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Abstract

We establish the existence and uniqueness of solutions to a mean-field reflected backward stochastic differential equation
with an infinite horizon under a Lipschitz condition on the coefficient. As an application, we prove the existence of an
optimal strategy for the mean-field mixed stochastic control problem.
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1 Introduction

Let (By)¢>0 be a standard d-dimensional Brownian motion, defined on a probability space (Q, F,P). Let F ={F,, s > 0}
be the filtration generated by the process (B) augmented with the P-null sets of F, and Foo = t\>/0 Fi. We denote

S82%(0, 00, R) := the space of continuous, F-adapted processes ¢ such that

E sup |of® < +o0.
0<t<oo

M?2(0, 00, R%) := the space of F;-progressively measurable processes ¢ satisfying

IE/ o) dt < +o0.
0

L? := the space of F.o—measurable random variable ¢ s.t. satisfying E |§|2 < 4o00.

T := the space of F;-stopping time v such that P — a.s. v > ¢.

P := the o-algebra of progressively measurable subsets of [0, c0) x .

Let B2 be the Banach space of processes (Y, Z) with values in R*? such that Y € 82, Z € M? and ||(Y, 2)|| 5. ==

) 5 \1/2
(1Y 1% + 1215
The space (ﬁ, F, @) = (2 x Q, F® F,PRP) is endowed with the filtration F= {.Tt =FQF, t> O} .
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The random variable ¢ € L° (Q, F,P,R) is canonically extended to Q by putting & (w’,w) := &(w) for (w',w) € Q.

For any 6§ € L' (Q,F,P), the variable 6(.,w) : Q — R belongs to L' (2, F,P) P(dw) — a.s. We denote its expectation
by
w)] = / O(w', w)P(dw').
Q
Note that E’ [0] := E’ [0(.,w)] € L' (Q, F,P) and
- / 0dF — / B [0(., )] P(dw) = E[E [0]].
Q Q

We consider the following assumption:
(H1)-(i) f is a mapping from Q x Ry x R x R? x R x R? into R such that
(a) there exist two positive deterministic functions u;(¢) and us(t) such that for any (v}, 2, i, z;) in R1Fd+1+d,
(t=1,2) and any t € [0, oo, we have
|f(tayllazivyl7zl) - f(tayévzé7y27z2)‘ Sul(t) (‘yi - yé| + |y1 - y2|) + u2(t) (|Z£ - Zé‘ + |Zl - 22|) :

b) E(f(;)o|fs 0,0,0, O)|ds)2

c) [ ur(t)dt < oo, [;Tu3(t)dt < oco.

(
(
(ii) ¢ is an Fa—measurable random variable ¢ s.t. satisfying E |¢[* < 4-o0c.
(iii) S e€S8?and Sy, <€ a.s.

Definition 1.1. A solution of a mean-field reflected backward stochastic differential equation (MFRBSDE), with
the data (f,§,5), is an (F;)-adapted process (Y, Z, K) := (Yi, Z;, K;);>0 which satisfies the following equation

()Y eSZe M* K, € I?

(i) i =&+ [ F [f(s,Y!, 20, Vs, Zy) ds + Koo — Ky — [, Z,dB,, >0, (1)
(iii) Vt>0 Sy < Y;. '
(iv) K, is continuous and increasing, Ko = 0 and f0+°°(Y} —S1)dK; = 0.

where
E'[f(s,Y{, Z0, Y5, Z6)] (w) = B [f(s, YL, Z4, Ys(w), Zs(w))]
/f (W, w,s,Ys(W), Zs(w'), Ys(w), Zs(w))P(dw")

¢ is called the terminal value, f the generator (or coefficient) and S the barrier (or obstacle). In the sequel the previous
equation will be labeled eq(f,&,.S) or bsde(f,&,S).

The one barrier reflected backward stochastic differential equations (RBSDEs in short) were first studied by El
Karoui et al. [4]. For these RBSDEs, that is for the equations of the form

()Y eS8, Ze M* Kr eI

(i) Yy =€+ [ (5,5, Zo)ds + Kp — Ky — [ Z,dB,, 0<t<T, (1.2)
(11)Vt€[OT] S, <Y;. ’
(iv) K; is continuous and increasing, Ky = 0 and fo — S1)dK; = 0.

In [] the existence and uniqueness of solutions to is proved under a square integrability of the terminal value
& and a Lipschitz continuous condition on the generator f while the barrier .S is assumed continuous and satisfies
E [sup(S;)?] < 4o0. In Hamadene et al. [§], the existence and uniqueness of solutions to the one barrier RBSDEs
with infinite horizon has been proved under the same assumptions in [4]. The authors of [I2] have proved the existence
and uniqueness of a class of BSDEs with mean-field type of the form

+oo —+o0
:§+/ E [f(s,Y!,Z,Ys, 2 )]ds—/ Z.dB,, t>0. (1.3)
t t
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The mean-field BSDEs were introduced in Buckdahn et al. [2] in the context of a finite horizon. In finite
horizon, the existence of solutions to mean-field BSDEs has been proved in Li and Luo [I0] in the case where the
terminal value £ is square integrable, the generator f is uniformly Lipschitz in y, z. They also show the existence and
uniqueness of solution when the data f, £ and S satisfy assumption (H1). Our work distinguishes itself from previous
studies by addressing reflected backward stochastic differential equations of mean-field type with double barriers and
an infinite horizon.

The main result of this work consists of proving the existence and uniqueness of solutions for backward stochastic
differential equations of mean-field type in infinite horizon. This result is an extension of the results stated in [8] [10].
As an application, we establish the existence of optimal strategy for the mean-field mixed control problem in infinite
horizon.

Let us give a few explanations. Let ¢ and ¢ be bounded continuous functions, consider the following system

dXy = b(t, X ,E* [p(Xs)], ue)dt + o(t, X )dBy. (1.4)
Xo=z€R? ¢t>0. :

where © € U is an admissible control and
t
B = B, _/ o1(s, X )b(s, X, B [$(X,)], us)ds, t>0,
0

is a Brownian motion on (2, F,P*). The probability measures P and P* are equivalent on (€2, F). The payoff associated
to the system (1.4) and Mean-field RBSDE eq(f,&,.S) is defined by

J(u,7) =FE" [/ h(s, X, E" [0(Xs)],us)ds + Srlircioy +Elfr—tyoo} | 5 (1.5)
0

where E* denotes the expectation with respect to P“. The problem consists to find (@, 7) such that
J(u,7) < J(u,7), V(u,7)eUxT (1.6)

where
~ | inf{t €0,400),Y,* < S}
T= +00, otherwise.

Any (u,7) € U x T satistying (1.6]) is called optimal strategy or saddle-point strategy. Our work extends these of
[8, [7] to the case of a mean equation.

The paper is organized as follows. In Section 2, we use the ideas developed in [8] and [10] to establish the existence
and uniqueness of a solution (Y, Z, K) for an infinite horizon mean-field reflected backward stochastic differential
equation. In Section 3, we prove the existence of an optimal strategy for the mean-field mixed control problem (|1.5]).

2 Mean-field reflected BSDE with infinite horizon

In this Section, we establish the existence of solutions (Y, Z, K) to the infinite horizon mean-field reflected BSDEs
eq(f,&,S) when assumption (H1) is satisfied. Let (y,z) € §% x M? and consider the mean-field reflected BSDEs

()Y eS8 Ze M* K, €I

(i) Vi = €+ [T [f (s, 2L, Ye, Zo) ds + Koo — Ky — [[7 Z,dB,, >0,
(iii) Vt >0,5 <Y

(iv) K is continuous and increasing, Ky = 0 and f0+°o (Y — Sp)dK; = 0.

(2.1)

where
B [f(5,4), 21 Yoo Z0)] (@) = B (£ (5,0 2L, Ya(w), Za())]
/fw 0,5, s (), 28(), Ya(w), Zo(w))P(ds’)

Proposition 2.1. Assume that (H1) is satisfied. If (y, 2) € 82 x M?, then there exists a unique solution (Y, Z, K) of
the mean-field reflected BSDE (2.1]) such that (Y, Z) belongs to B? x B2.
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Proof . See [§] Theorem 3.2. O

The main result of this section is the following.

Theorem 2.2. Let assumption (H1) holds. Then, the mean-field RBSDEs eq(f,&,S) with the data (f,&,5) has a
unique solution (Y, Z, K).

Proof . Thanks to Proposition we can introduce the mapping ¥ (yl,zz) = (Yl,Z’) : B2 — B2, through the
following equation

y;:g+/ E [f(s,y¥, 22, Y, Z1)] ds+Kgo—K;—/ ZldB,, t>0. (2.2)
t t

The proof is divided into three steps. In step 1, under ( fo dt) + f t)dt < 72 we prove that the mapping
U is a contraction. In step 2, we use assumptlon (H1)-(i)-(c) to show that there exists a sufficiently large constant

Tp > 0 such that ( fT uy(s ds) + f s)ds < 2. This shows that the infinite horizon mean-field reflected BSDEs
eq(f,&,S) with the data (f,€,.S) has a unique. In step 3, we prove the uniqueness of the solution of eq(f, ¢, S).
Step 1. Contraction of the map ¥ (y, z) := (Y, Z). Assume that

L= (/Ooou(t)dt)2+/ooo 2(4)dt < %

Let (y%, 2%), (i = 1,2) be two elements of B2. We denote

(@\ 2) = (yl—yQ,zl—z2)
V.Z,R) = (Y'-Y%7'- 2% K' - K?)
f = f(s,y8,20, Y, Z)) — f(s,y2, 22, Y2, Z2).

The square-integrable solution Y}’ of the MFRBSDE ({2.2)) can be be represented as follows:

Y;i = esssupE |:/ E’ [f( ,yg, s ,Yvz ZZ)] ds + Svl{v<oo} +§1{v:oo} | Fil . (23)
vET: t

Doob’s inequality shows that

7l = =l
< el (e[ e olei]) ]
<

4E l(/om E [fA(s)} ds) 21 .

~ ~ 2
Using the fact that f;roo Y,dK, <0, then It6’s formula applied to ‘Y}’ shows that

2 +oo . +oo +oo
ds 2 A [ (s)} ds +2 V.dK, —2 Y, Z,ds
t t t
+oo

~

Yy Zs

2 too
v
t

IA
no

+oo
Y.E' [A(s)} ds — Z/t Y.Z.dB;.

o+
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Hence,

|2, = e[ (2 ]
9F { /0 ToE {f(s)} ds]

([ )]

The Lipschitz condition allows to show that

Z,

IN

IN

oE

+00 —~ 2 v, 2|
o[([ =)o) < oo o]
0
Hence,
~ o~ 2 % 2 7 2
B2 52 M2
+00 ~ ?
- ([l
0
12 AR
< 36L H(yaz)||82+H(Y’Z)‘BQ '
Thus ?
A 12
H(Y’Z)’ < 2@ 2) 52
where

B 36 {(fooo ul(s)ds)2 + (fy° u%(s)ds.)}
1-36 {(fooo U1(3)ds)2 +(f° u%(s)ds)} '

F2

Therefore, using inequality ( fooo u(t)dt)2 + fooo u?(t)dt < 75 , it follows that W is a strict contraction. Hence, ¥

has a unique fixed point (Y, Z) € B? such that (Y, Z) = ®(Y, Z). This shows the existence and uniqueness of (Y, Z).
The existence and uniqueness of the process K are deduced from that of (Y, Z).

Step 2. For the general case.

It follows, from Step 1, that equation (2.1)) has a unique solution Y, Z, K) such that (Y, Z) € B2. Using assumption
(H1)-(i)-(c), one can show that there exists a sufficiently large constant Ty > 0 such that,

(/TOO ul(s)ds>2 + /Too u3(s)ds < %

Now, we respectively consider the following infinite horizon and finite horizon mean-field reflected BSDE,

+o0 +oo
Y, =¢ +/ 1o E [f(57?;,7;,yg,zs)] ds+ Koo — Ky — / Z.dB,, t>0, (2.4)
t t

and

_ - To S _ _ To
Y, =Y, +/ E {f(s’yslv Z;,YS,ZS)} ds + Kp, — K, —/ ZsdBs, te€[0,Tp]. (2.5)
t t

Moreover, from Li and Luo [I0] Theorem 3.1, there exists a unique solution (Y3, Z;, K;) satisfying the finite horizon
mean-field reflected BSDE ([2.5).

According to Step 1, the infinite horizon mean-field reflected BSDE (2.4) has a unique solution (Y, Z;, Ky).
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Thanks to Step I and Step 2, the infinite horizon mean-field reflected BSDEs eq(f, &, S) has a unique solution
(Y, Z, K). From the uniqueness it follows that

v _{ Y% teT] g _ | Z tel0,T
K Y. te|ly,o0 ¢ Zi, te [Ty, o0

K, = [?tv tE[O,To]
= ~ _ .
KTD_Kt_KTm tE[T(),OO}

Theorem [2.2] is proved. O

3 Mean-field mixed control problem with infinite horizon

In this section, we study the Mean-field mixed control problem with infinite horizon using mean-field reflected
BSDEs eq(f,£,S). We shall give a description of the problem. In the sequel Q = C([0, oo, Rd) is the space of
continuous functions from [0, oo[ to Re TLet Xg =2z € R% and X = (X1)1>0 be the solution of the following standard
functional differential equation

{ dX;=o(t, X )dB; (3.1)

Xo=z€R? t>0.
We consider the following assumptions:
(H2) The coefficient o : (¢,¢) € [0,00[xQ — o(t,¢) € R? ® R? satisfy
(i) o is P-measurable.
(ii) For any ¢ € [0, +oo[ and ¢ € €, o(¢,() is invertible and o~1(¢,¢) is bounded.

(iii) There exist K > 0 such that |o(t,¢) —o(t,¢')| < K ||¢ — ('], and |o(t,¢)] < K(1+ |[¢]|,), where for any (¢, (")
€ Qandany t >0, ¢, =sup|(s.
s<t

Remark 3.1. Let assumption (H2). holds. Then, according to Revuz and Yor [I1] pp. 375, the standard functional
differential equation (3.1)) has a unique solution.

Let A be a compact metric space. Let U be the set of all P-measurable processes u := (u;);>o with values in A.
Let b be a function from [0, +oo[xQxR?% x A into R? satisfy the following conditions:

(H3)
(i) b is a Borel measurable functions.
(ii) For any ¢ € [0,400) and (¢,z) € Q x R?, b(t,(, x,.) is continuous on A.
(iii) There exists a deterministic function C(t) satisfying f0+oo C?(t)dt < 400 such that

b(t, ¢, 2z, u)| < C(t), for a.sw and any t >0, (¢,z) € xR, u e A
Let ¢ be a bounded continuous function from R? onto R%. For each u € U, we define a probability P* on (£2, F) by

1

oo —1 u e —1 u 2
- exp{ | o X b X B X)L w)dBy = [ o X b, X B (X)) )| ds},

v
dP

where E* denotes the expectation with respect to P*. Using assumptions (H2), (H3) and Girsanov’s theorem (see
[9], [11]), we see that the process

t
B! = B, _/ o=1(s, X )b(s, X, B [6(X.)] , us)ds, ¢ >0,
0
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is a Brownian motion on (2, F,P*) and X is a weak solution of the following mean-field SDE

(3.2)

dX, = b(t, X, B [¢(X,)], ue)dt + o(t, X.)dBY,
Xo=xzcR? t>0.

In the present section, suppose that we have a system , whose evolution is described by process X, which has
an effect on the wealth of a controller. On the other hand the controller has no influence on the system . For
instance, the process X may represent the price of an asset on the market and the controller a small share holder or
a small investor. Here U is the set of admissible controls, the controller acts to protect his advantages by means of
u € U via the probability P*. On the other hand he has also the possibility at any time 7 € T to stop controlling. The
control is not free.

(H4) The function & : [0, 00[xQ x R? x A — R satisfies assumption (H3).
The payoff functional J(u,7), (u,7) € U x T, associated with the controlled mean-field SDE (3.2) is

J(u7 T) =E* |:/ h(S, X, E* [@(XS)] ,us)ds + STl{T<+OO} + fl{T:+oo} (33)
0

where ¢ be a bounded continuous function from R? to R?, S and ¢ are the same as in assumption (H1).

In this controller, the coefficients h(t, X ,E* [p(X¢)],u) is the instantaneous reward, S and £ are respectively the
rewards if he decides to stop before or until infinite time. The problem is to look for an optimal strategy for the
controller i.e. a strategy (u,7) such that

J(u,7) < J(@W,7), Y(u,7)eUXT

We define the usual Hamiltonian function associated with this mean-field mixed stochastic control problem H :
[0, +00[xQ x M (RY) x A — R, by

H(t, X, p,p,u) :=pb (t,X.7/¢dﬂ,p,u> +h (t,X.,/stu,p,u), (3.4)

where M (R?) denotes the space of probability measures in R? and y; is the marginal probability distribution of X
under the probability measure P*. To ease the notation, we use the following notation for the Hamiltonian

H(t, X.,p,u) := pb(t, X, E* [¢(Xy)], p,u) + h(t, X, E* [o(Xy)] , p, u)

The following lemma on the existence u* = u*(t, X , , p) which maximize the Hamiltonian H, has been obtained
by Benes [I] (see also [3]).

Lemma 3.2. There exists a Borel measurable function u* : [0, +00[x € x M (R?) — A such that

H(t, X, p,u”) = max (pb(t, X, B [¢(X)], p, u) + h(t, X, B* [p(X)], p, )

Remark 3.3. Under assumption (H3) — (iii), H(¢, X, p, u) satisfies the Lipschitz condition in p. Then, the function
H(t, X ,p,u*) also satisfies the Lipschitz assumption (H3) — (iii) in p.

The main result of this section is given by the following theorem.

Theorem 3.4. Assume that assumption (H1) — (H4) are satisfied. Let (Y*, Z*, K*) be the solution of the infinite
horizon mean-field reflected BSDEs, with the data (H(t, X , Z*,u*),&,S), let

(3.5)

400, otherwise.

~_ { inf {t € [0, +00), Y < S}

Then Y = J(u*,7) and (u*,7) is an optimal strategy for the mean-field mixed stochastic game problem (3.3)).



68 Roubi

Proof . According to Theorem it is clear that under assumption (H1) — (H4), the infinite horizon mean-field
reflected BSDEs, with the data (H (¢, X, Z*,u*),&,.S) has a unique solution (Y*, Z*, K*). Then for any ¢t > 0 we have,

—+oo +oo
Y =&+ H(t, X ,Z* u)ds+ KX — K} 7/ Z¥dBs, t>0, (3.6)
t t

Since Y{" is deterministic, then we can show that

Yy = E* [¥§]
* [ +m
= E* [£+ H(t,X,,Z:,u*)ds—i-K;O—/
0

+oo
Z;‘st}

L 0
= Ev¥ Y;+/ H(t,X_,Z:,u*)ds+K;—/ Z*dB,
0 0

= E% Y;+/ h(s, X, E* [go(XS)],u*)ds+K;f/ ZrdBY
0 0

Assumption (H3) and Burkholder Davis-Gundy’s inequality allows to show that

=<))ol =)])

Since E {(%)Q] < oo, E¥ [igg fg Z*dBY } < oo. Therefore (fot Z¥dBY ,t € [0,400]) is a P* -martingale.
Moreover, from (3.5) and the propgrties of reflected BSDEs, it is easy to see that the process KX does not increase
between 0 and 7 and hence K% = 0. It follows that

E* {sup
>0

Yy =EY l/ h(s, X, E* [o(X,)],u")ds + Y2
0

Since Y2 = Sz115c 400} + {1100} P -q.s, it holds that

Yy = J(u*, 7).

On the other hand, let u be an admissible control and 7 be a stopping time. Since P and P“ are equivalent
probabilities on (€2, F), we have

i o= B
400

r +oo
- B¢+ H(t,X,,Z;u*)derKgo—/ Z;*dBS]
L 0

0
- Ev y:+/ H(t,X,,Z;,u*)ds+K:—/ Z:st}
L 0 0

= E Y:+/ h(s,X_,]E“[go(Xs)],u)ds+K:7/ ZrdBy +/ H(t,X,Z"u")—H(t, X ,Z*% u)ds| .
I 0 0 0

Since the terms Y* > S:1iciooy + {lir—t00), K and fOT H(t,X Z*,u*) — H(t,X ,Z, u) are positive P"-a.s.,
(f(;5 ZrdBy,t € [0, 4+00]) is a P*-martingale, the following result holds

J(u*,7) =Y, > E" {/ h(s, X ,E* [p(Xs)],u)ds+ KX +Y* —/ Z:dB;‘} = J(u, 7).
0 0

It follows that the control (u*,7) is an optimal strategy for the mean-field mixed stochastic game problem ({3.3]).
U
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