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Abstract

This article provides the presence of solutions to a fractional functional integro-differential equation via measures
of non-compactness. We present and prove a novel theorem that guarantees the existence of solutions, employing
Petryshyn’s fixed point theorem in the space of continuous functions. These findings build upon previous studies by
establishing the existence of results under less stringent conditions. Furthermore, we provide illustrative examples of
such equations to showcase the efficacy of the obtained results.
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1 Introduction

Fractional differential equations with different forms of fractional derivatives play essential roles in various fields
of applied science, including elasticity, fracture mechanics, and radiative equilibrium [29, 7, 21]. Many researchers
applied various analytical studies and numerical methods to solve these types of equations [36, 3, 26]. For instance,
the existence and the uniqueness of the solution of these equations were examined in [2, 13, 24].

The authors in [33] have solved a nonlinear fractional integro-differential equation of the Hammerstein type by
converting it to the corresponding Volterra integral equation of the second kind.

In [5], Tau proposed a method that is based on the shifted Legendre polynomial to solve a class of fractional
stochastic integro-differential equations.

Moreover, the technique of fixed point theorems has been employed to illustrate the existence of solutions to
different types of problems such as in integral equations [16, 22], fractional differential equations [1, 6], and fractional
integro-differential equations (FIDEs) [4, 25].

∗Corresponding author
Email addresses: metwali@sci.dmu.edu.eg (Mohamed M.A. Metwali), univer_ka@yahoo.com (Manochehr Kazemi),

yaghoobnia@liau.ac.ir (Alireza Yaghoobnia)

Received: January 2024 Accepted: April 2024

http://dx.doi.org/10.22075/ijnaa.2024.33112.4930


94 Metwali, Kazemi, Yaghoobnia

The existence of the solution of the boundary value problem of fractional differential equations was discussed
in [20, 30], utilizing the measure of non-compactness (MNC) with the Mönch fixed point theorem and with Darbo
theorem in Banach space [8, 23].

In this paper, we provide and prove a new existence theorem for solving the following fractional functional integro-
differential equation

CDσ

(
ξ(ϑ) + g

(
ϑ, ξ(ϑ),

∫ ϑ

0

h(ϑ, ν, ξ(ν))dν
))

(1.1)

= f(ϑ, ξ(α(ϑ))) + F

(
ϑ, ξ(β(ϑ)), ξ(θ(ϑ)),

∫ ϑ

0

k(ϑ, ν, ξ(µ(ν)))dν

)
, ϑ ∈ Ja = [0, a],

with the initial conditions
ξ(i)(0) = ξi, ξi ∈ R+, i = 0, 1, ..., n− 1, (1.2)

in the space of continuous functions C([0, a],R), where CDσ is the Caputo’s fractional derivative and ξ : Ja → R is
the unknown function and g : Ja × R2 → R, f : Ja × R → R, h, k : J2

a × R → R are continuous functions.

The present article is motivated by presenting a new existence theorem for solving the equation (1.1) by employing
the technique of the MNC related to Petryshyn’s fixed point theorem which performs a generalization of Darbo’s and
Schauder’s fixed point theorems [9, 10, 11, 31]. Our assumptions are more simpler and general than the ones presented
in the former studies such as we bypass the ”sub-linear conditions” presented in [8]. Finally, we provide illustrative
examples of such equations to showcase the efficacy of the obtained results.

2 Auxiliary facts and notations

Let R = (−∞,+∞), Ja = [0, a], and E = C(Ja) be the Banach space of continuous functions defined on Ja with
the standard norm ∥.∥. Denoted by B̄δ = {z ∈ E :∥ z ∥≤ δ} the closed ball centered at the origin 0 of radius δ.

The symbol ∂B̄δ = {z ∈ E :∥ z ∥= δ} represents a sphere in E around 0 with radius δ.

Definition 2.1. [18] The Riemann-Liouville fractional integral of order σ > 0 of an integrable function ξ is defined
as

Iσξ(ϑ) =
1

Γ(σ)

∫ ϑ

0

(ϑ− ν)σ−1ξ(ν)dν, ϑ > 0,

where Γ(σ) =
∫∞
0

e−ννσ−1dν.

Definition 2.2. [18] The Caputo derivative of fractional order σ for an absolutely continuous function ξ on Ja is
defined by

(C
Dσξ

)
(ϑ) =

1

Γ(n− σ)

∫ ϑ

0

(ϑ− ν)n−σ−1ξ(n)(ν)dν,

where n = [σ] + 1 and n− 1 < σ < n.

Lemma 2.3. [18] Let σ > 0 and n = [σ] + 1. If ξ(ϑ) ∈ Cn[0, a], then

(i)
(
Iσ CDσξ

)
(ϑ) = ξ(ϑ)−

n−1∑
i=0

ξ(i)(0)

i!
ϑi,

(ii)
(C

DσIσξ
)
(ϑ) = ξ(ϑ).

Definition 2.4. [19] Let P ⊂ E, then α(P ) refers to Kuratowski MNC, where

α(P ) = inf

{
σ > 0 : P =

n⋃
i=1

Pi with diam Pi ≤ σ, i = 1, 2, ..., n

}
.
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Definition 2.5. [12] Let P ⊂ E, then ℧(P ) refers to Hausdorff MNC, where

℧(P ) = inf {σ > 0 : P has a finite σ-net in E } .

Let C[0, a] be the space of all real-valued continuous functions defined on Ja with the usual norm

∥ξ∥ = sup{|ξ(s)| : s ∈ [0, a]}.

The space C[0, a] is also the structure of Banach algebra. The modulus of continuity of ξ ∈ C[0, a] is defined as

ω(ξ, σ) = sup{|ξ(s)− ξ(s̄)| : s, s̄ ∈ [0, a], |s− s̄| ≤ σ}.

Theorem 2.6. [12] The Hausdorff MNC is similar to

℧(P ) = lim
σ→0

sup
ξ∈P

ω(ξ, σ) (2.1)

for all bounded sets P ⊂ C[0, a].

Definition 2.7. [27] Let Γ : E → E be a continuous mapping so that ∀P ⊂ E with P bounded, Γ(P ) is bounded
and ℧(ΓP ) ≤ λ℧(P ), λ ∈ (0, 1). If

℧(ΓP ) < ℧(P ), for all ℧(P ) > 0,

then Γ is called condensing map.

Theorem 2.8. [28, 32] Let Γ : B̄δ → E be a condensing mapping such that:

T (ξ) = λξ, for some ξ ∈ ∂B̄δ then λ ≤ 1.

Then T has at least one fixed point in B̄δ.

3 Main Results

First, allow us to present the following assumptions:

(L1) g ∈ C(Ja × R2,R), f ∈ C(Ja × R,R), F ∈ C(Ja × R3,R), h, k ∈ C(J2
a × R,R) and,

α, β, θ, µ : Ja → Ja are continuous;

(L2) There exist non negative constants k1, k2, c1, c2, and c3, where k1 < 1 and

|g(ϑ, ω1, ω2)− g(ϑ,ϖ1, ϖ2)| ≤ k1|ω1 −ϖ1|+ k2|ω2 −ϖ2|;
|F (ϑ, ω1, ω2, ω3)− F (ϑ,ϖ1, ϖ2, ϖ2)| ≤ c1|ω1 −ϖ1|+ c2|ω2 −ϖ2|+ c3|ω3 −ϖ3|;

(L3) ∃ δ0 ≥ 0 such that

sup

{
L+A+

M1a
σ

Γ(1 + σ)
+

M2a
σ

Γ(1 + σ)

}
≤ δ0,

where

L = sup

{∣∣∣∣ n−1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
ϑi

∣∣∣∣ : ∀ϑ ∈ Ja,∀ξ ∈ C[0, a]

}
,

A = sup{|g(ϑ, ω1, ω2)| : ∀ϑ ∈ Ja, and ω1 ∈ [−δ0, δ0], |ω2| ≤ aB1},
B1 = sup{|h(ϑ, ν, ω1)| : ∀ϑ, ν ∈ Ja, and ω1 ∈ [−δ0, δ0]},
M1 = sup{|f(ϑ, ω1)| : ∀ϑ ∈ Ja and ω1 ∈ [−δ0, δ0]},
M2 = sup{|F (ϑ, ω1, ω2, ω3)| : ∀ϑ ∈ Ja, ω1, ω2 ∈ [−δ0, δ0], |ω3| ≤ aB}.,
B = sup{|k(ϑ, ν, ω1)| : ∀ϑ, ν ∈ Ja, and ω1 ∈ [−δ0, δ0]},
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Now, we show the equivalence between problem (1.1) with the initial conditions (1.2) and the fractional integral
equation

ξ(ϑ) =

n−1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
ϑi − g

(
ϑ, ξ(ϑ),

∫ ϑ

0

h(ϑ, ν, ξ(ν))dν
)

+
1

Γ(σ)

∫ ϑ

0

f(ν, ξ(α(ν)))

(ϑ− ν)1−σ
dν +

1

Γ(σ)

∫ ϑ

0

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ− ν)1−σ

dν, (3.1)

where (Hξ)(ϑ) =
∫ ϑ

0
k
(
ϑ, ν, ξ(µ(ν))

)
dν.

Corollary 3.1. [18, Theorem 3.24] Under assumption (L1) and for σ > 0, and ξ ∈ C(Ja), then ξ(ϑ) verifies the
problem (1.1) with the initial conditions (1.2) if, and only if, ξ(ϑ) fulfills the fractional integral equation (3.1).

Indeed, the proof can be easily done by applying the integral operator Iσ (2.1) to both sides of (1.1) and using
Lemma (2.3) with the initial conditions (1.2) to get the integral equation (3.1). For more details see [8, 18]. Therefore,
every solution of (3.1) is a solution of (1.1)–(1.2) and vice versa.

Theorem 3.2. With the conditions (L1)-(L3), Eq. (1.1) with the initial conditions (1.2) has at least one solution in
E = C(Ja).

Proof . We define the operator T : Bδ0 → E as follows:

(Tξ)(ϑ) =

n−1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
ϑi − g

(
ϑ, ξ(ϑ) +

∫ ϑ

0

h(ϑ, ν, ξ(ν))dν
)
+ (T1ξ)(ϑ) + (T2ξ)(ϑ),

where

(T1ξ)(ϑ) =
1

Γ(σ)

∫ ϑ

0

f(ν, ξ(α(ν)))

(ϑ− ν)1−σ
dν, and (T2ξ)(ϑ) =

1

Γ(σ)

∫ ϑ

0

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ− ν)1−σ

dν.

Step I, we need to demonstrate that T : C(Ja) → C(Ja). According to our assumptions, it suffices to demonstrate
that for any function ξ ∈ C(Ja) implies T1ξ and T2ξ are continuous on Ja.

For this, take arbitrary ϑ2, ϑ2,∈ Ja and fix ε > 0 with |ϑ2 − ϑ1| ≤ ε. Without loss of generality assume that
ϑ1 ≤ ϑ2, then we obtain

|(T1ξ)(ϑ2))− (T1ξ)(ϑ1))| =
∣∣∣∣ 1

Γ(σ)

∫ ϑ2

0

f(ν, ξ(α(ν)))

(ϑ2 − ν)1−σ
dν − 1

Γ(σ)

∫ ϑ1

0

f(ν, ξ(α(ν)))

(ϑ1 − ν)1−σ
dν

∣∣∣∣
≤ 1

Γ(σ)

∣∣∣∣ ∫ ϑ1

0

f(ν, ξ(α(ν)))

(ϑ2 − ν)1−σ
dν +

∫ ϑ2

ϑ1

f(ν, ξ(α(ν)))

(ϑ2 − ν)1−σ
dν −

∫ ϑ1

0

f(ν, ξ(α(ν)))

(ϑ1 − ν)1−σ
dν

∣∣∣∣
≤ 1

Γ(σ)

∫ ϑ1

0

∣∣∣∣f(ν, ξ(α(ν)))(ϑ2 − ν)1−σ
− f(ν, ξ(α(ν)))

(ϑ1 − ν)1−σ

∣∣∣∣ dν +
1

Γ(σ)

∫ ϑ2

ϑ1

∣∣∣∣f(ν, ξ(α(ν)))(ϑ2 − ν)1−σ

∣∣∣∣ dν
≤ M1

Γ(1 + σ)
{ϑσ

1 − ϑσ
2 + (ϑ2 − ϑ1)

σ}+ M1

Γ(1 + σ)
(ϑ2 − ϑ1)

σ

≤ 3εσM1

Γ(1 + σ)
.
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The above inequality yields that the operator T1 : C(Ja) → C(Ja). Also, for the operator T2 we have

|(T2ξ)(ϑ2)− (T2ξ)(ϑ1)| =
∣∣∣∣ 1

Γ(σ)

∫ ϑ2

0

F (ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν))

(ϑ2 − ν)1−σ
dν − 1

Γ(σ)

∫ ϑ1

0

F (ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν))

(ϑ1 − ν)1−σ
dν

∣∣∣∣
≤ 1

Γ(σ)

∣∣∣∣ ∫ ϑ1

0

F (ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν))

(ϑ2 − ν)1−σ
dν +

∫ ϑ2

ϑ1

F (ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν))

(ϑ2 − ν)1−σ
dν

−
∫ ϑ1

0

F (ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(s))

(ϑ1 − ν)1−σ
dν

∣∣∣∣
≤ 1

Γ(σ)

∫ ϑ1

0

∣∣∣∣F (ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν))

(ϑ2 − ν)1−σ
− F (ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν))

(ϑ1 − ν)1−σ

∣∣∣∣ dν
+

1

Γ(σ)

∫ ϑ2

ϑ1

∣∣∣∣F (ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν))

(ϑ2 − ν)1−σ

∣∣∣∣ dν
≤ M2

Γ(1 + σ)
{ϑσ

1 − ϑσ
2 + (ϑ2 − ϑ1)

σ}+ M2

Γ(1 + σ)
(ϑ2 − ϑ1)

σ

≤ 3εσM2

Γ(1 + σ)
.

So, this yields that the operator T2 : C(J0) → C(J0) and T : C(J0) → C(J0).

Step II, we will check that T is continuous on Bδ0 .

Considering ε > 0 and for arbitrary values ξ, η ∈ Bδ0 such that ∥ ξ − η ∥≤ ε, when ϑ ∈ Ja we will have

∣∣(Tξ)(ϑ)− (Γη)(ϑ)| =
∣∣∣∣ n−1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
ϑi − g

(
ϑ, ξ(ϑ) +

∫ ϑ

0

h(ϑ, ν, ξ(ν))dν
)
+ (T1ξ)(ϑ) + (T2ξ)(ϑ)

−
n−1∑
i=0

η(i)(0) + g(i)(0, η0, 0)

i!
ϑi − g

(
ϑ, η(ϑ) +

∫ ϑ

0

h(ϑ, ν, η(ν))dν
)
+ (T1η)(ϑ) + (T2η)(ϑ)

∣∣∣∣
≤
∣∣∣∣g(ϑ, ξ(ϑ),∫ ϑ

0

h(ϑ, ν, ξ(ν))dν
)
− g

(
ϑ, η(ϑ),

∫ ϑ

0

h(ϑ, ν, η(ν)
)
dν)

∣∣∣∣
+

1

Γ(σ)

∫ ϑ

0

|f(ν, ξ(α(ν)))− f(ν, η(α(ν)))|
(ϑ− ν)1−σ

dν

+
1

Γ(σ)

∫ ϑ

0

∣∣∣F(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
− F

(
ν, η(β(ν)), η(θ(ν)), (Hη)(ν)

)∣∣∣
(ϑ− ν)1−σ

dν

≤k1 ∥ ξ − η ∥ +k2aω(h, ε) +
ϑσ

Γ(1 + σ)
ω(f, ω(α, ε))

+
1

Γ(σ)

∫ ϑ

0

∣∣∣F(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
− F

(
ν, η(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)∣∣∣
(ϑ− ν)1−σ

dν

+
1

Γ(σ)

∫ ϑ

0

∣∣∣F(
ν, η(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
− F

(
ν, η(β(ν)), η(θ(ν)), (Hξ)(ν)

)∣∣∣
(ϑ− ν)1−σ

dν

+
1

Γ(σ)

∫ ϑ

0

∣∣∣F(
ν, η(β(ν)), η(θ(ν)), (Hξ)(ν)

)
− F

(
ν, η(β(ν)), η(θ(ν)), (Hη)(ν)

)∣∣∣
(ϑ− ν)1−σ

dν

≤k1 ∥ ξ − η ∥ +k2aω(h, ε) +
ϑσ

Γ(1 + σ)
ω(f, ω(α, ε)) +

c1ϑ
σ

Γ(1 + σ)
∥ ξ − η ∥

+
c2ϑ

σ

Γ(1 + σ)
∥ ξ − η ∥ +

c3a
2ϑσ

Γ(1 + σ)
ω(k, ε),
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where

ω(f, ε) = sup{|f(ν, ξ)− f(ν, η)| : ν ∈ Ja, ξ, η ∈ [−δ0, δ0], ∥ξ − η∥ ≤ ε},
ω(k, ε) = sup{|k(ϑ, ν, ξ)− k(ϑ, ν, η)| : ϑ, ν ∈ Ja, ξ, η ∈ [−δ0, δ0], ∥ξ − η∥ ≤ ε},
ω(h, ε) = sup{|h(ϑ, ν, ξ)− h(ϑ, ν, η)| : ϑ, ν ∈ Ja, ξ, η ∈ [−δ0, δ0], ∥ξ − η∥ ≤ ε}.

Now, because the functions f = f(ν, ξ), h = h(ϑ, ν, ξ) and k = k(ϑ, ν, ξ) are uniformly continuous on Ja × R and
J2
a ×R, respectively, we conclude ω(f, ω(α, ε)) → 0, ω(h, ε) → 0 and ω(k, ε) → 0 as ε → 0. Hence, the continuity of T

on Bδ0 results.

Step III, now, it is shown that T satisfies the densifying condition.

Let ε be an arbitrary positive constant. For ξ ∈ P ⊂ E let ϑ1, ϑ2 ∈ Ja while ϑ1 ≤ ϑ2 and ϑ2 − ϑ1 ≤ ε. Therefore
we obtain

|(Tξ)(ϑ2)− (Tξ)(ϑ1)| =
∣∣∣∣ n−1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
ϑi
2 − g

(
ϑ2, ξ(ϑ2),

∫ ϑ2

0

h(ϑ2, ν, ξ(ν))dν
)

+
1

Γ(σ)

∫ ϑ2

0

f(ν, ξ(α(ν)))

(ϑ2 − ν)1−σ
dν +

1

Γ(σ)

∫ ϑ2

0

F
(
ν, ξ(β(ν)), ξ(ϑθ(ν)), (Hξ)(ν)

)
(ϑ2 − ν)1−σ

dν

−
n−1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
ϑi
1 + g

(
ϑ1, ξ(ϑ1),

∫ ϑ1

0

h(ϑ1, ν, ξ(ν)
)
dν)

− 1

Γ(σ)

∫ ϑ1

0

f(ν, ξ(α(ν)))

(ϑ1 − ν)1−σ
dν − 1

Γ(σ)

∫ ϑ1

0

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ1 − ν)1−σ

dν

∣∣∣∣
≤

∣∣∣∣∣
n−1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
(ϑi

2 − ϑi
1)

∣∣∣∣∣
+

∣∣∣∣g(ϑ1, ξ(ϑ1),

∫ ϑ1

0

h(ϑ1, ν, ξ(ν))dν
)
− g

(
ϑ1, ξ(ϑ1),

∫ ϑ2

0

h(ϑ2, ν, ξ(ν))dν
)∣∣∣∣

+
∣∣∣g(ϑ1, ξ(ϑ1),

∫ ϑ2

0

h(ϑ2, ν, ξ(ν))dν
)
− g

(
ϑ1, ξ(ϑ2),

∫ ϑ2

0

h(ϑ2, ν, ξ(ν))dν
)∣∣∣

+
∣∣∣g(ϑ1, ξ(ϑ2),

∫ ϑ2

0

h(ϑ2, ν, ξ(ν))dν
)
− g

(
ϑ2, ξ(ϑ2),

∫ ϑ2

0

h(ϑ2, ν, ξ(ν))dν
)∣∣∣

+
1

Γ(σ)

∣∣∣∣∣
∫ ϑ1

0

f(ν, ξ(α(ν)))

(ϑ2 − ν)1−σ
dν +

∫ ϑ2

ϑ1

f(ν, ξ(α(ν)))

(ϑ2 − ν)1−σ
dν −

∫ ϑ1

0

f(ν, ξ(α(ν)))

(ϑ1 − ν)1−σ
dν

∣∣∣∣∣
+

1

Γ(σ)
|
∫ ϑ1

0

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ2 − ν)1−σ

dν +

∫ ϑ2

ϑ1

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ2 − ν)1−σ

dν

−
∫ ϑ1

0

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(s)

)
(ϑ1 − ν)1−σ

dν

∣∣∣∣∣∣
≤k2

∣∣∣ ∫ ϑ1

0

h(ϑ1, ν, ξ(ν))dν −
∫ ϑ2

0

h(ϑ2, ν, ξ(ν))dν
∣∣∣+ k1|ξ(ϑ1)− ξ(ϑ2)|+ ωg(Ja, ε)

+
1

Γ(σ)

∫ ϑ1

0

∣∣∣∣f(ν, ξ(α(ν)))(ϑ2 − ν)1−σ
− f(ν, ξ(α(ν))

(ϑ1 − ν)1−σ

∣∣∣∣ dν +
1

Γ(σ)

∫ ϑ2

ϑ1

∣∣∣∣f(ν, ξ(α(ν)))(ϑ2 − ν)1−σ

∣∣∣∣ dν
+

1

Γ(σ)

∫ ϑ1

0

∣∣∣∣∣∣
F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ2 − ν)1−σ

−
F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν))

)
(ϑ1 − ν)1−σ

∣∣∣∣∣∣ dν
+

1

Γ(σ)

∫ ϑ2

ϑ1

∣∣∣∣∣∣
F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ2 − ν)1−σ

∣∣∣∣∣∣ dν
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≤ k2

∣∣∣ ∫ ϑ1

0

(
h(ϑ1, ν, ξ(ν))− h(ϑ2, ν, ξ(ν))

)
dν −

∫ ϑ2

ϑ1

h(ϑ2, ν, ξ(ν))dν
∣∣∣+ k1ω(ξ, ε) + ωg(Ja, ε)

+
1

Γ(σ)

∫ ϑ1

0

∣∣∣∣f(ν, ξ(α(ν)))(ϑ2 − ν)1−σ
− f(ν, ξ(α(ν)))

(ϑ1 − ν)1−σ

∣∣∣∣ dν +
1

Γ(σ)

∫ ϑ2

ϑ1

∣∣∣∣f(ν, ξ(α(ν)))(ϑ2 − ν)1−σ

∣∣∣∣ dν
+

1

Γ(σ)

∫ ϑ1

0

∣∣∣∣∣∣
F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ2 − ν)1−σ

−
F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ1 − ν)1−σ

∣∣∣∣∣∣ dν
+

1

Γ(σ)

∫ ϑ2

ϑ1

∣∣∣∣∣∣
F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ2 − ν)1−σ

∣∣∣∣∣∣ dν.
For simplicity, we use the following notation:

ωg(Ja, ε) = sup{|g(ϑ, ω1, ω2)− g(ϑ̄, ω1, ω2)| : |ϑ− ϑ̄| ≤ ε, ϑ ∈ Ja, ω1 ∈ [−δ0, δ0], |ω2| ≤ aC},
ωh(Ja, ε) = sup{|h(ϑ, ν, ω1)− h(ϑ̄, ν, ω1)| : |ϑ− ϑ̄| ≤ ε, ϑ, ν ∈ Ja, ω1 ∈ [−δ0, δ0]}.

Then we have

|(Tξ)(ϑ2)− (Tξ)(ϑ1)| ≤ k2aωh(Ja, ε) + k2εB1 + k1ω(ξ, ε) + ωg(Ja, ε)

+
M1

Γ(1 + σ)
{ϑσ

1 − ϑσ
2 + (ϑ2 − ϑ1)

σ}+ M1

Γ(1 + σ)
(ϑ2 − ϑ1)

σ

+
M2

Γ(1 + σ)
{ϑσ

1 − ϑσ
2 + (ϑ2 − ϑ1)

σ}+ M2

Γ(1 + σ)
(ϑ2 − ϑ1)

σ

≤ k2aωh(Ja, ε) + k2εB1 + k1ω(ξ, ε) + ωg(Ja, ε) +
3εσM1

Γ(1 + σ)
+

3εσM2

Γ(1 + σ)
.

This yields the following estimate:
ω(Tξ, ε) ≤ k1ω(ξ, ε), ξ ∈ P.

Thus, taking the supremum in P , then the limit as ε → 0 we obtain

℧(TP ) ≤ k1℧(P ).

Hence T is a condensing map.

Step IV, finally, let ξ ∈ ∂B̄δ0 . If Tξ = λξ, then we have ∥Tξ∥ = λ∥ξ∥ = λδ0 and with the condition (L3), we get

|Tξ(ϑ)| =
∣∣∣∣ n−1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
ϑi − g

(
ϑ, ξ(t),

∫ ϑ

0

h(ϑ, ν, ξ(ν))dν
)

+
1

Γ(σ)

∫ ϑ

0

f(ν, ξ(α(ν)))

(ϑ− ν)1−σ
dν +

1

Γ(σ)

∫ ϑ

0

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ− ν)1−σ

dν

∣∣∣∣ ≤ δ0, ϑ ∈ Ja,

hence ∥Tξ∥ ≤ δ0, this means λ ≤ 1. □

4 Particular cases and examples

Now, we will extend and discuss the results presented in ([8], Theorem 3) as a particular case of our results which
discuss the following equation

CDγ

(
x(ϑ) + g(ϑ, x(ϑ)

)
= f(ϑ, x(ϑ)) + F

(
ϑ, x(ϑ),

∫ ϑ

0

k(ϑ, ν)H
(
x
(
µ(ν)

))
dν

)
, ϑ ∈ Ja, (4.1)

with the initial conditions
x(i)(0) = xi, i = 0, 1, ..., n− 1. (4.2)
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Corollary 4.1. [8] Suppose

(M1) g, f ∈ C(Ja × R,R) and there exist the functions l1, l2 : Ja → Ja being continuous such that

|g(ϑ, ω1)− g(ϑ,ϖ1)| ≤ l1(ϑ)|ω1 −ϖ1|, B = sup{g(ϑ, 0), ϑ ∈ Ja};
|f(ϑ, ω1)− f(ϑ,ϖ1)| ≤ l2(ϑ)|ω1 −ϖ1|, B1 = sup{f(ϑ, 0), ϑ ∈ Ja}.

(M2) F ∈ C(Ja × R2,R), and there exists a continuous function l3 : Ja → Ja so that

|F (ϑ, ω1, ω2)− F (ϑ,ϖ1, ϖ2)| ≤ l3(ϑ)(|ω1 −ϖ1|+ |ω2 −ϖ2|), ∀ω1, ω2, ϖ1, ϖ2 ∈ R,
D = sup{F (ϑ, 0, 0), ϑ ∈ Ja}.

Let l = maxi{|li(ϑ)| : ϑ ∈ Ja}, i = 1, 2, 3 and 0 ≤ l < 1. Also, let there exists a constant E > 0 such that
B,B1, D ≤ E.

(M3) For H : C(Ja) → C(Ja), there exist a constant N > 0 so that

|(Hx)(ϑ)− (Hy)(ϑ)| ≤ N |x(ϑ)− y(ϑ)|

for any ϑ ∈ Ja and for all x, y ∈ C(Ja).

(M4) There exists a function Λ : R+ → R+ being nondecreasing such that

∥Hx∥ ≤ Λ(∥x∥),

for all x ∈ C(Ja).

(M5) If |
∑n−1

i=0
x(i)(0)+g(i)(0,x0)

i! ϑi| ≤ J , then there exists δ ≥ 0 of the inequality

J + E + lδ +
aσ

Γ(σ + 1)
[2lδ + 2E + la∥k∥Λ(δ)] ≤ δ.

Then Eq. (4.1) with the initial conditions (4.2) has at least a solution in Ja.

Proof . It is clear that Eq. (4.1) is a particular case of Eq. (1.1). Here α(ϑ) = β(ϑ) = θ(ϑ) = ϑ, k(ϑ, ν, x(µ(ν))) =
k(ϑ, ν)H(x(µ(ν))), g(ϑ, ω1, ω2) = g(ϑ, ω1), and F (ϑ, ω1, ω2, ω3) = F (ϑ, ω1, ω3).
By employing Riemann-Liouville fractional integrating and Lemma 2.3, Eq. (4.1) takes the form

x(t) =

n−1∑
i=0

x(i)(0) + g(i)(0, x0)

i!
ϑi − g(ϑ, x(ϑ)) +

1

Γ(σ)

∫ ϑ

0

f(ν, x(ν)

(ϑ− ν)1−σ
dν

+
1

Γ(σ)

∫ ϑ

0

F (ν, x(ν), (Hx)(ν))

(ϑ− ν)1−σ
dν.

(M2) and (M4) imply that the assumption (L2) is satisfied. It suffices to show that (L3) also holds. We have

|x(ϑ)| ≤
∣∣∣∣ n−1∑
i=0

x(i)(0) + g(i)(0, x0, 0)

i!
ϑi

∣∣∣∣+ |g(ϑ, x(ϑ))− g(ϑ, 0)|+ |g(ϑ, 0)|+ 1

Γ(σ)

∫ ϑ

0

|f(ν, x(ν))− f(ν, 0)|+ |f(ν, 0)|
(ϑ− ν)1−σ

dν

+
1

Γ(σ)

∫ ϑ

0

|F
(
ν, x(ν), (Hx)(ν)

)
− F (ν, 0, 0)|+ |F (ν, 0, 0)|

(ϑ− ν)1−σ
dν

≤ |
n−1∑
i=0

x(i)(0) + g(i)(0, x0)

i!
ϑi|+ l∥x∥+B +

l∥x∥+B1

Γ(σ + 1)
aσ +

l∥x∥+ la∥k∥Λ(∥x∥) +D

Γ(β + 1)
aσ

≤ J + E + lδ +
aσ

Γ(σ + 1)
[2lδ + 2E + la∥k∥Λ(δ)] (4.3)

for all ϑ ∈ Ja. From the estimates (4.3) and assumption (M5), we conclude that there exists δ0 = δ > 0 such that

sup
ϑ∈Ja

|x(ϑ)| ≤ δ0.

Finally, Theorem 3.2 gives the desired result. □
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Remark 4.2. The above corollary is the main result of [8], which has five conditions (M1-M5), and its expression
and proof are like Theorem 3.1 using Petryshyn’s theorem, where we reduce them to the conditions (L1-L3). The
advantage of using Petryshyn’s theorem is that we omit its statement and proof.

Now, we provide more particular cases of our outcomes.

1. If g(ϑ, ω1, ω2) = 0, f(ϑ, ω1) = q(ϑ), F (ϑ, ω1, ω2, ω3) = ω3, and µ(ν) = ν then Eq. (1.1) reduced to the equation

CDγ(ξ(ϑ)) = q(ϑ) +

∫ ϑ

0

k(ϑ, ν, ξ(ν))dν, ϑ ∈ Ja,

with
ξ(i)(0) = δi, i = 0, 1, ..., n− 1,

which has been examined in [33].

2. For g(ϑ, ω1, ω2) = 0, α(ϑ) = ϑ, F (ϑ, ω1, ω2, ω3) = ω3, and µ(ν) = ν we get the following nonlinear fractional
Volterra integro-differential equations of the Hammerstein type studied in [15]

CDγ(ξ(ϑ)) = f(ϑ, ξ(ϑ)) +

∫ ϑ

0

k(ϑ, ν, ξ(ν))dν, ϑ ∈ Ja.

3. For g(ϑ, ω1, ω2) = ρ(ϑ, ω1), α(ϑ) = ϑ, F (ϑ, ω1, ω2, ω3) = q(ϑ, ω1, ω3), β(ϑ) = ϑ,
k(ϑ, ν, ξ) = p(ϑ, ν)H(ξ), and µ(ν) = ν we get the following equations [8].

CDγ

(
ξ(ϑ) + ρ(ϑ, ξ(ϑ))

)
= h(ϑ, ξ(ϑ)) + q

(
ϑ, ξ(ϑ),

∫ ϑ

0

p(ϑ, ν)H(ξ(ν)))dν

)
, ϑ ∈ Ja,

with
ξ(i)(0) = ξi, i = 0, 1, ..., n− 1.

4. Let g = 0, f(ϑ, ξ) = a(ϑ), and F (ϑ, ω1, ω2, ω3) = ω3, then we have the following nonlinear integro-differential
equations that studied in [34]

Dσu(ϑ) = a(ϑ) +

∫ ϑ

0

h(ϑ, ν)u(λu(ν))dν,

u(0) = u0,

where

Dσξ(ϑ) =
1

Γ(1− σ)

∫ ϑ

0

(ϑ− µ)−σξ′(µ)dµ, ϑ > 0, o < σ < 1.

5. Let g(ϑ, ω1, ω2) = λϑσ and F = 0,then we have the following nonlinear integro-differential equations that studied
in [35, 14].

Dσ(u(ϑ)− λϑσ) = f(ϑ, u(u(ϑ)),

u(0) = u0,

Example 4.3. Consider

CD1.25
(
ξ(ϑ) +

1

5
sin(ξ(ϑ)) +

1

3

∫ ϑ

0

ν2e−2ϑ
√
ξ(ν)

1 + ϑ
dν

)
=

1√
16 + ϑ

e−ϑ +
ξ(t3)

1 + |ξ(ϑ3)|
e− ln(1+ϑ2)

+
ϑ2

3 + 3ϑ2
ln

(
1 +

|ξ(ϑ2)|+ |ξ(
√
ϑ)|

2

)
+

ϑ

3 + 3ϑ

∫ ϑ

0

ϑe−3ν

1 + ϑ2

(
1

2
+

∫ ν

0

ζ sin ζ
√
1 + ξ(ζ)dζ

)
dν, ϑ ∈ Ja (4.4)

with

ξ(i)(0) = ξi, i = 0, 1. (4.5)
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Here, Eq. (4.4) is a particular case of Eq. (1.1) with σ = 1.25, n = 2, a = 1,

g(ϑ, ω1, ω2) =
1

5
sin(ω1) +

1

3
ω2, ω2 =

∫ ϑ

0

ν2e−2ϑ
√
ξ(ν)

1 + ϑ
dν,

f(ϑ, ξ(α(ϑ))) =
1√

16 + ϑ
e−ϑ +

ξ(ϑ3)

1 + |ξ(ϑ3)|
e− ln(1+ϑ2), ξ(µ(ϑ)) =

1

2
+

∫ ϑ

0

ζ sin ζ
√
1 + ξ(ζ)dζ,

F (ϑ, ω1, ω2, ω3) =
ϑ2

3 + 3ϑ2
ln

(
1 +

ω1 + ω2

2

)
+

ϑ

3 + 3ϑ
ω3,

ω3 =

∫ ϑ

0

ϑe−3ν

1 + ϑ2

(
1

2
+

∫ ν

0

ζ sin ζ
√
1 + ξ(ζ) dζ

)
dν.

It is clear that (L1) holds. Also, conditions (L2) and (L3) are satisfied. we have

|g(ϑ, ω1, ω2)− g(ϑ,ϖ1, ϖ2)| ≤
1

5
|ω1 −ϖ1|+

1

3
|ω2 −ϖ2|

and

|F (ϑ, ω1,ω2, ω3)− F (ϑ,ϖ1, ϖ2, ϖ3)|

=

∣∣∣∣ ϑ2

3 + 3ϑ2
ln

(
1 +

ω1 + ω2

2

)
+

ϑ

3 + 3ϑ
ω3 −

ϑ2

3 + 3ϑ2
ln

(
1 +

ϖ1 +ϖ2

2

)
− ϑ

3 + 3ϑ
ϖ3

∣∣∣∣
≤ ϑ2

3 + 3ϑ2

∣∣∣∣ω1 + ω2

2
− ϖ1 +ϖ2

2

∣∣∣∣+ ϑ

3 + 3ϑ
|ω3 −ϖ3|

≤ 1

12
(|ω1 −ϖ1|+ |ω2 −ϖ2|) +

1

6
|ω3 −ϖ3|.

Here k1 = 1
5 < 1, k2 = 1

3 , c1 = 1
12 , c2 = 1

12 , c3 = 1
6 .

Also, suppose that ∥ξ∥ ≤ δ0, δ0 > 0 and ξ0 = 0, ξ1 = 1, then we have

|ξ(ϑ)| =
∣∣∣∣ 1∑
i=0

ξ(i)(0) + g(i)(0, ξ0, 0)

i!
ϑi −

(
1

5
sin(ξ(ϑ)) +

1

3

∫ ϑ

0

ν2e−2ϑ
√

ξ(ν)

1 + ϑ
dν

)

+
1

Γ(1.25)

∫ ϑ

0

f(ν, ξ(α(ν))

(ϑ− ν)0.25
dν +

1

Γ(1.25)

∫ ϑ

0

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ− ν)0.25

dν

∣∣∣∣
≤ 7

5
+

√
δ0
3

+
1

Γ(2.25)
(
1

4
+ 1) +

1

Γ(2.25)

(
δ0
6

+
1

12
(
1

2
+

√
1 + δ0)

)
, ∀ϑ ∈ Ja.

So, condition (L3) holds if 7
5 +

√
δ0
3 + 5

4Γ(2.25) +
1

Γ(2.25)

(
δ0
6 + 1

12 (
1
2 +

√
1 + δ0)

)
≤ δ0. This shows that δ0 = 3.947 is

a solution of the above inequality. In view of Theorem 3.2, every problems (4.4)-(4.5) has at least one solution defined
on [0, 1].

Example 4.4. Consider

CD0.5
(
ξ(ϑ) +

1 + ln(1 + |ξ(ϑ)|)
(ϑ+ 2)2

)
=

1

3
ϑe−(ϑ+1) +

2 sin(ϑ)ξ( 3
√
ϑ)

9(1 +
√

1 + ϑ)
+

1

5
sin

(
3ξ(ϑ2)

1 + ϑ3

)
+

1

(4 + ϑ)

|ξ(ϑ)|
1 + |ξ(ϑ)|

+
1

3
e−ϑ

∫ ϑ

0

eϑ cos(ξ(1− ν))√
1 + 2ϑ)

(
ϑ sin(ξ(ϑ))

4
+

1

3

∫ ν

0

ϑ arctan

(
|ξ(1− ζ)|

1 + |ξ(1− ζ)|

)
dζ

)
dν,

(4.6)

with

ξ(0) = ξ0 = 0, (4.7)
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for ϑ ∈ [0, 1]. In view of Eq. (1.1), we have σ = 0.5, n = a = 1,

g(ϑ, ξ(ϑ)) =
1 + ln(1 + |ξ(ϑ)|)

(ϑ+ 2)2
, f(ϑ, ξ(α(ϑ))) =

1

3
ϑe−(ϑ+1) +

2 sin(ϑ)ξ( 3
√
ϑ)

9(1 +
√
1 + ϑ)

,

ξ(µ(ϑ)) =
ϑ sin(ξ(ϑ))

4
+

1

3

∫ ϑ

0

ϑ arctan

(
|ξ(1− η)|

1 + |ξ(1− η)|

)
dη,

F (t, ω1, ω2, ω3) =
1

5
sin

(
3ω1

1 + ϑ3

)
+

1

(4 + ϑ)

|ω2|
1 + |ω2|

+
1

3
e−ϑω3,

ω3 =

∫ ϑ

0

eϑ cos(ξ(1− ν))√
1 + 2ϑ)

(
ν sin(ξ(ν))

4
+

1

3

∫ ν

0

ν arctan

(
|ξ(1− ζ)|

1 + |ξ(1− ζ)|

)
dζ

)
dν.

Observe that (L1) holds. We show that conditions (L2) and (L3) are satisfied. we have

|g(ϑ, ω1)− g(ϑ,ϖ1)| ≤
1

4
|ω1 −ϖ1|

and

|F (ϑ, ω1, ω2, ω3)− F (ϑ,ϖ1, ϖ2, ϖ3)| ≤
3

5
|ω1 −ϖ1|+

1

4
|ω2 −ϖ2|+

1

3
|ω3 −ϖ3|.

Here k1 = 1
4 < 1, c1 = 3

5 , c2 = 1
4 , c3 = 1

3 . Also, suppose that ∥ξ∥ ≤ δ0, δ0 > 0 and ξ0 = 0, then we have

|ξ(ϑ)| =
∣∣∣∣ξ(0) + g(0, ξ0)− g(ϑ, ξ(ϑ)) +

1

Γ( 12 )

∫ ϑ

0

f(ν, ξ(α(ν))

(ϑ− ν)
1
2

dν +
1

Γ( 12 )

∫ ϑ

0

F
(
ν, ξ(β(ν)), ξ(θ(ν)), (Hξ)(ν)

)
(ϑ− ν)

1
2

dν

∣∣∣∣
≤ 1

4
+

1 + δ0
4

+
1

Γ( 32 )

(
1

3
(1 +

δ0
3
)

)
+

1

Γ( 32 )

(
1

5
+

δ0
4

+
1

3
(
1

4
+

δ0
3
)

)
< δ0, ϑ ∈ Ja.

This shows δ0 = 5.507 is a solution of the above inequality. In view of Theorem 3.2, every problems (4.6)- (4.7)
has at least one solution defined on [0, 1].

5 Conclusion and Perspective

The current study presents the existence of the solution to some fractional functional integro-differential equations,
which is based on a more general form of the non-linear FIDEs and involves some other relevant works as well. In
the proposed method, Petryshyn’s fixed point theorem and the concept of MNC with more limited conditions were
applied. The interested authors may examine and extend these results in different function spaces, such as Lebesgue,
Hölder, Orlicz, or Sobolev spaces.
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