencies in binary and 

multicomponent distillation," Chemical Engineering Science, vol. 34, pp. 1105-1112, 1979. 

 

[33] A. Medina, N. Ashton, and C. McDermott, "Murphree and vaporization efficiencies in 

multicomponent distillation," Chemical Engineering Science, vol. 33, pp. 331-339, 1978. 

 

[34] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery, "Numerical Recipes in C: The 

Art of Scientific Computing; Cambridge," ed: Cambridge Univ. Press, 1992. 

 

[35] J. Wesselingh, "Non-equilibrium modelling of distillation," Chemical engineering research and 

design, vol. 75, pp. 529-538, 1997. 

[36] J. L. Bravo, "Mass transfer in gauze packings," Hydrocarbon processing, vol. 64, pp. 91-95, 1985. 

[37] R. Privat, J.-N. Jaubert, and Y. Privat, "A simple and unified algorithm to solve fluid phase 

equilibria using either the gamma–phi or the phi–phi approach for binary and ternary mixtures," 

Computers & chemical engineering, vol. 50, pp. 139-151, 2013. 

 

[38] J. M. Prausnitz, R. N. Lichtenthaler, and E. G. De Azevedo, Molecular thermodynamics of fluid-

phase equilibria: Pearson Education, 1998. 

 

[39] A. Danesh, PVT and phase behaviour of petroleum reservoir fluids: Elsevier, 1998. 

 



Poortalari, et. al / Progress in Engineering Thermodynamics and Kinetics Journal, 1 (2025) 91 - 118 

118 

[40] J. O. Nava and R. Krishna, "Influence of unequal component efficiencies on trajectories during 

distillation of a homogeneous azeotropic mixture," Chemical Engineering and Processing: Process 

Intensification, vol. 43, pp. 305-316, 2004. 

 

[41] H. Mori, A. Oda, T. Aragaki, and Y. Kunimoto, "Packed column distillation simulation with a rate-

based method," Journal of chemical engineering of Japan, vol. 29, pp. 307-314, 1996. 

 

[42] V. P. Carey, "The properties of gases & liquids", Robert C. Reid, John M. Prausnitz, and Bruce E. 

Poling, McGraw-Hill Book Company, New York, NY, 1987, 741 pages, ed: Elsevier, 1988. 

 

 

 

 


