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Abstract

In this paper, the class of nonconvex vector-valued optimization problems with inequality constraints is considered.
We introduce two constraint qualifications and derive the weak and strong Karush-Kuhn-Tucker type of necessary
conditions for a (weakly) efficient solution to the considered problem. All results are given in terms of Dini directional
derivative and Clarke subdifferential.
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1 Introduction

Let T be a compact metric space and X be a Banach space. Clearly, the space ) of all real-valued continuous
functions y : T'— R endowed with the norm

lyll == max {[ly@®)ll |t T}, Vye,

is a Banach space. Considering ¢ : X — Y, we have ¢(z) : T — R for each € X, and so ¢(z)(t) e R for all t € T.
For the sake of simplicity, we denote the value of ¢ (x)(¢) by the symbol 1;(x), and in this way, for each t € T, the
function ¢, : X — R is defined as

Pi(x) == p(z)(t), Veed.
We define the nonempty cone Y+ C ) by
YVti={yeY|ylt)>0, VteT}.
This cone induces a partial order relation on ) which is defined as follows:
N,y = p-ped

In other word, y; <,, yo if and only if y;(t) < yo(t), for all t € T'.
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Based on the above order on ), we consider the following vector-valued optimization problem
(VP): min ¢(x) st. z€S,
where S is a nonempty subset of X', defined by
S:={xeX|gj(z) <0, je J} (1.1)

in which J is an arbitrary nonempty index set and g; : X — R is a given function for each j € J. Note that if J is a
finite set with p members, then ) is equal to RP and the problem (V P) can be written as

(VP): min (wl(m o ,¢p(:c))
st. gj(z) <0, jelJ,

If J is a finite set and X = R"™, the problem (V P;) turns into the classic multiobjective programming problem
(MP, in brief) [2]. In the MP theory, three kinds of necessary optimality conditions are interested, named Fritz-John
(FJ), Karush-Kuhn-Tucker (KKT), and strong KKT (SKKT). For the cases that the functions g; as j € J and
Yy as t € T are differentiable (resp. convex, locally Lipschitz, lower semi-continuous), these necessary conditions are
expressed in term of their gradient (resp. convex subdifferential, Clarke subdifferential, Mordukhovich subdifferential);
see for instance, [3] [6l [[3]. For study the generalizations of these optimality conditions to the case that X has infinite
dimension, see [, [15].

If X = R™ and J is an infinite set, problem (V' P;) is said multiobjective semi-infinite programming problem

(MSIP). For study the FJ, the KKT and the SKKT for MSIP, we refer to [5] for differentiable case, to [9] for linear
case, to [4] for convex case, and to [7, 8, [10, 111 12] for locally Lipschitz case.

Recently, in [16] [I7], the problem (V P) with feasible set S defined by (L.I), has been investigated for infinite T
and finite J. It is noteworthy that in this case ) is an infinite-dimensional Banach space and (V P) can not be shown
as (V Pp). Note that in these articles, some FJ type necessary optimality conditions are presented for (V P). Since the
KKT and the SKKT types optimality conditions for (V P) have not been investigated so far (even for finite J), one of
the goal of the present paper is to fill this gap. In this way, we consider the net (¢4(x) : ¢ € T) in R, and we define
the concept of optimality for the problem

(NP): min  (Yy(z): t€T)
st gj(xz) <0, jed,
in such a way that it is a generalization of the concept of optimality for (V P;) (in fact, if we put |[T'| = p in (N P), the
problem turns into problem (V Py)). The next step will be to shown that the concept of optimality for (N P) coincides

with the concept of optimality for (V P). Finally, we prove the KKT and SKKT types necessary optimality conditions
for (NP) and\or (VP).

2 Preliminaries

In this section, we briefly overview some notions of convex analysis and nonsmooth analysis widely used in formu-
lations and proofs of main results of the paper. For more details, discussion, and applications see [I].

Throughout this section, we assume that X is a real Banach space. The dual space of X is denoted by X* and is
equipped with weak* topology. The zero vectors of X and X* are respectively denoted by 0x and Ox-, and the value
of functional £ € X* at € X is referred by (£, z). The closure, the convex hull, and the convex cone of A C X are
denoted respectively by cl(A), conv(A), and cone(A). The weak* closure of A, C X* is referred by cl* (A,).

Theorem 2.1. [6] If © is an arbitrary index set and A, is a convex subset of X for each v € €2, then

k k
conv(U AA,) :U{Za%A% | ay, >0, ZGW =1, e k EN},
i=1

YEQ =1

cone(|J 4,) = {ia%fl%

YEQ

ay, >0, v € 9, keN}.
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Theorem 2.2. [I5] Let A, and B, be two subsets of X*, and A, be norm bounded. Then,

" (A) +cl” (B.) = " (As + B.).

Let A C X and A, C X* be given. The following sets will be used in the sequel (we write h,, | 0 for a sequence of

positive number {h,} with limit 0, and we write 20 i for a sequence {z,} C A converging to Z € X).
(i) The Bouligand tangent cone of ) # A C X at & € cl(A) is

Tp(A,7) = {ueX | 3hn 10, Fvm = v, &+ hovy € A, vneN}.

(ii) The Clarke tangent cone of A at & € cl(A) is

To(A,7) = {1/ € X | Van B2, Yhn L0, Jvm — v, @n + hovy € A, Vn € N}.

(iii) The polar cone of A and A, are respectively

A = {eeX | (6,x) <0, VoeA}, AZ :={zeX|(z) <0, Ve Al

(iv) The strictly polar set of A and A, are respectively

A ={ceX"|(&z) <0, Vze A}, A7 ={zeX|( ) <0, Ve A}

(v) The Clarke normal cone of A at & € cl(A) is
Ne(A, ) = (To(A, #)7 .
It should be noted that I'c(4,%), A%, A%, AZ, AZ, and N¢(A4,2) are always convex while T'p(A, ) is not

necessarily convex. Also, A and N¢ (4, ) are weak* closed sets in X*; ['o(A, #), (A, #) and AT are closed sets in
X, and the following equalities are true if A~ # @) and AZ # 0

v (A) = A% and (A7) = AZ. (2.1)

For each A C X and & € cl(A), the following inclusion holds by the definition:

To(A,7) C Tp(A, 7). (2.2)

The set A C X is said to be regular at & € cl(A) if I'p(A4,%) = I'c(A4,%). Note that, if A is convex, then it is
regular at all & € cl(A), and we have

Ne(A,2) = N(A,2) == {€ € X* | (€, — &) <0, Vaxe A} (2.3)

Theorem 2.3. [I] (bipolar) Let the nonempty sets A C X and A, C X* be given. One has

(A= = cl(cone(A)) and (AZ)Z = ™ (cone(AL)).

Suppose that W is a Banach space. A function ¢ : X — W is said to be locally Lipschitz if ¢ is Lipschitz around
all £ € X, i.e., for each & € X there exist a neighborhood U of & and a positive real number Ly > 0 such that

o) =) I<Lvlz-yll, Vo,yeU

It is easy to see that if ¢ : X — W is Lipschitz around Z, then

lim d(& + hu) — ¢(& + hv) _o (2.4)
h10,u—v h
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The Dini directional derivative of ¢ : X — W at £ € X in the direction v € X is

By definition, ¢ is said to be Dini directionally derivable at & if V¢(Z;v) exists for all v € X. It is known that if ¢
is Frechet differentiable at &, and its Fréchet derivative is denoted by V¢ (&) € X*, we have

Vo(z;v) = (Vo(2), v), Vv e X.

Let the real-valued function ¢ : X — R be Lipschitz around & € X. The upper Dini directional derivative and the
upper Clarke directional derivative of ¢ at & € X in the direction v € X are respectively defined as:

¢" (#;v) := limsup e+ hv) - ¢(£)7 ¢“(3;v) := limsup ¢z +hv) — 9(@)
hl10 h h10, z—& h

Remark 2.4. If ¢ : X — R is a real-valued function, its Dini directional derivative V¢(Z; v) is introduced in classical
books with the name “directional derivative” and is displayed with the symbol ¢'(&,r). Moreover, if ¢ is Lipschitz
around & € X, then

oP (#;v) < ¢ (#;v), Vv e X. (2.5)

Furthermore, if ¢ is directionally derivable at 2, then ¢P (&;v) = Vé(2;v), for all v € X.

Let the real-valued function ¢ : X — R be Lipschitz around & € X. The Clarke subdifferential of ¢ at & is defined
as

o) == {€ € X* | (&) < 6C(&:v), W€ X,
Theorem 2.5. [I] Assume that ¢q, -, ¢y, are locally Lipschitz functions from X to R and & € X.

i) dcé(Z) is a nonempty convex weak™ compact set in X*.
ii) For all real numbers aq, - - , a;,, one has
m m
dc (Z ai¢i> (#) C > a;idcdi(d).
i=1 i=1

iii) If ¢ is continuously differentiable at &, then dcp(2) = {Vp(Z)}.

iv) If ¢ is convex on X, then dcd(Z) = 0¢(&), in which 0¢(&) denotes the subdifferential of ¢ in convex analysis
sense, defined as

06(2) :=={§ € X" | d(z) — ¢(2) > ({,z — &), Vo € X}.
v) If ¢ attains its minimum on A C X at & € A, then ¢ (2;v) > 0 for all v € I'p(A,2). Also, one has

Ox- € (&) + No(A, 2).

vi) The function v — ¢%(&,v) is positively homogeneous and subadditive (and hence convex) on X, and we have
3 (¢°(2,-)) (0x) = dcd().
vii) ¢©(2;v) = max{(¢,v) | £ € dcd(2)}.

As the final point of this section, suppose that 6 : X = Z is a set-valued function, i.e., € is a function from X to
power set of Z. The upper limit of  when z tends to & € {& € X | §(x) # 0}, in the sense of Painleve-Kuratowski, is
defined as

Limsup,_,;0(x) = {2 €Z|Ix, = &, Iz, € 0(xy), nhﬁn;o Zn = 2}
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Remark 2.6. Suppose that the function f : X — R is given and the set-valued function 6 : X = R is defined by
O(z) ;= {f(x)} for all x € X. Then, the definitions of limsup f(z) and Limsup,_,;0(x) conclude that

T—=T

limsup f(x) = max <Limsup$$50(x)> = max (Limsupmﬁi{f(x)}> = max {7" eR |3z, = &, lim f(z,) = 7’} .
n— 00

T—T

Note that if lim f(x) exists, then

r—x

Limsup,_,;0(z) = Limsup,_,;{f(z)} = { li_)rn~ f(@)}.

3 Main Results

As the starting point of this section, we recall the following definition from [2].

Definition 3.1. The feasible point & € S is said to be a local efficient solution for (V' P) if there exists a neighborhood
U of & such that

W(SNU) =¥(@) N (=Y") = {0y}
Also, & € S is said to be a local weakly efficient solution for (V P) if there exists a neighborhood U of & such that

(W(SNU) — (&) N (—int(YT)) = 0.

The following lemma shows that the above definition expresses a generalization of the concepts local efficient
solution and local weakly efficient solution which were considered in [7, 8] for problem (V P;).

Lemma 3.2. A feasible point & € S is a local efficient solution for (V' P) if and only if there is a neighborhood U of
Z, in which there is no x € SN U that

V() < Pi(2), forall t € T, -
Yo () < Pt (2), for some to € T. (3.1)

Also, Z is a local weakly efficient solution iff there is a neighborhood U of Z, in which there is no x € S N U such
that ¢ (z) <1 (Z) for all t € T.

Proof . We prove for local weakly efficient solutions, and proof of local efficient solutions is similar. Suppose that
Z € S is a local efficient solution for (V P). By definition, we can find a neighborhood U of & such that

(W(SNU) = (@) N (YT \{0y}) = 0.

This implies that
P(x) — (@) ¢ (=Y \{0y}), forallz e SNU,

which concludes that there is no z € SNU satisfying ¢(x)—1(2) € (=Y T\{0y}). Since = YT ={y € Y | y(t) <0, Vt € T},
we have

~VP\{0y} ={yeY|yt)<0,VteT, and y(ty) <0, IHoecT}.
Consequently, the local efficiency of & implies that there is no x € S N U satisfying

{ (Y(z) —(2)) (t) <0, forallt € T,
(W(x) —(2)) (to) <0, for some tg € T,

which can be considered as a rewrite of (3.1)). Conversely, if for some neighborhood U of & there is no z € SN U that
satisfies (3.1]), by reversing the above proof, we can see & is a local efficient solution of the problem (V P). O

Now, we define the upper Dini directional derivative for the vector-valued function ¢ : X — ). We recall that this
concept was defined in Section 2 only for real-valued functions. In order to extend this definition to the function %,
we take help from set-valued functions. In fact, a natural extension to the vector-valued functions case is obtained by
using upper limits of set-valued functions in sense of Painleve-Kuratowski instead of the upper limits of single-valued
scalar functions as follows.
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Definition 3.3. The upper Dini directional derivative of ¥ : X — ) at g € X in the direction v € X is defined as

DY(xo;v) = Limsupy,, {1/}(3;0 + h?;t) — () }
= {y eY|3h, 10, y= nh_)néo Plzo + hT}L:L) — (o) } .

As a necessary optimality condition for (V' P), the following theorem presents an important result.

Theorem 3.4. Assume that & € S is a local weakly efficient solution for (VP) and ¥ : X — ) is Lipschitz around &.
Then,
DY(&;0) CY N\ (—int(Y1)), Vv eTe(S, 7).

Proof . On the contrary, suppose there exists a vector v € I'c(S, #) that Dy (;v) € Y\ (—int(Y)). This means
DY(z;v) N (—int(Y)) # 0. Let y be an element in this intersection, i.e.,

y € DY(&;v) N (—int(Y)).

Since y € D (&;v), we can find a sequence {h,} | 0 such that

n—00 hn,

As v € T¢(S, %), for the above {h,} and z, = & for all n € N, there exists a sequence {v,} — v such that
T+ h,v, € S for all n € N. Since,

V(@ 4 hpvn) — (&) (@ + havy) — (@ + hav) Y@ + hav) — ()
hy, o hn, + hn, ’

and the right hand of the above equality tends to y by (2.4) and (3.2)), we have

n—oo0 hy,

As y € —int(Y™T), the above equality yields, for n large enough,

(i + hn;:n) —¥(@) —int(Y),

which implies there is a positive number K > 0 such that
(& 4 hpvy) — (2) € —int(YT), V¥n> K.

Note that when n > K, we have & + h,v, € U NS for some neighborhood U of &. Hence, the last inclusion
concludes that

®(SNU) = v(#)) N (—int(YT)) #0,

which contradicts the assumption that & is a local weakly efficient solution of (V P). The proof is complete. O

Corollary 3.5. Let & € S be a local weakly efficient solution for (V P), and 1t is Lipschitz around &.

(i) If S is regular at &, then
DY(d;v) CY\ (—int(YT)), Vv eTp(S,2).

(iii) If & € int(S), then
DY(&;0) C Y\ (—int(YT)), Ve X.

(iv) If 4 is Dini directionally derivable at &, then
—Vi(a;v) ¢ int(YT), Vv eTlo(S, 7).
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Proof . The definition of regular sets and Theorem imply (i). Since the condition & € int(S) implies that
Te(S,2) = X, (ii) is a corollary of Theorem (3.4l For prove of (iii), we first mention that if ¢ is Dini directionally
derivable at £, by Remark [2.6) we have D¢ (&;v) = {V¢(&;v)}, for all v € X. So, Theorem [3.4]implies that Vi(&;v) ¢
—int(YT), for all v € T'¢(S, ), the result is immediate. OJ

The following example shows that the assumption of “regularity of S at &” in Corollary i) is necessary. In
other words, in Theorem we can not replace the cone I'c(S,2) with the cone I'g(S9, ).

Example 3.6. Let T'= {1} (and hence Y =R), X =R, and f : R — R be defined by

f(x)inf{|a:1||n€N}.

2 n

Since f is distance function from A := {2% |ne N}, it is locally Lipschitz on R. Take
P:R=R,  P(z)=f(z) -
3

L
37

Obviously, & = 0 is a local weakly efficient solution for the problem (V P), ¢ is Lipschitz around &, T'c(S, &) = {0},
['p(S,%) = [0,+00), and for all v € R we have D¢ (Z;v) = [~%,0]. So, the following condition is not satisfied for all
v € I'p(S,%), but it is true for all v € T'c (5, 2):

Du(Ev) = [-5.0) S R\ (~int(R*)) = [0, +00).

Remark 3.7. The function f : R — R , defined in Example shows that the equality Dé(i;v) = {¢”(2;v)}
is not necessarily true for a locally Lipschitz real-valued function ¢. In fact, for the mentioned function f, we have
Df(0;1) =0, %] and fP(0;1) = % Note that for a real-valued function ¢ : X — R, Remark concludes that

oP (,v) = max{y |y € Dp(3;v)}, VveAX. (3.3)

Also, if ¢ : X — R is Dini directionally derivable at & € X, the equality D¢(#;v) = {¢”(2;v)} holds by Remark
2.0l

As we know, if |T| = p (hence Y = RP) and ¢ := (¢1,...,¢p) : X — RP is Dini directionally derivable at & € X in
the direction v € X, then
V(i v) = (Vi (Z;v), ..., V(& 1)) .

Since the above equality can be written in the form of
DY(&;v) = DY (T;v) X ..., xDY,(T;v),

it is natural to ask the question “If |T'| = p and the locally Lipschitz function ¢ : X — ) is not Dini directionally
derivable at & € X, is the above equality still true or not?”. The following theorem shows that the answer to this
question is “yes”, even when T is infinite.

Theorem 3.8. Suppose that ¢ : X — Y and & € X are given. Then, for all v € X, one has:
DY(&;v)(t) = Diy(d;v), VEeT,

where D¢ (Z;v)(t) is defined as follows
DY(;v)(t) = {y(t) | y € DY(#; )}

Proof . By the definition, y(t) € D¢ (&;v)(¢) if and only if y € DY (&;v), i.e., y = lim V(@ + hnv) — ()

, for some
n— o0 hy,

sequence {h,} J 0. This is equivalent to

() = <nlin§o (& + h,;;;) - 1&(5:)) 6 = 1 (@ + hnu)}f:) —(E)(t)
i Y@ 0) Z (@) € Dy(z,v),

n—o0 hy,
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as required. [J

Theorem 3.9. Let & € S be a local weakly efficient solution for (V' P) and ¢ be Lipschitz around Z. Then, for each
v € T'¢(S,2) we can find some t € T such that ¢ (#;v) > 0. Equivalently,

{veXx|y(@v)<0,VteT}Nlc(S,2) = 0.

Proof . Suppose that v € T'¢(S, %) is given. Owing to Theorem we deduce that
DY(&;v) CY\ (—int(Y)) ={y € Y[t €T, y(t) > 0}.

This means that for each y € Dv(&; ) there exist some ¢ € T with y(¢) > 0. From this and Theorem 3.8 we deduce
that D, (2; ) N[0, +00) # 0, for some ¢ € T. From this and (3.3)) we conclude that 12 (#;v) > 0 for some t € T, and
the proof is complete. O

The following Theorem is a generalization of [7, Theorem 3.4, Step 1] to infinite 7.

Theorem 3.10. Let & be a local weakly efficient solution for (V P) and % be Lipschitz around . Then, ¢; : X — R
is Lipschitz around & for all t € T, and

(U acwt(£)> ) NTc(S, ) = 0.

teT

Proof . Since 1 is Lipschitz around Z, there exist some neighborhood U of & and some constant Ly > 0 such that
[(y) = @) < Ly llo —yll, Vo,yeU.

This inequality and the definition of ||y (y) — ¥ (x)|| imply

e (y) Pt (@)
max { (b)) - b@)(O)| [t €T} < Lu o —yll, VoyeU.

Hence, for all t € T' we have
[e(y) — (z)| < Ly [lz —yll, Vo,y e,

which concludes that 1), is Lipschitz around . Since Z is a local weakly efficient solution of (V P), by Theorem
we have
{veX|yP(E;v) <0, Vte TYNT (S, ) = 0.

This equality and (2.5) deduce that
{ve X |y (#;v) <0, Vte TyNT (S, &) =0, (3.4)
which by Theorem [2.5[vii) implies that

{veX | (&, v) <0, V& € e (2), Ve € T} NT (S, &) = 0.

This relation and the fact that

{ve @16 <o, ve coon@, weth = {vex 6n <o, v e Yaon@} = (Jaonm)

teT teT

conclude that <

(Uoew@) nres.a)=o,
teT

as required. [J

The following definition is required for stating the KKT type necessary optimality condition for the problem (V P).
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Definition 3.11. We say that the Abadie constraint qualification holds at & € S if
( U ocgi@ ) CTe(s,2),
JjEJ(2)

where J(Z) denotes the set of active constraints at Z, i.e.,
J(2):={j € J]|g;(&) =0}

Note the above definition is an extension of Abadie constraint qualification, presented in [9] (resp. [4], [11 12]) for
linear (resp. convex, nonsmooth) multiobjective semi-infinite optimization problems. Now, we can present the KKT
type necessary optimality condition at a local weakly efficient solution of (V' P).

Theorem 3.12. Assume that & € S is a local weakly efficient solution for (V' P), ¢ and g; as j € J are Lipschitz
around Z, and the Abadie constraint qualification holds at &. Then, we can find some nonnegative scalars \; ast € T
and 1 as j € J(Z), finite number of them are nonzero, such that )~ Ay =1 and

teT
Ox- € el (Z AOcte (2 Z 1i0cg;i(Z )
teT JjEJ(Z)
Proof . At the first, we claim that
h(v) >0, YveT¢(S,3), (3.5)

where the convex function h : X — R is defined as

h(v) := max{¢S (i;v) | t € T}.
Suppose, on the contrary, that there is a 7 € T'(S, ) with h(2) < 0. So, ¥ (#;0) < 0 for all t € T, and hence
ve{veX |y (d,v)<0, VteT}NTc(S, 1),
which contradicts (3.4]). Thus, (3.5)) is true, and the Abadie constraint qualification implies that

h(v) > 0, We( U dcg;(a )

jEJ(T)

=
The above inequality and h(0x) = 0 conclude that h attaints its minimum on the convex set < U 8ng(§3))
jed (&)
at v* = 0y, and by (2.3)) and Theorem we get

Ox~ € 8h(0x + N(( U 6cgj ) ,0,’() = (WL(O)() + CZW* <COTL6< U acgj(:ﬁ)>>, (3.6)
JEJ () JEJ (&)
where the last equality holds by bipolar Theorem [2.3] and

(( U ey, > 0X>={uex|<g,u>go, vge( U dcgi(@ ) }:<(_UAacgj(£)>j><,

JEJ (&) JEJ (%) JEJ (&

On the other hand, the well-known Pshenichnyi-Levin-Valadire Theorem ([6, pp. 267] and Theorem vi) conclude

" On(0x) C el (conv( U avf (;a;-)(og)) ="’ (conv( U awt(i;))), (3.7)

teT, teT,

where T, is defined as

T.:={t €T | h(0x) = ¢ (#0x) = 0}.
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Owing to (3.6) and (3.7)), we obtain that

Oy € el (conv(tg aczpt(fc))) + v (cone< | UA acgj(:z))>.

JEJ(2)

On the other hand, conv( U 8th(:%)> is norm bounded by [16, Lemma 4.1]. Thus, the above inclusion and Theorem
teT,
conclude that

Oy+ € el (com;( U 0o (& > +cone( U 5091 >>
teT,

JjE€J ()

Now, according to Theorem we can find some nonnegative scalars A\, as ¢t € T' and p; as j € J(&), finite number

of them are nonzero, such that )  A; =1 and
teT

Ox+ € el <Z>\tac¢t Z 1i0cg; (& >a

teT jEJ(2)

and the proof is complete. [

It should be noted that Theorem is a generalization of the KKT necessary condition, presented in [I [4] [8] @]
10), [T, 12]. Note that the equality Y. A; = 1 in Theorem |3.12| implies A; > 0 for some ¢ € T'. It is noteworthy that if
teT
we have \; > 0 for all t € T, the sum > \Ic(Z) becomes meaningless, except when |T'| < co. To get the result
teT
A >0forallt € T:={1,...,|T|}, we need the following definition.

Definition 3.13. We say that the refined Abadie constraint qualification holds at & € S if

( U acl/)t ) ( U acg] > C FC(th )? VtO S T7
teT\{to} JEJ(Z)
where

Q= {x €X|gi(x) <0, y(x) <0, VjEJ Vte T\{to}}.

Now, we can present the SKKT type necessary optimality condition at a local efficient solution of (V' P).
Theorem 3.14. Assume that & € S is a local efficient solution for (V P), ¢ is Lipschitz around Z, |T'| < oo, and the

refined Abadie constraint qualification holds at Z. Then, there exist some positive numbers A\; > 0 as t € T and some
negative scalars p; as j € J(&), finite number of them are nonzero, such that

e (ZAtacwt > ws0cg;(E )

teT jeJ(2)

Proof . We claim that for all ¢ty € T, & is a local minimizer of the following problem:

(Pro) : min -y, (z)
st gj(z) <0, Jed,
Pi(z) <0, teT\{to}.

On the contrary, suppose that there exist some ¢y € T such that & is not minimizer of (P, ). Thus, there are some
neighborhood U of & and some z* € U such that

’(/)to(l'*) < /l/)to(j?% ¥ e SN U,
() < (2), teT\{ty} = Ye(x*) < e (2), VteT,
g](fﬂ*) < 0, j cJ 1/1t0 (I*) < ’L/)to(i'), Ht() S T,
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which contradicts Lemma [3.2] Thus, our claim is proved. Since the refined Abadie constraint qualification holds at Z,

we have ( U Dot (3 ) <U dog; (@ )jQFC(thi’).

teT\{to} JEJ(2)

Since the feasible set of (P;,) is Q+,, the above inclusion concludes that the Abadie constraint qualification holds

at & for (P, ), and thus, Theorem [3.12] implies that there exist some nonnegative )\,Eto) ast € T\ {to} and ,u§»t°)
Jj € J(&) such that

Ox, €™ (acwto ST Aoy + Y uiocg, (@ )
teT\{to} JjeJ(&)
By repeating the above inclusion for each to € T = {1,--- ,|T|} and summing them, and considering [16, Lemma

4.1] and Theorem we obtain that

Ox, € cl’ ( Z (3c¢t0 (2) Z A(to Do (2 Z M( 0)309g ))

to€T teT\{to} JjeJ(&)
= Clw* <Z/\t8(;wt Z /J]anj )a
teT JEJ(2)

where
=14 > A >0, vkeT  and  op=Y pP >0, Vied
teT\{k} teT

The result is proved. [J
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