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Abstract

We consider two simple non-resonant boundary value problems for a nabla fractional difference equation. First, we
construct associated Green’s functions and obtain some of their properties. Under suitable constraints on the nonlinear
part of the nabla fractional difference equation, we deduce sufficient conditions for the existence of solutions to the
considered problems through an appropriate fixed point theorem. We also provide two examples to demonstrate the
applicability of the established results.
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1 Introduction

Nabla fractional calculus is an integrated theory of arbitrary order sums and differences in the backward sense.
The concept of nabla fractional difference traces back to the works of many famous researchers in the last two decades.
For a detailed introduction to the evolution of nabla fractional calculus, we refer to a recent monograph [7] and the
references therein.

During the past decade, there has been an increasing interest in analyzing nabla fractional boundary value problems.
To name a few notable works, we refer to [2] 3] [5 6] [8, 9, [TT], 12, T3]. In this line, we investigate two simple non-resonant
nabla fractional boundary value problems. Specifically, we shall consider

{(Vz(a>u) (t)+ f(tu(t) =0, teNb,,

(Vu)(a+1) =0, (Vu)(b)=0, (1.1)

and

u(a) =0, (Vu)(a+1)=(Vu)(b), (1.2)

where a, b € R such that b—a € Ny = {3,4,5,--- }, Nl ., = {a+2,a+3,--- b}, [N, , xR—> R, 1 <v<2and
VZ(a)“ denotes the v"-order Riemann-Liouville nabla fractional difference of u based at p(a) = a — 1.

{(V;@u) (t) = f(tu(t)), teN,,,

The present article is organized as follows: Section 2 contains preliminaries on discrete fractional calculus. We
construct associated Green’s functions and obtain some of their properties in Section 3. We deduce sufficient conditions
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for the existence of solutions to (1.1) and (1.2)) in Section 4 by employing the Leray—Schauder nonlinear alternative
coupled with some suitable constraints on the nonlinear part of the nabla fractional difference equation. We also
provide two examples to demonstrate the applicability of the established results in Section 5.

Remark 1.1. The boundary value problems ([1.1)) and (1.2)) are not at resonance because the corresponding homoge-
neous problems

(Voaw) () =0, teN;,, w3
(Vu)(a+1)=0, (Vu)(b)=0, '
and
(VZ(a)u) (t) =0, teNy,,,
{u(a) =0, (Vu)(a+1)=(Vu)(b), (14)

have only trivial solutions. As v — 2, the boundary value problems (1.1]) and (|1.2) reduce to the following second-order
discrete boundary value problems, respectively.

{(v%) (£) + £ (t, u(t)) te N2,

=0,
(Vu)(a+1) =0, (Vu)(b) =0, (1.5)

and
{(v%) (t) = f(t,u(t), teNb,,,
u(a) =0, (Vu) (a+1)= (Vu)(b)

These problems are at resonance because the corresponding homogeneous problems

{(v%o (t)=0, teNi,,,

(Vu)(a+1)=0, (Vu)(b) =0, (1.7)

and

u(a) =0, (Vu)(a+1) = (Vu)(), (1.8)

have nontrivial solutions. This shows that the memory property of nabla fractional difference operators play an
important role in describing the behaviour of solutions of the corresponding nabla fractional boundary value problems.

{(v%) (t)y=0, teNb,,

2 Preliminaries
We shall use the following fundamentals of discrete calculus [4] and discrete fractional calculus [7] throughout the
article. Denote by N, = {c,c+ 1,c¢+2,...} and N? = {¢,c + 1,c¢+2,...,d}, for any real numbers c and d such that
d—c S Nl.
Definition 2.1. [4] The backward jump operator p : N.41 — N, is defined by
p(t)=t—1, teNgq.

Definition 2.2. [7] For t € R\ {...,—2,—-1,0} and p € R such that (t+ ) € R\ {...,—2,—1,0}, the generalized
rising function is defined by

7 D(t+ )
I(t)
Here I'(-) denotes the Euler gamma function. Also, if ¢ € {...,—2,—1,0} and u € R such that (¢t + u) €
R\ {...,—2,—1,0}, then we use the convention that t* = 0.

Definition 2.3. [7] The p'"-order nabla fractional Taylor monomial is defined by

(t —a)"

m, MGR\{7—27—1},

H,(t,a) =

provided the right-hand side exists.
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Definition 2.4. [] Let u : N, — R and N € Ny. The first order nabla difference of u is defined by
(Vu)(t) =u(t) —u(t —1), t€Ngy1,
and the N*"-order nabla difference of u is defined recursively by

(VNu)(t) = (V(VN_lu))(t), t € Nopn.

Definition 2.5. [7] Let u: N, — R and v > 0. The v**-order nabla sum of u based at a is given by

(Vioru)(t) = > Hy_a(t.p(s))u(s), te€N,,

s=a+1

where by convention (V;"u)(a) = 0.

Definition 2.6. [7] Let v : Nyy; — R, v > 0 and choose N € Ny such that N —1 < v < N. The vorder
Riemann—Liouville nabla difference of u based at a is given by

(V2u)(t) = (vN (V;W-")u))(t), t € Nopn.
In the subsequent lemmas, we collect a few properties of nabla fractional Taylor monomials.

Lemma 2.7. [7] The following properties hold, provided the expressions in this lemma are well defined.

1. Hy(a,a) =

2. H()( ,a)

3. Hu(t,a)—OforteN and pe{...,—2,—1}
4. H,(t, (a)) H,(t+1,a);

5. Hy(t,a+1) = H,(t —1,a);

6. VH,(t,a) = H,_1(t, a);

7. VH,(b,t) = —H,_1(b+1,1);

8. Hyu(t,a)— Hy_1(t,a) = H,(t,a+1);

9. If0<u<t§r,thenr?“§t:‘.

Lemma 2.8. [9] Let s € N, and p > —1. Then, the following properties hold:

(a) If t € Ny, then H,(t,p(s)) > 0;

(b) If t € N, then H,(t, p(s)) > 0;

If t € Ny and p > 0, then H,, (¢, p(s)) is a decreasing function of s;

Ift e Ny and —1 < p < 0, then H#(t,p( s)) is an 1ncreasmg functlon of s;

We require the following composition rule of nabla fractional sum in the next section.

Lemma 2.9. [7] Let k € Ny, ¢ > 0 and choose N € N; such that N —1 < 4 < N. Then,

(vk (v;ﬂu)) (t) = (VE u)(t), t€ Nojp.
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3 Green’s Functions & Their Properties

In this section, we construct associated Green’s functions for the following linear boundary value problems and
deduce their properties.

(Vo) () +h(t) =0, teN,, (3.1)
(Vu)(a+1) =0, (Vu)(b) =0,
and
(Vi) (®) = h(D), ¢ €Ny, .
u(a) =0, (Vu)(a+1)=(Vu)(b),
where h : N? 412 — R. We begin with the following lemma and remark.
Lemma 3.1. Let 0 < p < 1. Denote by
Got) = Hy(t, pla)) — pH,(ta), tEN,
Then, the following properties hold:
(D) Gula) =
(II) G,(t) > 0 for t € Ng;
(IIT) Gp—1(t) > 0 for ¢t € Ng;
(IV) G.(t) is a nondecreasing function of t;
(V) 0< (VGL)(t) < Gpult) for t € Noq1.
Proof . The proof of (I) follows from Definition and Lemma (1). To prove (II), for t € N,, consider
Golt) = Hult, p(a) — pH(t,a)
=H,(t+1,a) — pH,(t,a) (By Lemmal2.7(4))
> H,(t+1,a) — H,(t,a)
>0. (By Lemma[.3g(f))
The proof of (II) is complete. To prove (III), for ¢ € N,, consider
Gt (t) = Hyor (1 pl@)) — (5 — DHyo1 (t0)
>0. (By Lemmal[2.§(a, b))
The proof of (III) is complete. To prove (IV), for ¢ € Ny41, consider
<VG/A)(t) = V[Hyu(t, pa)) — pH,(t, a)]
i1 p(0) = s (,0) (B Lenna 0
- M _\p—1 "
) [(t p(a) } T [(t a) ] (By Definition [2.3))
1 Ft—a+u Ft—a+p—1) .
= By Defi 2.2
) { T(t—atl —u T —a) (By Definition [2.2))
1 I —a+u—1) [(t—a—&—u—l) —N]
MW Ti-a) t—a)
1 Tt—a+p—1) {1 (n—1) _4
MW Ti-a) (t—a)
(I—M)F(t—aJrufl) [1 1 ]
IN(D) It —a) (t—a)|
Since 0 < p < landt € Nyjq, we have (1—p) >0, () >0, Tt —a+p—1)>0,I(t—a) >0and 1 — >0,

(t—a) a)
implying that (VG,)(t) > 0 for ¢ € Nyy1. Therefore, G, (t) is a nondecreasing function of t. The proof of (IV) is
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complete. To prove (V), for t € N1, consider
(VGL)(t) = Gult) = V[Hu(t, pa)) — nHu(t,a)] = [Hpu(t, pla)) — pH,(t, a)]
= [Hu-1(t, p(a)) — pHyu-1(t,a)] = [Hp(t, p(a)) — pH,(t,a)]  (By Lemmal[2.7 (6))
= —[Hyu(t, p(a)) — Hy1(t, p(a))] + p[Hy(t a) — Hyoa(t, )]
=—H,(t,a) + pH,(t,a+1) (By Lemmal2.7(8))
= Hu(ta)+ pH,(t 1) (By LemmafZ(5))
< —Hy(t,a) + Hy(t —1,a)
= —[H,(t,a) — H,(t —1,a)] <0. (By Lemmal[2.8(f))
From (IV), we have that (VG,,)(t) > 0 for ¢t € Ngy1. The proof of (V) is complete. [J
Remark 3.2. Since (b —a) € N3 and (2 — v) < 3, from Definition [2.3| and Lemma (9), we have
1 >y 1 5 Z/(V — 1)
HV— - - _ v—2 < - v—2 _ 2\ 7/
2(0:0) = 5= [(b 2 } Tw-1 [3 } 2
implying that H,_s(b,a) < 1
Theorem 3.3. The unique solution of the linear boundary value problem (3.1)) is given by
b
= Z G(t,s)h(s), teNb, (3.3)
s=a-+2
where o)
gl(tas)a tENgS )
t,5) = 3.4
G(t ) {gz(t,s), t € Nb. (3:4)
Here Gor()
v—1
t,s) = ———H,_5(b, , 3.5
G10:9) = )y o2 001D (35
and
g2(t;8) = gl(tas) _Hu—l(t7p(8))' (36)
Proof . Applying V¥, on both sides of the nabla fractional difference equation in (3.1)), we obtain
u(t) = CiHy—1(t, p(a)) + CoHy—s(t, p(a) — (Vo {1h) (1), ¢ € No, (3.7)

where C7 and Cy are arbitrary constants. Now, applying V on both sides of (3.7)), using Lemma (6)

we obtain
(VU,) (t) = C’lHl,_g(t,p(a)) + CQHV_g(t,p(a)) — (V}H_Ifh)( ), t e N,.

Using the first boundary condition (Vu)(a +1)=0in , we get
(v=1)C1+ (v —2)Cy = 0.
Using the second boundary condition (Vu) (b) =01in , we get
CyH,_a(b, p(a)) + CoH,_3(b, p(a)) = (Vo 7{h) (D).

It follows from Lemman ) and (| . ) that

1,20, p(a) + ColT, a0 p(0)) = Cs | Hy-a(bpla) + {5 Hu-2(0, ()

Hu72(bap(a)) - (V _ ]-)Hu72(bv a):|
2-v) '

cl{

and Lemma

(3.8)

(3.9)

(3.10)

(3.11)
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Using (3.11)) in (3.10) and rearranging the terms, we obtain

@@= { = ] Xb: H, (b, p(s))h(s) (3.12)
1= H, _5(b,p(a)) — (v —1)H,_2(b,a) =, v—2(0,p . )
Then, from 7 we have
- vl b s))h(s
= {Huga),p(a)) ~ (v~ VH, 20, a>] 2 HomalbuploDh(s) (3.13)

It follows from Lemma [2.7] (8) and (3.9) that

2 =v)Hy1(t, p(a)) + (v = D Hyo(t, pla)) = Hya(t; p(a)) — (v = 1) [Hy1(t, p(a)) = Hy—2(t; p(a))]
=H, 1(t,pla)) — (v—1)H,_1(t, a). (3.14)

Substituting the expressions for C; and Cy from (3.12) and (3.13) in (3.7) and using (3.14)), we obtain (3.3]). The

proof is complete. [J

Theorem 3.4. The unique solution of the linear boundary value problem (3.2)) is given by

b
u(t)= > H(t,s)h(s), teN, (3.15)
s=a-+2
where o
_JHa(t,s), teNG,
it s) = {Hg(t,s), t e Nb. (3.16)
Here " . VH .
H(t,s) = ”‘11(_’625”2‘(2(62)’) (5)), (3.17)
and
Ha(t,s) = Ha(t,s) + Hu-1(t, p(s)). (3.18)

Proof . Applying V¥, on both sides of the nabla fractional difference equation in (3.2), we obtain
u(t) = C1H,—1(t, p(a)) + CoH,—o(t, p(a)) + (Vo 11h) (1), t € N, (3.19)

where C; and Cs are arbitrary constants. Now, applying V on both sides of (3.19)), using Lemma (6) and Lemma
2:9] we obtain

(Vu)(t) = C1H,—2(t, p(a)) + CoH,_3(t, p(a)) + (Vi4h)(t), t€ N,. (3.20)
Using the first boundary condition u(a) = 0 in (3.19), we get
C1+Cy =0. (3.21)

Using the second boundary condition (Vu)(a+ 1) = (Vu)(b) in (3.20), we get
(v = 1)Cy + (v — 2)Cs = CyH,a(b, p(a)) + CoH,_s(b, p(a)) + (V548) (D) (3.22)
Solving (3.21)) and (3.22)) for C; and C5, we obtain

1 b

Sy T ISR G (3.23)
and b
1
02 = 7T72<b’a)8§2 Hy—z(b,p(S))h(s). (324)

Substituting the expressions for C; and C5 from (3.23]) and (3.24)) in (3.19)), we obtain (3.15). The proof is complete.
U
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Lemma 3.5. The Green’s function G(t, s) defined in (3.4) satisfies the following properties:

1. Gi(t,s) >0 for t € N°~! and s € N ;
2. Gi(t, s) is an increasing function of s for a fixed t € N2=1;
3. Ga(t, s) is an increasing function of s for a fixed ¢ € N} ,;
4. For t € N?, _
max |G(t,s)| = G(t),
SENZ+2
where
gl (aa b)a t = a,
_ gl(a—i—l,b), t:a—|—1,
= — .2
GO = max {G1(0,5). Ga(t.a + 2)]1Ga(t.D)] }. 1€ NI, (329)
max { |Ga (b, a +2)[,1G2(6,b)] t=b.

Proof . Throughout the proof, V denotes the first order backward difference operator with respect to s. To prove
(1), for t € No=1 and s € N2, |, consider

Gu_1(t)

Gi(t,s) = 7(VGV_1)(I))

HV—Q(b7 p(S))

It follows from Lemma(b) and Lemmathat Gy-1(t) >0, (VG,—1)(b) > 0 and H,_2(b, p(s)) > 0, implying
that Gi(t,s) > 0 for t € No-* and s € N2, ;. The proof of (1) is complete. To prove (2), for a fixed ¢t € NJ~! and
s € N2, |, consider

Gl/—l (t)

VGi(t,s) =V m

H,,,g(b, p(s))}

[F@—S+V—U ]

— (2 - )1V { Lb—s+v-1) ]
(VG,_1)(b) [T(b—s+2)T(v 1)
(2—1/) Gy_l(t)

- b—s5+1) (VGy_1)(b) Hy—2(b, p(s)). (3.26)

Clearly, (2—v) >0and (b—s+1) >0 for s € N’ | and t € No~1. It follows from Lemma (b) and Lemma
that G,_1(¢t) > 0, (VG,,_l)(b) >0 and H,_2(b, p(s)) > 0, implying that

(2-v) Go_1(t)

vgmaﬁzwb_s+n(vcw4xm

Hy (b, p(s)) >0

for a fixed t € N27! and s € N?, ;. Therefore, Gi (¢, s) is an increasing function of s for a fixed ¢t € N;=1. The proof of
(2) is complete. To prove (3), for a fixed ¢t € Nb_, and s € N!,_,, consider
vg2(ta S) =V [gl (tv S) - HVfl(tv p(S))]
Go_1(t)
=V |————=H,_2(}, —H,_1(t,
o)y o205~ Hua0p(5)
(2-v) Gy_1(t)
= H,_5(b, By (3.26
G5+ W00 2(b,p(s))  (By (3:26))

+ H,_2(t+1,p(s)). (By Lemma (7))
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Clearly, (2—v) >0and (b—s+1) >0 for s € N, , and t € N’ ,. It follows from Lemma (b) and Lemma
that G,_1(t) >0, (VG,—1)(b) > 0, H,_2(b, p(s)) > 0 and H,_»(t + 1, p(s)) > 0, implying that

(2-v) Gt
b—s+1) (VG, 1) (D)

ng(t, S) = HV72(ba p(S)) + Hu72(t + 17p<5>) >0

for a fixed t € N, and s € N, ,. Therefore, Gs(t, s) is an increasing function of s for a fixed t € N’ ,. Finally, we
prove (4). It follows from (1) - (3) that

max |G1(t,s)] = max Gi(t,s) = Gi(t,b), te Ng_l,

EIS L LIS\
and
max |Ga(t,s)| = max{ |Ga(t,a + 2)],|Ga2(t, )] }, te N, ,,
s€EN 4o
implying that
IEIJ}\%X |g(ta S)| = Inax {gl (tv b)v |g2(ta a+ 2)| ) |g2(ta t)| }7 te NZ:}Q (327)
seNy
We also have that
max |Gi(a,s)| = max Gi(a,s) = Gi(a,b), (3.28)
EIS L seNt
max |Gi(a+2,8)| = max Gi(a+2,s) =Gi(a+2,b), (3.29)
SENG sENG 4
and
max (G(b,s)| = max |Ga(b, s) = max{[Ga(b.a+2)],1G2(6,b)] }. (3.30)
seNb_, seNb_,

Then, from (3.27) - (3.30), we obtain (5). The proof is complete. [J

Remark 3.6. Denote by R
A = max G(t).

teNy

Consequently,

max |G(t,s)] = A.

(t,s)EN, xNb_ )

Lemma 3.7. The Green’s function H(t, s) defined in (3.16) satisfies the following properties:

t,s) >0 forte NE@ and s € NfH_Q;
t,s) >0 fort € N2 and s € N
t,s) is an increasing function of ¢ for a fixed s € N? 195

1(
2(
1
5(t, s) is an increasing function of ¢ for a fixed s € Nb
For s € N ,,

ARl e
TExEx

max H(t,s) = H(b, s).

teN?

b
6. For s € N{ o,

min H(t,s) = H(a+1,s).

b
teNt

Proof . Throughout the proof, V denotes the first order backward difference operator with respect to t. To prove
(1), for t € N2 and s € NP, ,, consider

Hy_1(t,a)Hy (b, p(s))
1-— Hyfg(b, a) ’

H1 (t, S) =
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It follows from Lemma (a, b) and Remark that H,_1(t,a) > 0, H,_3(b,p(s)) > 0 and H,_3(b,a) < 1,
implying that #H;(¢,s) > 0 for ¢ € N2 and s € N 5. The proof of (1) is complete. To prove (2), for ¢ € N. and
s € Nb_,, consider

H,_1(t,a)H, (b, p(s))

Halt 5) = Ha(tys) + Hyoa (1 p(s) = == 35

+ H,_1(t, p(s)).

It follows from Lemma (b) and Remark that H,_1(t,a) > 0, H,_2(b,p(s)) > 0, H,_1(t, p(s)) > 0 and
H,_5(b,a) < 1, implying that Ha(t,s) > 0 for t € N% and s € N ,. The proof of (2) is complete. To prove (3), for a

fixed s € Nb,, and t € N°C*) consider

H,_1(t,a)H,_2(b, p(s))

VH.(t,s) =V 1—H, s(b,a)

It follows from Lemma [2.8| (b) and Remark [3.2|that H,_2(t,a) > 0, H,_2(b, p(s)) > 0 and H,_3(b,a) < 1, implying

that
H,_o(t,a)H,_s(b, p(s))
1- HV—Q(ba a)

VHi(t,s) = >0

for a fixed s € N2, and t € Ng(ﬁ. Therefore, H;(t,s) is an increasing function of ¢ for a fixed s € Nb_,. The proof
of (3) is complete. To prove (4), for a fixed s € N’ , and ¢t € N?, consider

VHs(t,s) =V [Ha(t,s) + H,—1(t, p(s))]
Hy,_1(t,a)Hy—2(b, p(s))
1-— Hy_Q(b, CL)

H"j(t_"gf?ﬂj)fi’)’)(s”+Hy_2<t,p<s>> (By LemmaZ7(6)).

=V + H,_1(t,p(s))

It follows from Lemma (b) and Remark that H,_o(t,a) > 0, H,_2(b,p(s)) > 0, H,_2(t,p(s)) > 0 and
H,_5(b,a) < 1, implying that

H, _o(t,a)H,_2(b, p(s))

VRl S) = = b a)

+ H,_2(t,p(s)) >0

for a fixed s € N, and ¢ € N5, Therefore, Hs(t, s) is an increasing function of ¢ for a fixed s € N4 ,. The proof of
(4) is complete. From (1) - (4), we have

0 < Hi(a,s) < Hi(t,s) < Hi(p(s),s), s¢€ NZH,

and
0 < Ha(s,s) < Halt,s) < Ha(b,s), seN,.
Therefore,
_ b
o Hi(t,5) = masx {Hl(p(s), s), Ha(b, s)}, s €N, (3.31)
and
min H(t,s) = min {’Hl(a +1,s),Ha(s, s)}, seND,,. (3.32)
tenNt
e Hy1(s — L a)Hy ot p(s)
_ Hya(s—1,a)Hyo(b, p(s
Hl (p(8)78) - 1 _ HV_Q(b, a) )
and

H,_1(b,a)H,_2(b,p(s))
1-— Hy_g(b, a)

Ha(b,s) = Ha(b, ) + Hy_1(b, p(s)) = + Hya (b, p(s)).
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Clearly, from Lemma [2.8] (b, f), we have
H,_i(s—1,a) < H,_1(b,a), H,_1(b,p(s)) >0, seN°_,,

implying that
Hi(p(s),s) < Ha(b,s), se€NI,.

The statement of (5) follows from (3.31]). Also, we have

_ Hy_a(a+1,a)Hy2(b,p(s))  Hy—2(b,p(s))
Hila+1,8) = === Hy_z(b,fz) 1o Ij'u_g(b,a)’

and
H,_1(s,a)H,_2(b, p(s))
1-— HV*2(b7 a)

Ha(s,s) = Hi(s,s) + Hy_1(s,p(s)) = + 1.

Clearly, from Lemma [2.8] (b, f), we have
Hy_1(s,a) > 1, seN),,,

implying that
Hi(a+1,5) < Ha(s,s), seN,,.

The statement of (6) follows from (3.32). O

Remark 3.8. Denote by
O = max H(b,s).
SENZ+2
Consequently,

max H(t,s) = 0O.

(t,8)ENG XN, ,

4 Main Results

In this section, we state and prove the existence results for the boundary value problems (|1.1)) and (L.2). By
Theorem we observe that u is a solution of (|1.1)) if and only if w is a solution of the summation equation

b
ut) = > G(t,s)f(s,u(s)), teN, (4.1)

s=a+2

By Theorem |3.4] we observe that u is a solution of (|1.2)) if and only if u is a solution of the summation equation

b
u(t) = Z H(t,s)f(s,u(s)), teN°. (4.2)

s=a+2
Any solution u : N® — R of (1.1)) (or (1.2)) can be viewed as a real (b — a + 1)-tuple vector. Let
E= {u u: N SR ] (Vu)(a+1) =0, (Vu)(b)= o},

and
F = {u cu:Nb 5 R ‘ u(a) =0, (Vu)(a+1)= (Vu)(b)}

Then, E and F are Banach spaces equipped with the maximum norm defined by

u|| = max |u(t)|.
Jull = mas fu0)
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Define the operators T : E — E and S : F' — F by

b

(Tu)(t)= Y G(t.5)f(s,u(s)), teN, (4.3)

s=a+2
and

b
(Su)(t) = Z H(t,s)f(s,u(s)), teNo. (4.4)

s=a-+2

Clearly, u is a fixed point of T if and only if u is a solution of (1.1)), and u is a fixed point of S if and only if u is
a solution of ([1.2)). Now, we search for nontrivial fixed points of T and S in order to identify nontrivial solutions of
(1.1) and (1.2)), respectively. The following fixed point theorem will be essential in this direction.

Theorem 4.1. [I] (Leray—Schauder Nonlinear Alternative) Let (£, [|-||) be a Banach space, K be a closed and convex
subset of E, U be a relatively open subset of K such that 0 € U, and T : U — K be completely continuous. Then,
either

(i) u = Tu has a solution in U; or
(ii) There exist w € OU and A € (0, 1) such that u = ATu.

Theorem 4.2. Assume that
(A 1) There exist ¢ : N’ , — [0, 00) and a nondecreasing function 1 : [0, 00) — [0, 00) such that
[fE <oy (Irl),  (tr) € Nop xR

(A 2) There exists L > 0 such that
L

1
A —a-10 (L)
where
Q = max ¢(t).
teNt

Then, the boundary value problem (T.1]) has a solution defined on N2.

Proof . We first show that 7" maps bounded sets into bounded sets. For this purpose, for r > 0, let
B, ={u€B:lul <r},
be a bounded subset of E. Then, by (A 1), for t € N’ and u € B,,

b

[(Tu) )] < > 16 5)] |£(s,u(s))]

s=a-+2

b
<A Y d(s)9 (Juls)])

s=a-+2

b
< Ap (lull) Y 6s)

s=a—+2
SAQ(b—a—1)i(r),

implying that
}(Tu)(t)| <AQb—a—1)(r).

Thus, T maps B, into a bounded set. Since N is a discrete set, it follows immediately that 7' maps B, into an
equicontinuous set. Therefore, by the Arzela—Ascoli theorem, T is completely continuous. Next, we suppose u € F
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and that for some 0 < A < 1, u = ATu. Then, for ¢t € N%, and again by (A 1),

implying that

[u(®)] = [A(Tw) ()]
G(t,5)|1£ (5 u(s))]

P1

b
}: s)))
sAwww>§j¢@>

s=a-+2
<AQ(b—a— 1) (Jul]),

It follows from (A 2) that |jul| # L. If we set

then the operator T : U — FE is completely continuous.

U:{uEE:Hu||<L},

Jonnalagadda

From the choice of U, then there is no v € OU such that

u = AT'u, for some 0 < \ < 1. It follows from Theoremthat T has a fixed point ug € U, which is a desired solution

of.D

Theorem 4.3. Assume that (A 1) and

(A 3) There exists M > 0 such that

where

M
00(b —a— 1)v (M)

> 1,

Q = max qb( ).
teNt

Then, the boundary value problem (T.2) has a solution defined on N2.

Proof . We first show that S maps bounded sets into bounded sets. For this purpose, for r > 0, let

B, ={u€F:|u|l|<r}

be a bounded subset of F. Then, by (A 1), for t € N’ and u € B,,

implying that

b

[(Su)(®)| < D Hlt.s) (s, uls))

s=a+2

b
<0 3 o) (u(s))

s=a+2

b
<Oy (lull) Y ¢(s)

s=a-+2
<O0b—a—1)v (),

[(Su)(t)] < ©0b—a —1)u(r).
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Thus, S maps B, into a bounded set. Since N is a discrete set, it follows immediately that S maps B, into an
equicontinuous set. Therefore, by the Arzela—Ascoli theorem, S is completely continuous. Next, we suppose u € F
and that for some 0 < A\ < 1, u = ASu. Then, for t € N’, and again by (A 1),

[u®)] = [A(Su)(#)|
b

< 3 H(ts) £ (s u(s))]

s=a+2

b
<0 Y o) (|uls))
s=a-+2

b
<0 (lul) Y #s)

s=a+2

<000 —a—1)¢ (|ul),

implying that

el
000 —a— D (Jul) =

It follows from (A 2) that ||u|| # M. If we set
U:{ueF;nuH <M},

then the operator S : U — F is completely continuous. From the choice of U, then there is no u € OU such that
u = ASu, for some 0 < A < 1. It follows from Theoremthat S has a fixed point ug € U, which is a desired solution

of (I.2). O

5 Examples

In this section, we provide two example to demonstrate the applicability of Theorems and

Example 5.1. Consider the boundary value problem

{(V[l)'(%)u) (t) +tu(t) =0, te N3, o)

(Vu)(1) =0, (Vu)(5)=0.

Here a =0, b =5, v = 1.5 and f(t,r) = tr?. Clearly,

|Ft ) < @) (r]), (t,r) € N3 xR,
where
p(t)=t, teN;,
and

Y(rl)=Ir*=r* reRr

Also, ¢ : N3 — [0,00) and 1 : [0,00) — [0, 00) is a nondecreasing function. Thus, the assumption (A 1) of Theorem
M2 holds. Further, we have
Q = max ¢(t) = 5.

teNg

Now, we calculate A. The Green’s function associated with the boundary value problem (5.1)) is given by

Gi(t,s), teNW,
P .2
G(t,s) {gﬂ’s)’ -~ (5.2)
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where
G(1:5) = g Ho0s(5,0(5), (5:3)
and G (4
Galt, s) = W%%Ho‘s,mp(s)) ~ Hos(t, p(s)). (5.4)

It follows from Lemma [3.5] that 3
max [G(t,s)| = G(t), teN,

sEN3
where
g1 (07 5)3 t= 07
B G1(1,5), t=1,
G0 = max {6:(1,5),16:(1,2)],|6a(1,5)| }, 1 € N, (55)

max { 102(5,2)], 162(5.5)] }. t=5.

Then, R

A=maxG(t)= max |G(t,s)|=12.5.
teNg (t,s)€NG xN3

There exists 0 < L < ﬁ such that
L

(12.5)(5)4) L2 ~

implying that the assumption (A 2) of Theorem holds. Therefore, by Theorem the boundary value problem
(1.1) has a solution defined on Ng.

1

)

Example 5.2. Consider the boundary value problem

Here a =0, b=5, v =15 and f(t,r) = —tr?. Clearly,
[fE <o (), (tr) €N xR,

where
o(t)=t, tecN3,
and
P (lr]) = |7°|2 =72 reR.

Also, ¢ : N3 — [0,00) and % : [0,00) — [0, 00) is a nondecreasing function. Thus, the assumption (A 1) of Theorem
holds. Further, we have
) = max ¢(t) = 5.

teNg

Now, we calculate ©. The Green’s function associated with the boundary value problem (5.1)) is given by

,H(t S)Z Hl(t,s), tGNg(s)’ (5 7)
’ Ho(t,s), teN°, '

where

_ Hos(t,0)H_o5(5, p(s)) (5.8)

Hi(t,s) 1—H_45(5,0) 7

and
_ H0.5(t, O)H—O.5(57 p(S))

1— H,O_5(5, 0) — ]{0.5@'7 p(S)) (59)

Ha(t, s)
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It follows from Lemma [3.7 that
max H(t,s) = H(5,s), s€NJ,

teNg
where Ho5(5,0)H0.5(5, p(s))
0.5(9, —0.59, P\ 5
= H Np. 1
H(57 S) 1— H_0_5(5, O) + 0.5(57p(s))7 ERS 0 (5 0)
Then,
O =maxH(5,s) = max H(t,s)=4.3870.

seN (t,s)ENGxN3

There exists 0 < M < % such that
M

1

)

(4.3370)(5)(4) M2 ~

implying that the assumption (A 3) of Theorem holds. Therefore, by Theorem the boundary value problem
(1.2) has a solution defined on N§.
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