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Abstract

Using the Pohozaev-type arguments, we prove the nonexistence results for sub-elliptic problems with critical Sobolev-
Hardy exponents and Hardy-type potentials on the Carnot group.
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1 Introduction and the main results

In this paper, we are concerned with the following sub-elliptic problem:
V?u V?*u L ] e APPSR
— —_— Q
a2 Ptz ap age e e
u=20 on 0},

= K() (1.1)

where —Ag is the sub-Laplacian operator on Carnot group G, Q C G is a bounded domain with smooth boundary,
0,a € Q, d is the natural gauge and the geometrical function v is define by ¢ = |Vgd(z)|, K(z) € C1(Q), the
parameters v € (—00,7g), ¢ € (0, +00) and ¢ > 2*.

We begin with some basic definitions and useful results for Carnot group, see [Il B [6, 3] for some details. A

connected and simply connected Lie group (G,-) is a Carnot group of step k if its Lie algebra g admits a step k
stratification. This means that there exist non-trivial linear subspaces Vi, --- , Vj of g such that

g=VioWKo- - oV,

where [V1,V;] = Viqq for i € {1,2,--- ,k — 1} and [V1,Vi] = {0}. Let m; = dim(V;) for ¢ = 1,--- ,k, by means
of the natural identification of G with its Lie algebra via the exponential map, it is not restrictive to suppose that
G is a homogeneous Lie group on RY := R™1 x ... x R™ equipped with a group-automorphisms (called dilations)
0y : G = G of the form

5,(2) = (Y12 422 L ARy
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where z = (z(0,2(®) ... 2(})) € G. On Carnot group G, the topological dimension is defined by N = Zle m;, and
the homogeneous dimension is denoted that @ = Zle i-m;. Observe that G = R¥. In what follows, we assume that
Q=>3.

Let X7, Xo, -+, -+, X, be the left invariant vector fields of V7, the operator

m
Ag = Z X X;

=1

is called a sub-Laplacian on G. We shall denote by Vg = (X1, , X,,) the related horizontal gradient. Moreover,
for any C' vector field u = (u1,ug, - ,um), we shall indicate by divgu := 2211 X,;u;, the divergence with respect to
the vector fields X;’s. Finally, when @) > 3, the sub-Laplacian possess the following property: there exists a suitable
homogeneous symmetry norm d on G, which we shall refer to as the Ag-gauge, such that
C
I'(z) = TRk VzeG

is a fundamental solution of —Ag with pole at 0, for a suitable constant C' > 0. By definition, a homogeneous norm
on G is a continuous function d(-) : G — [0, 00) such that: d(d,(z)) = vd(z) for every v > 0 and every z € G, d(z) =0
if and only if z = 0. We say that the homogeneous norm d(-) is symmetric if d(z271) = d(z) for all z € G. If d(-)
is a homogeneous norm on G, then d(z,y) = d(y~! o z) is a pseudo-distance on G. Note that any two continuous
homogeneous norms are equivalent, i.e. within constant multiplicative constant factors of each other. As customary,
we will denote by Bq(zo, p) the d-ball with center zg € G and radius p > 0 given by

Ba(z0,p) = {2z € G :d(z; " 0 2) < p}.

In this paper, we work in the Sobolev-Stein space S} (€2), defined as the completion of C§°(Q2) with respect to the
norm [|ullsz ) = (Jq |Vgu|2dz)2. On SA(G), the Hardy inequality is known as

m/ w2|u|2dz</|VGu2dz Yu € C5°(G) (1.2)
¢ dz)?* T Jg ’ 0 ’

where 7g = (%)2 is the best constant in the above inequality. For « € [0, 2), the following Hardy-Sobolev inequality

o 27 QL*
v ‘“'a dz) g S/G|V<gu|2dz, Vu € C(G) (1.3)

holds for some positive constant S,. In here, 2}, = (g 20‘ ) is called the critical exponent of the embedding S3(G) —

L% (G, Ep dz) and @ denotes the homogeneous dimension of the space G with respect to the dilation. Observe that

2 =25 = 5—? is the critical Sobolev exponent.

Associated with problem (1 , we consider the energy functional

1= (ot S L

From (1.2)) and (1.3), we knows that I is well-defined and I € C*(S}(2) N L9(Q),R), and then its critical points
correspond to solutions of (|1.1)).

Recently, the kind of sub-elliptic Dirichlet problem with singular potentials on Carnot group

b?u

d(z)?
have been widely studied. We refer to [1} B}, [5, 6} [8, @), 10, [T, 12} 3], 14} 15l 16 [I7] and the references therein. Garofalo

et al [5], [6] establish the existence, regularity and nonexistence results for sub-elliptic problems on Heisenberg group.
In [7], the author extends partially the existence and nonexistence results due to [4] again on Carnot group of the form

—Agu — vy = f(z,u) in QCG

2

i
Hagy

—Agu — =M+ |u? 2w inQ, w=0 ondN. (1.4)
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In this paper the author proved that: if 0 < y < ug — 1, problem (1.4) has at least one positive solution u € S§(£2) for
any 0 < XA < Ay(p); if pg — 1 < p < pg, there exists A* € (0, A1(y)) such that problem (1.4)) has at least one positive

solution u € S§(Q) for A\* < A < Ay(p), where Aj(p) > 0 is the first eigenvalue of the operator L, := —Ag - f,u%.
In particular, the author state some qualitative properties of ground state solutions to the following limit problem:

Pru .
—Agu —,ud(z>2 = |[u|* %u, ue S“A(G).

Here the Sobolev-Stein space S»2(G) is the completion of C§°(G) with respect to the norm ([, |[Veu|?dz)z.
Inspired by the above works, by using the variational methods and the mountain-pass theorem, the existence of
positive solution to the critical sub-elliptic system is established in [I6]. Moreover, by means of the Moser iteration
method, some asymptotic properties of its nontrivial solution at the singular point are verified.

However, there are few results about the nonexistence of sub-elliptic equation with multiple critical Sobolev-Hardy
terms and multiple singular points. To the best of our knowledge, the problem of nonexistence of sub-elliptic solutions
with multiple Hardy-type terms and critical exponent has never been considered before on the Carnot group in a non-
Euclidean setting. We would like to point out that since an important feature of the sub-Laplacian is its degenerate
property, it turn out from several technical reasons that studying our degenerate equation is not directly by using
a classical Pohozaev identity. The purpose of this paper is to prove Theorem for this we recall the definition of
d-starshaped domains.

Definition 1.1. Let Q be a C' connected open set, 0 € Q. We say that 2 is a d,-starshaped domain with respect

to the origin if
(Z,v)(z) 20, VzeoQ,

where Z is the infinitesimal generator of the dilations ., and v = (v1,vs,- -+ ,vn) is the outward normal to €.

In the above definition, the smooth vector field Z is the infinitesimal generator of the one-parameter group of
non-isotopic dilations d, that is, the vector field such that

Liyu(év(z))} =

For a generic Carnot group of step k, Z has the following expression

k m;
7= WO
gg e

We recall that Z is characterized by the property that a function v : G — R is homogeneous of degree k with
respect to 4., i.e. u(6,(2)) = v*u(2) if and only if Zu = ku. Moreover, the following properties hold for Z (see [6]):

[X:, Z]=X;, Vi=1,2,---,m, divZ = Q.
Now we state our main results as follows.

Theorem 1.2. Let (2 is a §,-starshaped domain with respect to the origin in G. Assume that K € C'(Q) and
ZK(z) <0, Zd(z,a) < 0 for a.e. z € . Then problem (1.1) does not possess nontrivial nonnegative solution
u € SH(Q) N LI(Q) such that % € L%(Q) for any u > 0.

The result in Theorem can be easily generalized to the following sub-elliptic critical problem with multiple
singular points:

m

w2u w2u wa‘u|2;—2u Ly )
—Agu —vy——5 + —— =K(z)——+ [u|T*u  in O,
S 5P DI e Gl T e (L5)

u=20 on 01},

where a; € Q, 1 < k <m and m € N. Thus we have the following result.
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Theorem 1.3. Let ) is a d,-starshaped domain with respect to the origin in G, and assume that K € C1(Q),
ZK(z) <0 and Zd(z,ar) <0 (Vk € {1,2,--- ,m}) for a.e. z € Q. Then problem (1.5) does not possess nontrivial
nonnegative solution u € S§(Q2) N L4(£2) such that Z“) € L?(Q) for any py > 0

Furthermore, Theorem can be generalized to the following sub-elliptic problem with multiple critical Sobolev-
Hardy terms and multiple singular points:

Qi i
ZK w + [u|T %y in 9,
k)
j=1

~ Acu +Z,Uk o b L6)

u=20 on 02,

where a, b; € Q, m, | € N and 2, = %, 0 < a; <2,1< 7 <. Thus we have the following result.

Theorem 1.4. Let € is a d,-starshaped domain with respect to the origin in G, and ay, b; € 2,1 <k <m,1 <j <I,
m, | € N. Assume that K € C'(Q), ZK(z) <0, Zd(z,ax) <0 and K;(2)Zd(z,b;) > 0 for a.e. z € . Then problem
(1.6) does not possess nontrivial nonnegative solution u € Si(Q) N L4() such that Z(“) € L3(Q) for any pp > 0

(ke{1,2,---,m}).
A short overview of the article is in order. In Section 2 we prove a Pohozaev-type identity of our sub-elliptic

singular problem and we deduce a nonexistence result on bound d,-starshaped domain for u > 0 and ¢ > 2*.

2 Proof of the main results

For (z,u) € Q x R, set

Y2 Y2 Yol
f(zau)_Ad(Z)Q _Md(z,a)2+K('z)W+|u| 2
then 22 uf?
)\¢ ul® P|u P |u 1
= [ st o B TR A O e g
and
ZF(z,u) = (Z,V ,F(z,u)) + f(z,u)Zu, (2.1)
where UGS L
waw o ZylufPe  gfufte
+ EZK(z) TEER 2—*K( )( TR )aHZd(z)) (2.2)
Vu2 g uf? Poluh o gfuf
NG a7 + g 2K G R

where we have used that Z¢ = 0 and Zd(z) = d(z).

Proof of Theorem Due to the lack os regularity of solution at 0 and a € €2, we begin by considering
approximating domains Q,, = Q\(B4(0, pn) U Ba(a, pn)), where Bq(z,p) denotes the d-ball with center at z and
radius p, here p, — 0 as n — oo. Clearly, £, — Q as n — oco. Multiplying equation by Zu and integrating
over £, , we get

—/ AGuZudz:/ f(z,u)Zudz. (2.3)
Q Qo

Pn

For the left hand side of (2.3]), the following Rellich-type identity holds for u on €2, (see [6]):

2 — 1
f/ AguZudz = 7Q/ |Veul?dz + f/ \Veul*(Z,v)do — / (Vgu, vg) Zudo, (2.4)
Q 2 Ja,, 2 Jaq 09,

Pn
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where vg = (v, -+, &) denotes the vector field with components v}, = (X;,v), here v = (v1,--- ,vy) is the outward
normal to 9f.

Concerning the right hand side of (2.3, by (2.1) and (2.2), it is easy to see that

f(z,u)Zudzz/ Z(F(z,u))dz—/ (Z,NV F(z,u))dz

Szﬂ’n slﬂn Szﬂn
= —/ divZF(z, u)dz+/ F(z,u){Z, u}da—/ (Z,V . F(z,u))dz
Pn aQﬂn Qpn
w?luP w2 ul? [
B _Q/ ()2 2d(z,a)? gK(z) d(z)e 7| I }

20,12 20,12
+)\/Q ﬁ(L)L dz—,u/ 1/1 [l 3Zd(z,a)dz

« 2 «@ 2
B (e LR +—/ K™, +/ Fz,u)(Z, v)do
Q. " 0y,

22 d(z)* d( )®
Q—2/ Nl Q—2/ 2 Juf? 2 Jul?
=— dz — zZd dz
> Jo, Va2 o, AT A 7Y
Q 0y, Q-0 / Yl 1 W7 ful?s
- = ul?dz — K(z dz — — ZK(z dz
¢ Jo, T T Jo, K e By S, P a0
+/ F(z,u){Z,v)do. (2.5)
o0
Then, inserting (2.4]) and ( into , we deduce that
-2 —92 2 2
/ [1|VGu|2<Z7u>—<VGu,V¢;,>Zu—F( w)(Z, y>}d L/ Vgul?dz — L/ N
on 2 2 Jo,, d(z)?
_ 20,12 21,12
OIS e
2 Qpn
Q q Q—a/ 1/) |u|2a
- = — K
q Pn |U| dz 22‘ Pn (Z) d(Z)a dZ
1 L s
- — ZK . 2.
% Jo,, VK ame " (20

Now, we computing the integral over 99, = 0Q U 8Bd(0 pn) U 0Bq4(a, pp) in right side of . First, on

9Bq(0, pp), since v = —%7 we have (Z,v) = _% = W and [(Vgu,vg)| = [(Veu, |Vd|>| < 7/}‘|Vd|| <c ‘|Vd||

which and Federer’s coarea formula [2] imply that

/ Veul2|(Z, )| do = pn/ Veul— do
0Ba(0,px) 0B4(0,pn) ‘vd|

Pn 1
= ds/ |Veu|? == do 2.7
/o 9Ba(0,pn) |Vd| 2.7)

= / |Vgul’dz — 0 as n — oo,
Bd(o Pn)
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Z
/ (Veu,vg) Zudo| < ¢ / Mda
9B (0,pn) 9B.(0,pn) VA
1 1
Veu?  \* / |Zul? ’
< cpn / do B e S
( 8B4(0,pn) |V 8B4 (0,p5) d(2)?|Vd|
1 1
=clp o p ————do
" JoBa,pny 1V " JoBa,py 4(2)2IVd]|
1
Pn 2 Pn Z 2 2
—c / ds/ Veul”, / d/ Nzl
0 9Ba(0,pn) \Vd| 2840 d(z)?|Vd]|
%
VA
=c / |Veul?dz / ( 4 ) dz| —0asn— oo,
Ba(0.pn) Ba(0,0,) Vd(2)

/ Pz, u)(Z, v)do
3Bd (Ovpn)

and

1
= pn/ F(z,u)—=—=do
9Ba(0.pn) V|

Pn
ds/ F(z,u)
/ 9Ba(0,p1) |Vd|

:/ F(z,u)dz — 0 as n — oo.
Bd(O’Pn)
Similarly, on dBq(a, pn), we have

/ |Veul?|(Z,v)|do — 0 as n — oo,
OBq(a,pn

— 0 as n — o0,

/ (Vgu, vg) Zudo
OBa(a,pn)

and

— 0 asn— oo.

/ F(z,u){(Z,v)do
OBq(a,pn)
On 09, it is easy to get that

/(VGu,V((;>ZUdO':/ |Veu|*(Z,v)do.
o

[219]

Moreover, by using the assumption © = 0 on 92, we get

/ F(z,u){Z,v)do = 0.
o9

Then, from (2.7))- (2.14) it follows that

/Q [%|VGU\2<Z,V> = (Veu,vg)Zu — F(z,u)(Z,v)|do

Pn

»/Z;QUGBd (0,pn)UOB4(a,pn)

1
— f/ \V@u|2<Z,V>dU—/ (Vgu, vg) Zudo
2 Joq 89

1
= —f/ \Veul?(Z,v)do asn — .
2 Jog

[%\vw%z, V) — (Veu, ve) Zu — F(z,u)(Z, y>} do

Wu, Zhang

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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2,12 20,12 )28 . .
Now, by the integrability of the functions ﬁ(gl’z , (;P(zlzl)% |u|? and d’d(l:)‘a , and letting n — oo in (2.6)), we get the

following identity on the whole Q:

1 Q-2 2 |ul?
2/|VU|< /|Vu|df /A||2dz

—2 ¥?Jul? V2 Jul? Q
—|— I z— Zd(z,a)dz — —/ u|?dz 2.15
2 Jo'd(za)? o d(z,a)? & q Q‘ | (2.15)
o ol |25 o, |25
_@ a/K(z)w ul™ 5, L | ZK(: y Lol
2, Ja d(z)* 2; d(z)"
On the other hand, since u € S§(€2) N L(Q) is a solution of (1.1, one has
L I (1 Y uf*
= = K 2.16
/|VGu| dz = /f z,u)udz = / ()\ FTBE Md(z,a)Q + K(2) )" + |ul? ) (2.16)
Then, it follows from (2.15), (2-16) and <2 = %;ﬁ that
20,2
1/ |Veul?(Z, 1/>daz/¢/ Vol Zd(z,a)dz
2 Jaa Q d(z a)3
. (2.17)
> _r - / | |de+ ( )wa|u‘2a dz
d(z)>

Since § is 6.,-starshaped domain at 0, we have (Z,v) > 0 for all z € Q. Again ¢ > 2*, thus %—Q— < g—% =0.
So, from (2.17)) we conclude that v = 0 for all x> 0. By sub-elliptic unique continuation argument (see [6, Cor. 10.7]),

we have that u to be nonnegative, thus u = 0 in Q. That is the problem (1.1)) does not possess nontrivial solution in
S(Q) N L4(Q) for any p > 0.

Proof of Theorems and The proof of Theorems and [I4] can be obtained from Theorem [I.2] we
omit it here.

3 Conclusion

Using Pohozaev’s methods, we obtain nonexistence results for critical sub-Laplacian problems on Carnot groups
with Hardy-type potentials. These results generalize the corresponding results in Euclidean spaces.
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