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This study investigates the damping ratio to evaluate impact 

force and energy absorption during collisions between adjacent 

buildings under seismic excitation. Experimental tests using 

different balls and varying heights were conducted to calculate 

impact velocity. The case of pounding is carried experimentally 

out and numerically studied based on an experimental test by 

using different balls and various heights in order to fall and 

calculate impact velocity. For this challenge, special element is 

numerically considered which is included to have spring and 

dashpot. The stiffness of spring and damping ratio of dashpot 

needs to be accurately calculated for determining impact value 

and dissipated energy. The cogency of calculation the value of 

damping ratio is investigated by defining an impact that is 

basically described and mathematically simulated with a 

nonlinear viscoelastic model. Using energy role, energy 

absorption is calculated, and energy dissipation is estimated. 

Finally, a new equation of motion in field of damping ratio is 

approximately suggested, and the accuracy of the formula is 

numerically confirmed and also compared with the results of 

experimental analyses. For instance, the results of comparison 

show a 6% error between numerical study and experimental 

test. In order to investigate the results of evaluation and 

compare with other equations and experimental test, another 

study is generally carried out, which describes same peak 

impact force about 1192 kN in all various results. Finally, 

different situations by using various parameters are considered 

to describe the effect of suggested equation. 
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1. Introduction 

Insufficient separation distance between buildings can lead to significant damage due to collisions 

during seismic events, a phenomenon known as building pounding. This phenomenon occurs when 

critical distance cannot cover their relative movements, and large lateral displacement exceeds 

separation distance between adjacent buildings. 

In order to investigate building pounding, many researchers have experimentally tested collision 

between models with real and unreal scales and also, have numerically presented different equations 

to calculate impact damping ratio for evaluating pounding, damping and separation distance. 

Estimation of sufficient gap provides a safety zone between adjacent buildings to avoid a collision 

during large lateral displacement. In order to calculate impact force during seismic excitation, 

several equations of motions have been suggested to describe damping ratio and determine the 

value of energy absorption for showing hysteresis loop of impact and illustrating impact force. 

Anagnostopolos [1], Maison and Kasai [2], Jankowski [3–5], Jankowski and Mahmoud [6,7], 

Komodromos et al. [8,9], Ye et al. [10,11], Barros et al. [12], Naderpour et al. [13–17] have 

experimentally tested some models and also numerically demonstrated building pounding focused 

on damping ratio in order to suggest an equation of motion to calculate impact force and dissipated 

energy. In recent years, some other researchers have focused on the effectiveness of external 

element in order to decline impact force and control pounding hazard [18–27]. 

According to mentioned studies, there is a significant difference in the zone of impact force and 

dissipated energy that is caused to justify a new equation to cover all situations and required 

parameters while representing the most accuracy among suggested formula. As the past studies and 

equations have been evidently limited to specific parameter as coefficient of restitution, it needs to 

develop the formula in order to use more parameters such as the body masses, stiffness, velocity 

and specifically, impact velocity. Developing the equations to find the most accuracy than other 

equations was a necessary in order to determine impact force and dissipated energy during 

pounding. In this study, focused on the past equations and based on cyclic process, a new formula is 

suggested, and the accuracy of the equation is confirmed by using two numerical ways. In here, it 

can be considered that providing specific situations for adjacent structures, which are built close to 

each other, is able to control lateral displacement and prevent pounding as critical distance between 

them, using bumper and provide base isolation system but damping term is used even for mentioned 

situations and can be used in structural rehabilitation. 

2. Existing equation 

The majority of researchers have usually described a special element with consisting of a spring and 

dashpot to investigate a collision between two bodies during seismic excitation in order to simulate 

impact and calculate energy absorption. When bodies show large lateral displacement, they 

probably exceed the gap size between them and collision accrues. The general formula to calculate 

impact force is normally proposed by: 

𝐹𝑖𝑚𝑝 = 𝑘𝑠. 𝛿(𝑡) + 𝑐𝑖𝑚𝑝. �̇�(𝑡) (1) 
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where 𝑘𝑠and 𝑐𝑖𝑚𝑝are stiffness of spring and damping of dashpot, respectively. In the equation, 𝛿(𝑡) 

and �̇�(𝑡) also explain lateral displacement and velocity, respectively. The power of n has been 

recommended to be 1.5. 

The second term of the formula depends on damping of dashpot, which comes back to damping 

ratio and is calculated by: 

𝑐𝑖𝑚𝑝 = 2. 𝜁𝑖𝑚𝑝. √𝑘𝑠. 𝑀𝑒𝑞 (2) 

In this equation, 𝜁is the damping ratio and 𝑀𝑒𝑞is determined by two body masses, which is 
𝑚𝑖𝑚𝑗

𝑚𝑖+𝑚𝑗
. 

In order to demonstrate damping ratio, many researchers have numerically presented equation of 

motions, which are shown by CR and is defined by the ratio of impact, before and after the 

collision. In fact, CR shows elastic or inelastic impact as 0 < 𝐶𝑅 =
�̇�𝑏𝑒𝑓𝑜𝑟𝑒

�̇�𝑎𝑓𝑡𝑒𝑟
< 1. 

According to equation (2), Anagnostopolos [1] has proposed a damping ratio based on a linear 

viscoelastic model of impact, which was described as: 

𝜁𝑖𝑚𝑝 = −
𝑙𝑛(𝐶𝑅)

√𝜋2+(𝑙𝑛(𝐶𝑅))2
 (3) 

Based on equation (2), Seyed mahmoud and Jankowski [7] has suggested another equation, called 

modified linear viscoelastic model, which is expressed by: 

{
𝐹𝑖𝑚𝑝 = 𝑘𝑠. 𝛿(𝑡) + 𝑐𝑖𝑚𝑝. �̇�(𝑡) → �̇�(𝑡) > 0

𝐹𝑖𝑚𝑝 = 𝑘𝑠. 𝛿(𝑡) → �̇�(𝑡) ≤ 0
 (4) 

𝜁𝑖𝑚𝑝 =
(1−𝐶𝑅2)

𝐶𝑅(𝐶𝑅(𝜋−2)+2)
 (5) 

On the other hand, Jankowski [3] has presented a nonlinear viscoelastic model of impact and has 

numerically shown that the second term of equation (1) is only activated during the approach 

period. Consequently, the damping ratio is explained as: 

{
𝐹𝑖𝑚𝑝 = �̄�. 𝛿(𝑡)1.5 + 𝑐𝑖𝑚𝑝. �̇�(𝑡) → �̇�(𝑡) > 0

𝐹𝑖𝑚𝑝 = �̄�. 𝛿(𝑡)
1.5 → �̇�(𝑡) ≤ 0

 (6) 

𝜁𝑖𝑚𝑝 =
9√5

2
.

(1−𝐶𝑅2)

𝐶𝑅(𝐶𝑅(9𝜋−16)+16)
 (7) 

Barros et al. [12] has also suggested a new equation based on the nonlinear viscoelastic model and 

justified damping ratio using the coefficient of restitution which is written as: 

𝜁𝑖𝑚𝑝 = (
(1−𝐶𝑅2)

𝐶𝑅(√𝜋(
𝐶𝑅

2
+
1

𝜋
)−𝐶𝑅)

)2 (8) 

Based on equations (3), (5), (7) and (8), hysteresis model of impact is depicted in order to compare 

among models as it can be seen in Fig. [1]. 

Different equations have shown various results with the same CR. It seems that it is a need to justify 

an equation of motion based on CR, which can cover all the responses accurately. 
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Fig. 1. Comparison of hysteresis loops of used equations (3), (5), (6) and (7). 

3. Proposed damping ratio formula 

To investigate the accuracy of various formulas, experimental tests were conducted using two balls 

made of different materials. Concrete and plastic balls, each with the same mass, were dropped 

from heights of 50, 150, and 250 cm onto a rigid surface. For this challenge, the value of dissipated 

energy of the numerical analysis are mathematically calculated and compared with the value of 

dissipated energy of impact experimental conducted by dropping balls. The materials of balls are 

considered to be concrete and plastic with same masses onto a rigid surface. Balls were dropped 

from 50, 150 and 250 cm and their impact velocities are numerically determined. 

For the purpose of calculation of dissipated energy, a completed cycle of dropping ball is assumed 

to divide into three parts. 

The main physics equation of dropping ball is defined as the follow: 

𝑚𝑔ℎ𝑖 +
1

2
𝑚𝑣𝑖

2 = 𝑚𝑔ℎ𝑗 +
1

2
𝑚𝑣𝑗

2 (9) 

So, there is: 

{
 
 

 
 𝑔ℎ𝑖 =

1

2
𝑣𝑖
2 → 𝐹𝑖𝑟𝑠𝑡 − 𝑝𝑎𝑟𝑡

1

2
𝑣𝑖
2 − 𝛥𝐸 =

1

2
𝑣𝑗
2 → 𝑆𝑒𝑐𝑜𝑛𝑑 − 𝑝𝑎𝑟𝑡

1

2
𝑣𝑗
2 = 𝑔ℎ𝑗 → 𝑇ℎ𝑖𝑟𝑑 − 𝑝𝑎𝑟𝑡

 (10) 

In here, velocities are calculated by: 

𝑣𝑖 = √2𝑔ℎ𝑖 (11) 

And finally, dissipated energy is determined based on: 

𝛥𝐸 =
1

2
(𝑣𝑖

2 − 𝑣𝑗
2) (12) 

On the other hand, it is assumed that the enclosed area of loop is energy absorption of each collision 

which should be equal with kinetic energy loss when two bodies collide with each other and is 

written by the following form: 

Time (s)
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𝐸 =
1

2
. 𝑀𝑒𝑞 . (1 − 𝐶𝑅

2). �̇�𝑖𝑚𝑝
2  (13) 

𝑀𝑒𝑞is determined by two body masses, which is 
𝑚𝑖𝑚𝑗

𝑚𝑖+𝑚𝑗
. The schematic form of energy absorption is 

obviously seen in Fig. [2]. 

 
Fig. 2. Schematic form of energy absorption. 

If energy absorption and dissipated energy become to equal, the equation used in zone of damping 

ratio can be selected as the most accurate formula. 

For this challenge, balls are selected to have same masses and dropped from various height in order 

to calculate velocities as it is described in Table [1] and the schematic shape of test is seen in Fig. 

[3]. 

Table 1. The results of experimental test. 

𝑚(𝑔) 𝐻1(𝑐𝑚) 𝐻2(𝑐𝑚) 𝑣1(𝑐𝑚/𝑠) 𝑣2(𝑐𝑚/𝑠) 𝐶𝑅 𝐸 

210 

50 48.9 31.32 40.68 0.9889 2266.11 

150 111.3 54.24 46.73 0.8613 79725.8 

250 167.4 70.03 57.3 0.8182 170164.3 

 

In here, two different phases are mathematically generated based on velocity. Approach phase is 

accorded when velocity is positive and restitution phase is also shown when velocity is negative. 

Enclosed area is calculated during approach and restitution phase which is shown by: 

𝐴 = ∫ 𝑘𝑠. 𝛿
1.5𝛿𝑚

0
𝑑𝛿 − ∫ (𝑘𝑠. 𝛿

1.5 + 𝜁𝑖𝑚𝑝 . 𝛿
1.5. �̇�)𝑑𝛿

𝛿𝑚
0

= −∫ 𝜁𝑖𝑚𝑝. 𝛿
1.5. �̇�𝑑𝛿

𝛿𝑚
0

 (14) 

So, as it was noted, kinetic energy is compared with energy absorption which is expression by: 

 
Fig. 3. Schematic set up of experimental test. 
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1

2
. 𝑀𝑒𝑞 . (1 − 𝐶𝑅

2). �̇�𝑖𝑚𝑝
2 = −∫ 𝜁𝑖𝑚𝑝 . 𝛿

1.5�̇�𝑑𝛿
𝛿𝑚
0

 (15) 

On the other hand, when maximum value of the displacement is shown, kinetic energy can be 

calculated as a plastic impact which is written as the below: 

1

2
. 𝑀𝑒𝑞 . �̇�𝑖𝑚𝑝

2 = ∫ 𝑘𝑠. 𝛿
1.5. 𝑑𝛿

𝛿𝑚
0

 (16) 

In here, equation (12) is generally solved and maximum displacement is created by: 

𝛿𝑚 = (1.25.
𝑀𝑒𝑞�̇�𝑖𝑚𝑝

2

𝑘𝑠
)
0.4

 (17) 

Finally, in approach phase, it is considered that velocity is positive, so we have: 

∫ 𝑘𝑠. 𝛿
1.5𝑑𝛿 +

1

2
. 𝑀𝑒𝑞 . �̇�𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ

2 =
1

2
. 𝑀𝑒𝑞 . �̇�𝑖𝑚𝑝

2𝛿𝑚
0

→ �̇� > 0 (18) 

By solving equation (18), velocity is created as: 

�̇�𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ = √�̇�𝑖𝑚𝑝
2 −

0.8.𝑘𝑠.𝛿2.5

𝑀𝑒𝑞
 (19) 

After impact, velocity is moved to negative as restitution phases and declined by using a decrement 

factor as the below form: 

�̇�𝑟𝑒𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛 = −
1

𝜇.𝐶𝑅𝛼
. �̇�𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ → −

1

𝜇.𝐶𝑅𝛼
. √�̇�𝑖𝑚𝑝

2 −
0.8.𝑘𝑠.𝛿2.5

𝑀𝑒𝑞
 (20) 

In the equation (20), two parameters are assumed to be 0.065 < 𝜇 < 0.075 and 2.5 < 𝛼 < 3. So, 

equation (17) is changed to be: 

1

2
. 𝑀𝑒𝑞 . (1 − 𝐶𝑅

2). �̇�𝑖𝑚𝑝
2 = ∫

𝜁𝑖𝑚𝑝.𝛿
1.5

0.071.𝐶𝑅2.68
. √�̇�𝑖𝑚𝑝

2 −
0.8.𝑘𝑠.𝛿2.5

𝑀𝑒𝑞
𝑑𝛿

𝛿𝑚
0

 (21) 

By using equation (17), impact velocity will be: 

�̇�𝑖𝑚𝑝
2 =

0.8.𝛿𝑚
2.5.𝑘𝑠

𝑀𝑒𝑞
 (22) 

Then, equation (22) into equation (21) will be: 

1

2
. 𝑀𝑒𝑞 . (1 − 𝐶𝑅

2). �̇�𝑖𝑚𝑝
2 = 14.084 ∫

𝜁𝑖𝑚𝑝.𝛿
1.5

𝐶𝑅2.68
. √

0.8.𝛿𝑚
2.5.𝑘𝑠

𝑀𝑒𝑞
−
0.8.𝑘𝑠.𝛿2.5

𝑀𝑒𝑞
𝑑𝛿

𝛿𝑚
0

 (23) 

Which becomes: 

1

2
. 𝑀𝑒𝑞 . (1 − 𝐶𝑅

2). �̇�𝑖𝑚𝑝
2 = 14.084.

𝜁𝑖𝑚𝑝

𝐶𝑅2.68
. √

0.8.𝑘𝑠

𝑀𝑒𝑞
∫ 𝛿1.5√(𝛿𝑚

2.5 − 𝛿2.5)
𝛿𝑚
0

𝑑𝛿 (24) 

In this equation, the integral term of formula is solved and finally, the equation is formed as 

follows: 

1

2
. 𝑀𝑒𝑞 . (1 − 𝐶𝑅

2). �̇�𝑖𝑚𝑝
2 = 3.7563.

𝜁𝑖𝑚𝑝

𝐶𝑅2.68
. √

0.8..𝑘𝑠

𝑀𝑒𝑞
. (
1.25.𝑀𝑒𝑞.�̇�𝑖𝑚𝑝

2

𝑘𝑠
)
1.5

 (25) 

And now, simplified equation is created as: 
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1

2
. (1 − 𝐶𝑅2) = 4.6954.

𝜁𝑖𝑚𝑝

𝐶𝑅2.68
.
�̇�𝑖𝑚𝑝

𝑘𝑠
 (26) 

Finally, damping ratio is obviously created by: 

𝜁𝑖𝑚𝑝 = 0.1065
𝑘𝑠.(1−𝐶𝑅

2)

�̇�𝑖𝑚𝑝
. 𝐶𝑅2.68 (27) 

On the other hand, in order to investigate the accuracy of formula, following an iterative procedure 

and basing on stiffness of spring and impact velocity, another process is mathematically carried out 

to confirm the equation by the formula: 

𝜁𝑖𝑚𝑝
′ = �̄�.

𝑘𝑠(1−𝐶𝑅)

�̇�𝑖𝑚𝑝
 (28) 

Specifically for finding the value of 𝜛, the process is started and equations are solved to reach a 

new equation of motion which is explained by the below form: 

𝜛 = 0.14. 𝐶𝑅2.907 (29) 

Therefore, generally form of equation will be as: 

𝜁𝑖𝑚𝑝
′ = 0.14.

𝑘𝑠.(1−𝐶𝑅)

�̇�𝑖𝑚𝑝
. 𝐶𝑅2.907 (30) 

So, impact force will be:: 

{

𝐹𝑖𝑚𝑝 = 𝑘𝑠. 𝛿
1.5(𝑡) + 𝑐𝑖𝑚𝑝. �̇�(𝑡) → 𝛿 > 0 − �̇� < 0

𝐹𝑖𝑚𝑝 = 𝑘𝑠. 𝛿
1.5(𝑡) → 𝛿 > 0 − �̇� > 0

𝐹𝑖𝑚𝑝 = 0 → 𝛿 < 0

 (31) 

4. Verification 

In here, by focusing on equation (24) and in order to investigate the accuracy of formula, two 

different ways are carried numerically out based on energy dissipation and peak impact forces. For 

this challenge, CRVK program is basically used and developed to perform dynamic analyses and 

solve impact simulation. 

Firstly, in order to determine the impact force and energy dissipation, an impact between two bodies 

is simulated and the hysteresis loop is depicted. It is assumed that the dissipated energy is 

approximately expressed by the enclosed area of the hysteresis curve due to the impact. On the 

other hand, the kinetic energy loss due to the impact was demonstrated by Goldsmith [19], which 

was seen as: 

𝐸 =
1

2
. 𝑀𝑒𝑞 . (1 − 𝐶𝑅

2). �̇�𝑖𝑚𝑝
2  (32) 

It is obviously confirmed that the dissipated energy during the impact has to be equal to the kinetic 

energy calculated by equation (25). Undoubtedly, if both energies become equal to each other, it 

shows the accuracy of the impact damping ratio. Based on Naderpour et al. [17]; stiffness of spring 

is calculated by using equal masses, which is described as: 

𝑘𝑠 = 88.782.𝑀𝑒𝑞
0.924 (33) 
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Let us assume two bodies with 170 and 320 kg. An equal mass is calculated to be 111 kg, and 

subsequently, the stiffness of spring will be 6922 kN/mm1.5. In order to calculate energy by 

equation (25), CRVK program is used and by having equal mass, impact velocity is numerically 

determined. The program needs to have the value of velocity before impact and selected CR as 

inputs, and after starting the simulation of process; the equation of the value of impact velocity is 

analyzed and solved. Finally, the result is also plotted with a special curve as the below (Fig. [4].). 

 
Fig. 4. Impact velocity based on the value of velocity before impact and CR. 

Now, by using CRVK program, an impact is simulated, and the damping ratio is mathematically 

determined. Consequently, the damping value is calculated and the impact formula is numerically 

solved. For example, CR is assumed to be 0.4 and impact force is 1 m/s. now we have: 

 
Fig. 5. Hysteresis loop of impact based on impact force- displacement. 

In this case, the enclosed area (A) is 47.63, and kinetic energy (E) is calculated to be 46.62. As it 

was noted, selected CR is 0.4, and the calculated CR is 0.3764, which shows an error about 6% 

(Fig. [5]). 

The accuracy of the equation is observed by the Fig. [6]. Selected CR and calculated CR are 

compared with each other, which show an acceptable response. In fact, CRVK solves the equation 

based on an impact, which was simulated by specific CR and a cyclic program is used to calculate 

another CR, which are compared with each other to show the accuracy of formula. 
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Fig. 6. Accuracy of the proposed damping ratio by numerical analysis based on dissipated energy. 

Secondly, peak impact forces of the simulation are calculated and listed based on the coefficient of 

restitution. Different CR can justify different responses in terms of impact and dissipated energy. In 

fact, an equation can be accepted that the results of analyses show the same responses by using 

different CR. In the following, an impact is performed again by CRVK and peak impact forces are 

numerically calculated. All the results are collected and depicted in the figure. 

The results of analyses are compared with each other and shown the maximum impact forces have 

accrued in all equations by using the least value of the coefficient of restitution. As it is seen, 

different equations have obviously shown various peak impact forces. For example, by using 

CR=0.4, peak impact force has been calculated as 17056, 8513, 7749 and 6927 kN for equation (5), 

(8), (9) and (14), respectively. It is mentioned that different CR have explained different peak 

impact forces in equations (5), (8) and (9), by a decreasing pattern from 0.1 to 0.9, but equation (14) 

has represented a line, which can prove the accuracy of formula and confirm proposed formula (Fig. 

[7]). In other words, selecting coefficient of restitution of 0 to 0.3 makes a differences in peak 

impact force and more than 0.3, the results are normally calculated. 

 
Fig. 7. Accuracy of the proposed damping ratio by numerical analysis based on peak impact force. 
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The figure shows that the formulations by Barros et al., and Mahmoud and Jankowski result in 

different peak impact forces for varying coefficients of restitution. On the other hand, the 

application of the proposed formula has allowed selecting various CR with the same response. 

Consequently, it must be underlined that the proposed formula can be accepted in all of cases and 

coefficient of restitutions. 

5. Impact test 

In this part, the experimental test is theoretically investigated which was similar with Jankowski test 

[20] and has been explained in previously part. The test was carried out with same shape and 

different mass, height and velocity (Fig. [8]). 

 
Fig. 8. Model of a ball falling onto a rigid surface. 

In order to evaluate impact, the model of a ball falling onto a rigid surface, calibrated by 

experimental test, is mathematically considered which becomes: 

𝑚�̈�(𝑡) + 𝐹𝑖𝑚𝑝 = 𝑚𝑔 (34) 

 In this equation, m is the ball mass, Fimp denotes impact force, g and �̈�(𝑡) are an acceleration of 

gravity and vertical acceleration, respectively. The difference among various used models is 

evaluated by determining the normalized root mean square (RMS) error [21] which is shown by: 

 𝑅𝑀𝑆 =
√∑ (𝐻𝑖−�̄�𝑖)

2𝑁𝑉
𝑖=1

√∑ 𝐻𝑖
2𝑁𝑉

𝑖=1

. 100% (35) 

Where 𝐻𝑖 and �̄�𝑖 denote the value from the time history record obtained from the experiment and 

from the numerical analysis, respectively. NV is also a number of values in these history records. 

In order to evaluate the results of impacts and comparison among equations and experimental 

analyses, the properties of experimental are used (Ball of mass is 210 g and the velocity is 46.73 

cm/s.) as input for equations and an impact is numerically simulated. The stiffness of spring and 

impact damping ratio based on CR=0.58 is calculated to be 𝑘𝑠 = 4.82 × 10
8𝑁/𝑚 and 𝜁 = 0.17, for 

linear viscoelastic model (equation (3)), 𝑘𝑠 = 5.03 × 108𝑁/𝑚 and 𝜁 = 0.43, for modified linear 

viscoelastic model (equation (5)), �̄� = 6.6 × 1010𝑁/𝑚1.5 and 𝜁 = 0.49, and 6.6 × 108𝑁/𝑚1.5 and 

𝜁 = 0.2.29, for nonlinear viscoelastic model of equations (8) and (9), respectively (Fig. [9]). 



 S. M. Khatami et al./ Journal of Rehabilitation in Civil Engineering 13-3 (2025) 69-85 79 

 
Fig. 9. Pounding force time histories for impact-time among equations and experimental test y steel 

elements. 

The results of impact based on time for all equations in comparison with experimental steel element 

are shown. In order to calculate the RMS errors, equation (23) is used which shows a 72.2%, 

70.4%, 68.1% and 49.8% RMS error for proposed formula, Jankowski, Mahmoud and Jankowski, 

Barros et al, respectively. 

In order to carry out the second comparison between numerical results of models and the 

experimental result for concrete ball, a new simulation is described and a concrete ball of mass 

1.763 kg with 0.13 m/s velocity is defined. The stiffness of spring and impact damping ratio based 

on CR=0.76 is calculated to be 𝑘𝑠 = 4.91 × 10
7𝑁/𝑚 and 𝜁 = 0.09, for linear viscoelastic model 

(equation (3)), 𝑘𝑠 = 5.47 × 107𝑁/𝑚 and 𝜁 = 0.19, for modified linear viscoelastic model 

(equation (5)), �̄� = 5.92 × 109𝑁/𝑚1.5, and 6.39 × 109𝑁/𝑚1.5, for nonlinear viscoelastic model of 

equations (8) and (9), respectively. The results of impact based on time for all equations in 

comparison with experimental are shown in Fig. [10]. 

 
Fig. 10. Pounding force time histories for impact-time among equations and experimental test by concrete 

elements. 

The results of impact based on time for all equations in comparison with experimental concrete 

element are shown. In order to calculate the RMS errors, equation (23) is used which shows a 

36.2%, 36.4%, 35% and 34.5% RMS error for proposed formula, Jankowski, Mahmoud and 

Jankowski, Barros et al, respectively. 
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Finally, the results of a timber ball of 0.109 kg with a 0.39 m/s impact velocity is used to be 

compared with the results of different models. The stiffness of spring and impact damping ratio 

based on CR=0.61 is calculated to be 𝑘𝑠 = 2.28 × 106𝑁/𝑚 and 𝜁 = 0.16, for linear viscoelastic 

model (equation (3)), 𝑘𝑠 = 2.62 × 106𝑁/𝑚 and 𝜁 = 0.38, for modified linear viscoelastic model 

(equation (5)), �̄� = 1.66 × 108𝑁/𝑚1.5, and 3.11 × 108𝑁/𝑚1.5, for nonlinear viscoelastic model of 

equations (8) and (9), respectively. The results of impact based on time for all equations in 

comparison with experimental are shown in Fig. [11]. 

 
Fig. 11. Pounding force time histories for impact-time among equations and experimental test by timber 

elements. 

The results of impact based on time for all equations in comparison with experimental timber 

element are shown. In order to calculate the RMS errors, equation (18) is used which shows a 

22.1%, 22.3%, 22.4% and 22.7% RMS error for proposed formula, Jankowski, Mahmoud and 

Jankowski, Barros et al, respectively. 

In order to compare the results of displacement and velocity for all models, Kobe earthquake record 

is used with considering a stiffness of spring and impact damping ratio based on CR=0.65 which is 

assumed to be 𝑘𝑠 = 1.12 × 108𝑁/𝑚, for linear viscoelastic model (equation (3)), 𝑘𝑠 =

1.24 × 108𝑁/𝑚, for modified linear viscoelastic model (equation (5)), and �̄� = 2.75 × 1010𝑁1.5/

𝑚, for nonlinear viscoelastic model of equations (8) and (9), respectively (Fig. [12]). 

  
Fig. 12. Peak lateral displacement and velocity with respect to the structural period under different 

earthquakes. 
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The peak lateral displacements and velocities were calculated for different periods of colliding 

structures using mentioned earthquake record. The results of the analyses are presented in Figure 

(12). The analyzed models show an increasing trend by a growing period in the zone of 

displacement. On the contrary, velocity shows a suddenly increase from 0 to 0.5 s and a sharp 

decline to 5 s. 

6. Parametric study 

In here, the extensive numerical analysis has been conducted by two SDOF dynamic buildings with 

1250 and 3150 kg lumped masses that have been separated by a 1 cm gap size. A special link 

element is assumed to be located at the top level, included by a spring and dashpot. Five earthquake 

records of the Kobe earthquake of 1995, Elcentro earthquake of 1940, Loma Prieta earthquake of 

1989, Parkfield earthquake of 1966 and Sanfernando earthquake of 1971, are used in this paper. 

6.1. Effect of lumped mass 

According to equations (7), the damping ratio depends directly on the lumped masses during 

collisions. It can be predicted that changing the value of masses, periods are naturally varied and 

subsequently, models show different lateral displacement. For instance, a calm increase in the zone 

of impact force is normally indicated with the growth of the equal mass. In order to get the 

responses of impacts and compare the results of peak impact forces, different values of the equal 

masses are considered from the interval 0 to 3000 kg, and the results of forces are listed to be 

compared among five different earthquake records. 

As it is obviously seen, peak impact forces are 19.94, 19.42, 7.78, 6.25 and 3.6 N by using an equal 

mass of about 3000 kg for Lomaprieta, Parkfield, Elcentro, Sanfernando and Kobe, respectively 

(Fig. [13]). 

 
Fig. 13. Peak impact force with increasing lumped masses. 
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about 47, 46, 23, 18 and 7.5 N are observed for CR=0 to 9.7, 9.65, 3.95, 3.85 and 25 N for CR=0.3 

in Lomaprieta, Parkfield, Sanfernando, Elcentro and Kobe, respectively. In continue, a linear 

response is observed in all records from CR=0.3 to 1, which are 9.7, 9.65, 3.95, 3.85 and 25 N for 

Lomaprieta, Parkfield, Sanfernando, Elcentro and Kobe, respectively (Fig. [14]). 

 
Fig. 14. Peak impact force with an increasing coefficient of restitution. 

6.3. Effect of period 

In order to evaluate the effectiveness of the period, this parameter is varied from 0 to 1 s. Peak 
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suddenly, curves have sharply grown from 1.5 to 8.75, 8.65, 3.2, 2.9 and 1.7 in Lomaprieta, 

Parkfield, Elcentro, Sanfernando and Kobe, respectively (Fig. [15]). 

 
Fig. 15. Peak impact force with increasing period of model. 
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considerable discrepancy in terms of impact force with different mass and periods, which can be 

defined them as two important parameters to calculate impact force with different records while the 

coefficient of restitution has not provided significant deference. The models present an increasing 

trend by a growing period in the field of displacement. On the other hand, velocity shows a 

suddenly increase from 0 to 0.5 s and a sharp decline to 5 s when period is repetitively increased. As 

suggested equation depends on the coefficient of restitution, the same response by using different 

CR show the accuracy of the created formula. Investigation of the effectiveness of periods indicates 

by increasing the mentioned parameter; there is a growing trend in peak impact force, displacement, 

and velocity. It seems this subject can be continued by considering critical distance between 

structures to avoid pounding or define a new damping value for rubber bumpers, attached at the 

contact zone of buildings. 
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