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NEW INEQUALITIES FOR A CLASS OF DIFFERENTIABLE
FUNCTIONS

Z. DAHMANI!*

ABSTRACT. In this paper, we use the Riemann-Liouville fractional integrals to
establish some new integral inequalities related to Chebyshev’s functional in the
case of two differentiable functions.

1. INTRODUCTION AND BASIC DEFINITIONS

Let us consider

1= [r@ewa - ([rww) (7 [aww)
(1.1)

where f and ¢ are two integrable functions on [a, b] [1].

The relation (1.1) has evoked the interest of many researchers and several inequali-
ties related to this functional have appeared in the literature, to mention a few, see
[1, 2,6, 7] and the references cited therein.

The main aim of this paper is to establish some new inequalities for (1.1) by us-
ing the Riemann-Liouville fractional integrals. We give our results in the case of
differentiable functions.

We shall introduce the following spaces which are used throughout this paper.

Let C([0,00]) the space of all continuous functions from [0, 00] into R and let
L ([0, 00[) the space of essentially bounded functions f(z) on [0, co[, with the norm

| flloo :=inf{C > 0,|f(z)| < C; for almost every x € [0, 00[}.
For the Riemann-Liouville integrals, we give the following definitions and properties.

Definition 1.1. A real valued function f(¢),¢ > 0 is said to be in the space
C,,p € R if there exists a real number p > p such that f(t) = t*fi(¢), where
fi(t) € €([0, o).

Definition 1.2. A function f(t),t > 0 is said to be in the space C}},n € R, if
f e C,
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Definition 1.3. The Riemann-Liouville fractional integral operator of order o > 0,
for a function f € Cy, (u > —1) is defined as

Jf(t) = w55 Jo(t =) f(r)dr; a> 0,8 >0,

J(t) = (1) (12

where T'(« fo e "u* du.

For the convenience of establishing the results, we give the semigroup property:

JUJPf(t) = J*Pf(t),a>0,8>0, (1.3)
which implies the commutative property
JUJPf(t) = JPTf(2). (1.4)

For more details, one can consult [3].

2. MAIN RESULTS

Theorem 2.1. Let f and g be two differentiable functions on [0,00] such that
', g € Lo([0,00[). Then for allt > 0, > 0, we have:

ta (0% « (6%
m«] fo(t) —Jf(t)J g(t)’
(2.1)
< 11 el 19 1o | ey 82 = (J20)2].
Proof. Let f and g be two functions satisfying the conditions of Theorem 2.1.
Define
H(r,p) = (f(T) = f(p)(9(1) = 9(p)); 7, p € (0,2),t > 0. (2.2)

Multiplying (2.2) by t_T)O; ; 7 € (0,t) and integrating the resulting identity with

respect to 7 from 0 to ¢, we can state that

1/ o1
m/o (t—7)""H(r,p)dr

= Jfo(t) = f(p)T*g(t) = 9(p)T*F(t) + (P)9(P) ez
Now, multiplying (2.3) by (t=p )a)_l; p € (0,t) and integrating the resulting identity

(2.3)

with respect to p over (0,t), we can write

/ / (t—m7)*" 1 p)a’lH(T,p)dep

= 2y fa(t) = Jf ()19 (1))

On the other hand, we have

H(t,p) //f 2)dydz. (2.5)
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Since [, ¢' € L»([0, oo[) then we can write

H(r, p)| < 2)dz| < || lsollg oo (7 = p)*. (2.6)
Consequently,
1 t t B o
. / / (t =)t — p) | H (. p)ldrdp
(O{) 0 JO (27)
< I IIFoo(\(Ilglloo fo f )Lt — p)et(2 — 27p + p?)drdp.

Thus, we obtain the following estimate

1 t t o1 ol
= / / (t— 7)Yt — p)* | H 7, p)|drdp

<P loellg o gy o8 — 2(78)2 + I

By the relations (2.4),(2.8) and using the properties of the modulus, we get the
desired inequality (2.1). O

(2.8)

Remark 2.2. Applying Theorem 2.1 for « = 1, we obtain (Corollary 6.2 of[7] on

[0,t]):
‘t/o f(r)g(r)dr — (/0 f(T)dT)(/D g(T)dT)‘ < t*/12.

Our next result is the following theorem, in which we use two real positive pa-
rameters.

Theorem 2.3. Let f and g be two differentiable functions on [0,00] such that
1, d € Loo([0,00[). Then for allt >0, > 0,5 > 0, we have

e 8

- 18 v
oD’ 99 G 9

T fglt) = JF(0)1g(t) — 7 F(£)J° (1)
<P Nool 9o | gy 778 = 200707 + 5

Proof. The relation (2 3) implies that

// (t — 1)t — p)°LH(r, p)drdp 210

« 8 «a « «
=t/ f9) + v O () — JOf () T7g(t) — TP f(£)Jg(t).
On the other hand, the relation (2.6) implies that

// (t — 7)Yt — )P H(r, p)|drdp

! o / o t t a— _
< —“fp'('a)ﬁfgﬁ')‘ S i =)t = p)P M — p)2drdp.
Using (2.10) and (2.11), we get the inequality (2.9). O

(2.11)
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Remark 2.4. Applying Theorem 2.3 for a = 8 we obtain Theorem 2.1.

The following results have some applications in the perturbed quadrature rules
(see, for example, [3, 5]).

Theorem 2.5. Let f and g be two differentiable functions on [0, 00 with ¢'(t) #
0,t € [0,00[. If there exists a constant M > 0 such that g,/gg < M, then for all
a>0,8>0, we have

e t9 N N N
o0+ m" Fo(t) = £ ()T (t) = £ (1).1°9(1)] -
< Mg g3 () + w3 () — 20°9(1) 79 (1),

Proof. Let f and ¢ be two functions satisfying the conditions of Theorem 2.5. Then
for every 1,p € [0,t];7 = p,t > 0 there exists a ¢ between 7 and p so that

)= fo) _ 1)
9(r) —g(p)  ¢(c)
Hence for every 7, p € [0,t];t > 0, we have

(1) = f(p)| < Mlg(T) — g(p)|. (2.13)

This implies that

H(r )| < M(9(r) ~ 9(0)) 7o € [0,1] (214)

Then, it follows that

/ / )\t — p) | H (7, p)drdp

(2.15)
< b Jo ot =7 (= )P (g(7) = 20(7)g(p) + 6%(p) ) drdp.
Therefore,
oo | / = (e ) () .
< M| 1202 (0) + iy P2 g(E) — 20°9(6)19 1)
Theorem 2.5 is thus proved. O

Corollary 2.6. Let f and g be two differentiable functions on [0, o0c[; with ¢'(t) #
0,t € [0,00[. If there exists a constant M > 0 such that U] < M, then for all

g'(t)
a > 0, we have:
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ta (63 (63 (0%
a0 - 00| -
< M1 (t) — (J2g()?).
Proof. We apply Theorem 2.5 for a = £. O

I

Remark 2.7. Applying Theorem 2.5 for & = 8 = 1, we obtain ( Corollary 4.2 of[7]

on [0,¢]):
[ st = ([ smar)( [ o)

V< [t i@~ (o))
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