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Abstract

In this work, we are interested in representing the solution of Hadamard type fractional differential equation by intro-
ducing the concept of double sequence space 2c(∆). After that, we construct the Hausdorff measure of non-compactness
on the space 2c(∆). Furthermore, we see the existence of a solution of Hadamard-type fractional differential equation
on the space 2c(∆). After that, we demonstrate an example to see the applicability of our results.
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1 Introduction

Fractional differential equations involving fractional order derivatives have gained a lot of importance in recent years
because of their variety of practical applications in different fields of science and engineering. Fixed point theory and
MNC are widely used in solving different types of differential and integral equations, see [10, 11, 12, 13, 14, 16, 20, 30].
Moreover, MNC was first introduced by Kuratowski [25] in 1930. After that, G. Darbo [9] generalized Schauder’s fixed
point theorem with the help of Kuratowski’s MNC.

In this paper, we want to establish the solvability of the Hadamard-type fractional differential equation:

H
Dµ∗

a
+
1

s̃(t) + Y(t) = 0,

s̃(a1) = s̃/(a1) = 0, s̃(a2) =

∫ a2

a1

ĝ(t)s̃(t)
dt

t
,

where a1, a2, µ∗ ∈ ℜ+ with a1 < a2 < +∞, 2 < µ∗ < 3, H
Dµ∗

a+
is the Hadamard fractional derivative of order µ∗,

and ĝ : [a1, a2] → ℜ+ with ĝ(t) ̸= 0, t ∈ [a1, a2].

The theory of fractional differential equations deals with many scientific systems such as mathematical modelling
systems, in the fields of biology, chemistry, physics, polymer rheology, economy, applied science etc. To see work on
this follow the paper [17, 19, 21, 33].
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Now, here we introduce the Double sequence space whose initial work was established by Bromwich in 1965 [8].
Recently, Zeltser [36] studied both the theory of topological double sequence space and the theory of summability of
double sequence space. Patterson and Savas [32] introduce the double lacunary statistical convergence. There are
concepts of convergence of double sequence space that have been extended by several authors such as Pringsheim’s
sense, statistically bounded, regularly statistically null etc. To see recent work on convergence of double sequence
space follow [15, 24, 31, 34].

2 Preliminaries

Now here we have recalled the definition of MNC which was introduced by Kuratowski and it has a very substantial
role in the case of infinite dimensional normed space or metric space. In 1955, Darbo [9] introduce F̄ P̄ T̄ which is the
generalization form of Schauder F̄ P̄ T̄ and Banach contraction principle. There are several types of well-known MNC.
First we represent one of the substantial MNC is the Hausdorff MNC which is presented as:

For a bounded subset H́ of a metric space 𭟋̈,

χ(H́) = inf{ϵ̀ > 0 : H́ has finite ϵ̀− net in 𭟋̈}.

Another important MNC is Kuratowski, which is presented as (see [25]):

γ∗(H́) = inf{κ̄1 > 0|H́ =

m⋃
l=1

H́l, diam(H́1) ≤ κ̄1 for 1 ≤ l ≤ m <∞},

where, diam(H́l) indicates the diameter of the set H́l, which is given by

diam(H́l) = sup{d(s1, s2) : s1, s2 ∈ H́l}.

The following definition will be used in the sequel.

Definition 2.1. [5] MNC in ∁⃗ is a function S⃗ : K
∁⃗
→ ℜ+ which satisfied the given conditions,

(i) S⃗
(
Ż
)
= 0 for relatively compact subset of ∁⃗.

(ii) ker S⃗ =
{
Ż ∈ K

∁⃗
: S⃗
(
Ż
)
= 0
}
̸= ϕ and ker S⃗ ⊂ K

∁⃗
.

(iii) Ż ⊆ Ż1 =⇒ S⃗
(
Ż
)
≤ S⃗

(
Ż1

)
.

(iv) S⃗
(
¯̇Z
)
= S⃗

(
Ż
)
.

(v) S⃗
(
ConvŻ

)
= S⃗

(
Ż
)
.

(vi) S⃗
(
K̄Ż +

(
1− K̄

)
Ż1

)
≤ K̄ S⃗

(
Ż
)
+
(
1− K̄

)
S⃗
(
Ż1

)
for K̄ ∈ [0, 1] .

(vii) if Żĥ ∈ K
∁⃗
, Żĥ = Żĥ, Żĥ+1 ⊂ Żĥ for ĥ = 1, 2, 3, 4, ... and lim

ĥ→∞
S⃗
(
Żĥ

)
= 0 then

⋂∞
ĥ=1 Żĥ ̸= ϕ.

The subfamily kerS⃗, defined by (ii), represents kernel of measure S⃗ and since S⃗(Ṡ∞) ≤ S⃗(Żĥ) for any ĥ, we can

say that S⃗(Ż∞) = 0. Then Ż∞ =
⋂∞

ĥ=1 Żĥ ∈ kerS⃗.

Double sequence space(2c(∆):

Let ¯̄T = (ŵnk) define the double sequence. The zero single sequence will be represented by ϑ̄ = (ϑ, ϑ, ....) and the

zero double sequence will represented by 2ϑ̄. A double sequence ¯̄T = (ŵnk) convergence in Pringsheim’s sense or P−
convergent to Z if limn,k→∞(ŵnk) = Z (denoted by P − lim ¯̄T = Z ). Some works on double sequence spaces were
studied by Hardy [18], Moricz [27], Moricz and Rhoades [28].

Now here we represent the double sequence space 2c(∆) over the normed space (X, ||.||):

2c(∆) = {< ŵnk >∈ 2ω :< ∆ŵnk >∈ 2c(∆)} ,

where ∆ŵnk = ŵnk − ŵn+1,k − ŵn,k+1 + ŵn+1,k+1, for all n,k ∈ N. If (X, ||.||) is normed linear space then 2c(∆) also
normed linear space with the norm as :

|| ¯̄T ||∆ = sup
n

||ŵn1||+ sup
k

||ŵ1k||+ sup
n,k

||∆ŵnk||. (2.1)
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2.1 Some examples of double sequence space

Example 2.2 (Double sequence space defined by a modulus function [32]). Let S′′ be the set of all double

sequences of complex numbers. Let A = (d̂u,v,n,k) be a non negative four dimensional matrix of real entries with
supu,v

∑∞,∞
n,k,=0,0 <∞, and we consider f as a modulus function, then

Q ′′
0 (A, f) =

 ¯̄T ∈ S′′ : P− lim
u,v

∞,∞∑
n,k=0,0

d̂u,v,n,kf(|ŵn,k|) = 0

 , (2.2)

Q ′′ (A, f) =

 ¯̄T ∈ S′′ : P− lim
u,v

∞,∞∑
n,k=0,0

d̂u,v,n,kf
(∣∣ŵn,k − Z

∣∣) = 0, for some Z

 , (2.3)

Q ′′
∞ (A, f) =

 ¯̄T ∈ S′′ : sup
u,v

∞,∞∑
n,k=0,0

d̂u,v,n,kf
(∣∣ŵn,k

∣∣) <∞

 . (2.4)

Example 2.3 (Double sequence space l2(p, f, q, s) [6]). Let X be a complex linear space with the zero element
ϑ̄ and X = (X, q) be a semi- normed with the seminorm q. Let us denote w2(X) as the linear space of all double

sequences ¯̄T = (ŵnk) with ŵnk ∈ X. Let p = (pnk) be a double sequence of strictly positive real numbers and f be a
modulus function. Thus the double sequence space l2(p, f, q, s) can be expressed as :

l2(p, f, q, s) =

 ¯̄T ∈ w2(X) :

∞∑
n,k=1

(nk)−s [f(q(ŵnk))]
pnk <∞, s ≥ 0

 . (2.5)

Theorem 2.4. [26] Suppose that ∁ is considered as a bounded subset of the Banach space 2c(∆). Here it is defined
the projector Pnk : 2c(∆) → 2c(∆) as

Pnk(ð̈) =
(
ð̈n1, ð̈n2, ....., ð̈nk, ð̈1k, ð̈2k, .....ð̈nk, 2ϑ̄, 2ϑ̄, .....

)
,

where ð̈ =< ð̈nk >∈ 2c(∆) for all n,k ∈ N. Then the Hasudorff MNC is defined as

χ(∁) = lim
n,k→∞

{
sup
ð̈∈∁

{
sup
n

||ð̈n1||+ sup
k

||ð̈1k||+ sup
n,k

||∆ð̈nk||

}}
. (2.6)

Definition 2.5. [2, 23] Let δ > 0. Then the Hadamard fractional left integral of order µ̆ > 0 of a function ζ̄ :
[δ,∞) → ℜ is defined as

HIµ̆

δ+
ζ̄(ι) =

1

Γ(µ̆)

∫ ι

δ

(
ln
ι

𭟋̆

)
ζ̄(𭟋̆)

d𭟋̆
𭟋̆
.

Definition 2.6. [2, 23] Let η∗ > 0. Then the Hadamard fractional left derivative of a function ζ̄1 : [η∗,∞) → ℜ,
ι̂n−1ζ̄1

n−1
(ϊ) ∈ [η∗,∞), n ∈ N of order µ̆ ∈ (n− 1, n) is stated as

HDµ̆

η
+
∗

ζ̄1(ϊ) =
1

Γ(n− µ̆)

(
ϊ
d

dϊ

)n ∫ ϊ

η∗

(
ln
ϊ

𭟋̆

)n−µ̆−1

ζ̄1(𭟋̆)
d𭟋̆
𭟋̆
.

Theorem 2.7 (Shauder). [1] Assume that F̈ be a nonempty, closed, convex and bounded subset (NCCB) of a Banach

Space Ẃ. Then every compact, continuous mapping O : F̈ → O has at least one F̄ P̄ .

Theorem 2.8. (Darbo [9]) Assume that F̈ is a NCCB of a Banach Space Ẃ and let O : F̈ → F̈ be a continuous
mapping. Let us consider a constant ẽ1 ∈ [0, 1) such that

C̃(F̈ω) ≤ ẽ1 C̃(ω), ω ⊆ F̈.

Then O has at least one fixed point in F̈.
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Lemma 2.9 ([35]). Considering ν̆∗ ∈ (2, 3), Ȳ ∈ L[a, b]. Then the Hadamard-type fractional boundary value problem

H
Dν̆∗

a+

ζ̂(σ̈) + Ȳ(σ̈) = 0, σ̈ ∈ (a, b)

ζ̂(a) = ζ̂/(a) = 0, ζ̂(b) =

∫ b

a

r(σ̈)ζ̂(σ̈)
dσ̈

σ̈
,

has a solution

ζ̂(σ̈) =

∫ b

a

H̄(σ̈, 𭟋⃗) + Ȳ(𭟋⃗)
d𭟋⃗
𭟋⃗
, σ̈ ∈ [a, b],

where

H̄(σ̈, 𭟋⃗) = Ĝ(σ̈, 𭟋⃗) +
(ln σ̈

a )
ν̆∗−1

ℜ̄

∫ b

a

r(σ̈)Ĝ(σ̈, 𭟋⃗)
dσ̈

σ̈
,

Ĝ(σ̈, 𭟋⃗) =
1

Γ(ν̆∗)(ln b
a )

ν̆∗−1

{
(ln σ̈

a )
ν̆∗−1(ln b

𭟋⃗ )ν̆
∗−1 − (ln σ̈

𭟋⃗ )ν̆
∗−1(ln b

a )
ν̆∗−1, a ≤ 𭟋⃗ ≤ σ̈ ≤ b,

(ln σ̈
a )

ν̆∗−1(ln b
𭟋⃗ )ν̆

∗−1, a ≤ σ̈ ≤ 𭟋⃗ ≤ b

}
,

ℜ̄ =

(
ln
b

a

)ν̆∗−1

−
∫ b

a

r(σ̈)(ln
σ̈

a
)ν̆

∗−1 dσ̈

σ̈
.

3 Solution in Sequence space 2c(∆)

In this section, we are going to elaborate the solution of following HTFDE of boundary value problem

H
Dν̆∗

η+

χ́j(Ω̃) + Yj(Ω̃) = 0, Ω̃(1, 2) (3.1)

χ́j(1) = χ́′
j(1) = 0, χ́j(2) =

∫ 2

1

r(Ω̃)χ́j(Ω̃)
dΩ̃

Ω̃
; j = 1, 2, 3...

Let us denote {Yj}∞j=1 = Y and {χ́j}∞j=1 = χ́, then the infinite system equations (3.1) can be written as

H
Dν̆∗

η+

χ́(Ω̃) + Y(Ω̃) = 0, Ω̃(1, 2) (3.2)

χ́j(1) = χ́′j(1) = 0, χ́j(2) =

∫ 2

1

r(Ω̃)χ́(Ω̃)
dΩ̃

Ω̃
; j = 1, 2, 3...

To check the existence of the solutions we consider the following assumptions:

(d1) Let Y = Ynk ∈ (J×ℜ∞,ℜ), the continuous operator Y : J× 2c(∆) → 2c(∆) is presented as

Yχ́(Ω̃) = Y(Ω̃, χ́(Ω̃)) =< Ynk(Ω̃, χ́(Ω̃) >,

where J = [1, 2] and the family of functions
{
(Yχ́)(Ω̃)

}
Ω̃∈J

is equicontinuous at every point of 2c(∆).

(d2) For each ℏ̀ ∈ J and ð̈ ∈ 2c(∆) the following inequilities hold:∣∣∣Ynk(ℏ̀, ð̈(ℏ̀))
∣∣∣ ≤ ∣∣∣℘̈nk(ℏ̀)

∣∣∣+ ∣∣∣ψnk(ℏ̀)
∣∣∣ ∣∣∣ð̈nk(ℏ̀)∣∣∣ ,∣∣∣∆Ynk(ℏ̀, ð̈(ℏ̀))

∣∣∣ ≤ ∣∣∣℘̈nk(ℏ̀)
∣∣∣+ ∣∣∣ψnk(ℏ̀)

∣∣∣ ∣∣∣∆ð̈nk(ℏ̀)
∣∣∣ ,

where ℘̈nk(ℏ̀), ψnk(ℏ̀) are real continuous functions such that ℘̈nk(ℏ̀), ψnk(ℏ̀) are uniformly converging and
equibounded on J. Also we denote

sup
ℏ̀∈J

sup
n,k

|℘̈nk(ℏ̀)| = Υ1, sup
ℏ̀∈J

sup
n,k

|ψnk(ℏ̀)| = Υ2.
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Theorem 3.1. If the system of equations (3.1) is satisfied the assumption (d1) − (d2) with the condition ¯̄BΥ2 ≤ 1,

where ¯̄B =
´́
U log 2 and

´́
U = max ˜Ω∈J ℑ(Ω̃, 𭟋̄) then given system (3.1) has at least one solution χ́ =< χ́nk >∈

C(J, 2c(∆)).

Proof . Let us take χ́ = (χ́nk), which is the double sequence function that satisfies the boundary value problem
and suppose that each (χ́nk) be continuous for all n,k in N on J. First we define the operator Θ̄ : C(J, 2c(∆)) −→
C(J, 2c(∆)) by

(Θ̄χ́)(Ω̃) =

∫ 2

1

ℑ(Ω̃, 𭟋̄)Y(𭟋̄, χ́(𭟋̄))
d𭟋̄
𭟋̄
.

Our aim to see Θ̄ is bounded. Now, applying (2.1) and our assumption, we have for a fixed arbitrary Ω̃ ∈ J,

∥ (Θ̄χ́)(Ω̃) ∥∆= ∥
∫ 2

1

ℑ(Ω̃, 𭟋̄)Y(𭟋̄, )
d𭟋̄
𭟋̄

∥∆

=sup
n

∥
∫ 2

1

ℑ(Ω̃, 𭟋̄)Yn1(𭟋̄, χ́(𭟋̄))
d𭟋̄
𭟋̄

∥ +sup
k

∥
∫ 2

1

ℑ(Ω̃, 𭟋̄)Y1k(𭟋̄, χ́(𭟋̄))
d𭟋̄
𭟋̄

∥

+ sup
n,k

∥
∫ 2

1

ℑ(Ω̃, 𭟋̄)∆Yn,k(𭟋̄, χ́(𭟋̄))
d𭟋̄
𭟋̄

∥

≤
∫ 2

1

ℑ(Ω̃, 𭟋̄)[sup
n

|Yn1(𭟋̄, χ́(𭟋̄))|+ sup
k

|Y1k(𭟋̄, χ́(𭟋̄))|+ sup
n,k

|∆Ynk(𭟋̄, χ́(𭟋̄))|]d𭟋̄
𭟋̄

≤
∫ 2

1

sup
Ω̃∈J

ℑ(Ω̃, 𭟋̄)[| sup
n

{|℘̈n1(𭟋̄)|+ |Ψn1(𭟋̄)||χ́n1(𭟋̄)|}+ sup
k

{|℘̈1k(𭟋̄)|+ |Ψ1k(𭟋̄)||χ́1k(𭟋̄)|}

+ sup
n,k

{|℘̈nk(𭟋̄)|+ |Ψnk(𭟋̄)||∆χ́1k(𭟋̄)|}]d𭟋̄
𭟋̄

≤ ´́
U

∫ 2

1

sup
Ω̃∈J

[
sup
n

|℘̈n1(Ω̃)|+ sup
n

|Ψn1(Ω̃)| sup
n

|χ́n1(Ω̃)|+ sup
k

|℘̈1k(Ω̃)|+ sup
n

|Ψ1k(Ω̃)| sup
k

|χ́1k(Ω̃)|

+ sup
n,k

|℘̈nk(Ω̃)|+ sup
n,k

|Ψnk(Ω̃)| sup
n,k

|∆χ́nk(Ω̃)|]
d𭟋̄
𭟋̄

≤ ´́
U

∫ 2

1

sup
Ω̃∈J

[
sup
n,k

|℘̈n,k(Ω̃)|+ sup
n,k

|Ψn,k(Ω̃)| sup
n

|χ́n1(Ω̃)|+ sup
n,k

|℘̈n,k(Ω̃)|+ sup
n,k

|Ψn,k(Ω̃)| sup
k

|χ́1k(Ω̃)|

+ sup
n,k

|℘̈n,k(Ω̃)|+ sup
n,k

|Ψn,k(Ω̃)| sup
n,k

|∆χ́nk(Ω̃)]
d𭟋̄
𭟋̄
.

Thus, we have

sup
Ω̃∈J

∥ (Θ̄χ́)(Ω̃) ∥∆≤ ´́
U

∫ 2

1

[Υ1 +Υ2 sup
n

|χ́n1(Ω̃)|+Υ1 +Υ2 sup
k

|χ́1k(Ω̃)|+Υ1 +Υ2 sup
n,k

|∆χ́nk(Ω̃)|]
d𭟋̄
𭟋̄

≤
∫ 2

1

´́
U

𭟋̄
[3Υ1 +Υ2||χ́||]d𭟋̄ = [3Υ1 +Υ2||χ́||] ´́U log 2.

Hence we can write
∥ (Θ̄χ́)(Ω̃) ∥C(J,2c(∆)≤ [3Υ1 +Υ2||χ́||] ¯̄B,

where ¯̄B =
´́
U log 2. From this we can say that Θ̄ is bounded. Now, we construct a set G⃗2c(∆) = G⃗2c(∆)(ξ́, s̄0) ={

ξ́ ∈ C(J, 2c(∆)) : ||ξ́|| < s̄0

}
, which is closed , convex and bounded. Now, our aim is to see Θ̄ is continuous on
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C(J, G⃗). For ξ́, ρ⃗1 ∈ C(J, 2c(∆)) and for Ω̃ ∈ J, we have

∥
(
Θ̄ξ́
)
(Ω̃)−

(
Θ̄ρ⃗1

)
(Ω̃) ∥∆= ∥

∫ 2

1

ℑ(Ω̃, 𭟋̄)Y(𭟋̄, ξ́(𭟋̄))
d𭟋̄
𭟋̄

−
∫ 2

1

ℑ(Ω̃, 𭟋̄)Y(𭟋̄, ρ⃗1(𭟋̄))
d𭟋̄
𭟋̄

∥∆

= ∥
∫ 2

1

ℑ(Ω̃, 𭟋̄)
[
Y(𭟋̄, ξ́(𭟋̄))− Y(𭟋̄, ρ⃗1(𭟋̄))

] d𭟋̄
𭟋̄

∥∆

=sup
n

∥
∫ 2

1

ℑ(Ω̃, 𭟋̄)
[
Yn1(𭟋̄, ξ́(𭟋̄))− Yn1(𭟋̄, ρ⃗1(𭟋̄))

] d𭟋̄
𭟋̄

∥

+ sup
k

∥
∫ 2

1

ℑ(Ω̃, 𭟋̄)
[
Y1k(𭟋̄, ξ́(𭟋̄))− Y1k(𭟋̄, ρ⃗1(𭟋̄))

] d𭟋̄
𭟋̄

∥

+ sup
n,k

∥
∫ 2

1

ℑ(Ω̃, 𭟋̄)
[
∆
(
Ynk(𭟋̄, ξ́(𭟋̄))− Ynk(𭟋̄, ρ⃗1(𭟋̄))

)] d𭟋̄
𭟋̄

∥

≤
∫ 2

1

´́
U

𭟋̄
d𭟋̄ ∥ Yξ́ − Yρ⃗1 ∥∆

≤ ¯̄B ∥ Yξ́ − Yρ⃗1 ∥,

where ¯̄B =
´́
U log 2. Since the function Y(𭟋̄, ξ́(𭟋̄)) is equicontinuous in 2c(∆), given any ϵ̄ > 0, there we find δ∗ > 0 so

that

∥ Yξ́ − Yρ⃗1 ∥< ϵ̄
¯̄B
for ∥ ξ́ − ρ⃗1 ∥< δ∗.

Hence we have

∥
(
Θ̄ξ́
)
(Ω̃)−

(
Θ̄ρ⃗1

)
(Ω̃) ∥∆≤ ¯̄B

ϵ̄
¯̄B
< ϵ̄.

Thus we can conclude that Θ̄ is continuous. Next, our aim to see Θ̄ is continuous in J. For arbitrarily fix k1 and
k2 in J

∥
(
Θ̄ξ́
)
(k1)−

(
Θ̄ξ́
)
(k2) ∥∆

=∥
∫ 2

1

ℑ(k1, 𭟋̄)Y(𭟋̄, ξ́(𭟋̄))
d𭟋̄
𭟋̄

−
∫ 2

1

ℑ(k2, 𭟋̄)Y(𭟋̄, ξ́(𭟋̄))
d𭟋̄
𭟋̄

∥∆

=∥
∫ 2

1

[ℑ(k1, 𭟋̄)−ℑ(k2, 𭟋̄)]Y(𭟋̄, ξ́(𭟋̄))
d𭟋̄
𭟋̄

∥∆

= sup
n

∥
∫ 2

1

[ℑ(k1, 𭟋̄)−ℑ(k2, 𭟋̄)]Yn1(𭟋̄, ξ́(𭟋̄))
d𭟋̄
𭟋̄

∥ +sup
k

∥
∫ 2

1

[ℑ(k1, 𭟋̄)−ℑ(k2, 𭟋̄)]Y1k(𭟋̄, ξ́(𭟋̄))
d𭟋̄
𭟋̄

∥

+ sup
n,k

∥
∫ 2

1

[ℑ(k1, 𭟋̄)−ℑ(k2, 𭟋̄)]∆Ynk(𭟋̄, ξ́(𭟋̄))
d𭟋̄
𭟋̄

∥

≤
∫ 2

1

[ℑ(k1, 𭟋̄)−ℑ(k2, 𭟋̄)]

[
sup
n

∣∣∣Yn1(𭟋̄, ξ́(𭟋̄))
∣∣∣+ sup

k

∣∣∣Y1k(𭟋̄, ξ́(𭟋̄))
∣∣∣+ sup

n,k

∣∣∣∆Ynk(𭟋̄, ξ́(𭟋̄))
∣∣∣] d𭟋̄𭟋̄

≤
∫ 2

1

[|ℑ(k1, 𭟋̄)−ℑ(k2, 𭟋̄)|] ∥ Yξ́ ∥C(J,2c(∆))
d𭟋̄
𭟋̄
.

Now, applying the continuity of ℑ(k1, 𭟋̄), we have for given ϵ̄ > 0, we can find δ∗ > 0 such that if ∥ k1 − k2 ∥< δ∗
then |ℑ(k1, 𭟋̄)−ℑ(k2, 𭟋̄)| < ϵ̄

||Yξ́||C(J,2c(∆) log 2
. Hence, we get

∥
(
Θ̄ξ́
)
(k1)−

(
Θ̄ξ́
)
(k2) ∥∆≤ ∥ Yξ́ ∥C(J,2c(∆))

∫ 2

1

|ℑ(k1, 𭟋̄)−ℑ(k2, 𭟋̄)| d𭟋̄
𭟋̄

≤ ∥ Yξ́ ∥C(J,2c(∆))
ϵ̄

||Yξ́||C(J,2c(∆) log 2
log 2.

Hence, we can conclude that ∥
(
Θ̄ξ́
)
(k1)−

(
Θ̄ξ́
)
(k2) ∥∆< ϵ̄. Therefore, Θ̄ is continuous on J. Lastly, we want to

establish that Θ̄ is a Darbo condensing operator with respect to Hausdorff MNC χ on the space C(J, 2c(∆)). Now,
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we represent the Hausdorff MNC for G⃗2c(∆) which is a subset of C(J, 2c(∆)) and it is defined as

χC(J,2c(∆))

(
G⃗2c(∆)

)
= sup

℘∗∈J
χ2c(∆)

(
G⃗2c(∆)(℘

∗)
)
.

Now,

χ2c(∆)

[(
Θ̄G⃗2c(∆)

)
(℘∗)

]
= lim

n,k→∞

[
sup

℧∗∈G⃗2c(∆)

(
sup
n

∥
∫ 2

1

ℑ(℘∗, 𭟋̄)Yn1𭟋̄,℧1(𭟋̄))
d𭟋̄
𭟋̄

∥ +sup
k

∥
∫ 2

1

ℑ(℘∗, 𭟋̄)Y1k(𭟋̄,℧1(𭟋̄))
d𭟋̄
𭟋̄

∥

+ sup
n,k

∥
∫ 2

1

ℑ(℘∗, 𭟋̄)∆Ynk(𭟋̄,℧1(𭟋̄))
d𭟋̄
𭟋̄

∥
)]

≤ lim
n,k→∞

[
sup

℧∗∈G⃗2c(∆)

( ∫ 2

1

ℑ(℘∗, 𭟋̄)[sup
n

|Yn1(𭟋̄,℧∗(𭟋̄))|+ sup
k

|Y1k(𭟋̄,℧∗(𭟋̄))|+ sup
n,k

|∆Ynk(𭟋̄,℧∗(𭟋̄))|]d𭟋̄
𭟋̄
)]

≤ lim
n,k→∞

[
sup

℧∗∈G⃗2c(∆)

( ∫ 2

1

ℑ(℘∗, 𭟋̄)
[
sup
n

|℘̈n1(𭟋̄)|+ sup
n

|ψn1(𭟋̄)| sup
n

|℧∗
n1(𭟋̄)|+ sup

k
|℘̈1k(𭟋̄)|

+ sup
k

|ψ1k(𭟋̄)| sup
k

|℧∗
1k(𭟋̄)|+ sup

n,k
|℘̈nk(𭟋̄)|+ sup

n,k
|ψnk(𭟋̄)| sup

nk
|∆℧∗

nk(𭟋̄)|
]d𭟋̄
𭟋̄
)]

≤ lim
n,k→∞

[
sup

℧∗∈G⃗2c(∆)

( ∫ 2

1

ℑ(℘∗, 𭟋̄)[ sup
℘∗∈J

(sup
n,k

|ψnk(℘
∗)| sup

n
|℧∗

n1(℘
∗)|+ sup

n,k
|ψnk(℘

∗)| sup
k

|℧∗
1k(℘

∗)|

+ sup
n,k

|ψnk(℘
∗)| sup

n,k
|∆℧∗

nk(℘
∗)|]d𭟋̄

𭟋̄
)]

≤ lim
n,k→∞

{
sup

℧∗∈G⃗2c(∆)

(∫ 2

1

max
℘∗∈J

ℑ(℘∗, 𭟋̄)

[
Υ2

(
sup
n

|℧∗
n1(℘

∗)|+ sup
k

|℧∗
1k(℘

∗)|+ sup
n,k

|∆℧∗
nk(℘

∗)|
)] d𭟋̄

𭟋̄

)}

≤ lim
n,k→∞

{
sup

℧∗∈G⃗2c(∆)

(∫ 2

1

ℑ(℘∗, 𭟋̄)

[
Υ2 sup

℘∗∈J
||℧∗(℘∗)||∆

]
d𭟋̄
𭟋̄

)}

≤Υ2 ≤ lim
n,k→∞

{
sup

℧∗∈G⃗2c(∆)

∫ 2

1

´́
U

𭟋̄
d𭟋̄ sup

℘∗∈J
||℧∗(℘∗)||∆

}

≤ ¯̄BΥ2 lim
n,k→∞

{
sup

℧∗∈G⃗2c(∆)

sup
℘∗∈J

||℧∗(℘∗)||∆

}

≤ ¯̄BΥ2χC(J,2c(∆))

(
G⃗2c(∆)

)
.

So, we can write

sup
℘∗∈J

χ2c(∆)

[(
Θ̄G⃗2c(∆)

)
(℘∗)

]
≤ ¯̄BΥ2χC(J,2c(∆))

(
G⃗2c(∆)

)
χC(J,2c(∆))

(
Θ̄G⃗2c(∆)

)
≤ ¯̄BΥ2χC(J,2c(∆))

(
G⃗2c(∆)

)
.

As ¯̄BΥ2 < 1, which implies that Θ̄ is a Darbo condensing operator with Darbo constant ¯̄BΥ2. Therefore, Θ̄ has
at least one point in G⃗2c(∆) ⊂ 2c(∆), which gives the solution of the system of equations (3.1). □

4 Example

Now, we represent an example to illustrate the above theorem. Let us consider the following Hadamard type
fractional differential boundary value problem :

H
Dν̆∗

1+

L(c̄) +Y(c̄) = 0, (4.1)
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with

L(1) = L/(1) = 0, L(2) =

∫ 2

1

p̂(c̄)L(c̄)
dc̄

c̄
,

where Y(c̄) = Y(𭟋́) = Ynk(𭟋́,L(𭟋́) and

Ynk(𭟋́,L(𭟋́) =

∞∑
n=k

1

(1 + k3)n3
cosπ(n+ k) +

∑
n=u,k=v

cos(𭟋́2 + 1)

n+ 1
Luv.

Here ν̆∗ = 2.5, p̂(c̄) = ln c̄,

ℑ(c̄, 𭟋́) = Ĝ(c̄, 𭟋́) +
(lnc̄)ν̆

∗−1

ℜ̄

∫ 2

1

p̂(c̄)Ĝ(c̄, 𭟋́)
dc̄

c̄
,

ℜ̄ =(ln 2)2.5−1 −
∫ 2

1

p̂(c̄)(ln c̄)2.5−1 dc̄

c̄
= 0.61.5 −

∫ 2

1

(ln c̄)2.5
dc̄

c̄

=0.46− (ln 1.5)2.5 ln c̄]21 = 0.46− 0.104× 0.301

=0.429

and

Ĝ(c̄, 𭟋́) =
1

Γ(2.5)(ln 2)1.5

{
(ln c̄)1.5(ln 2

𭟋́ )1.5 − (ln c̄
𭟋́ )1.5(ln 2)1.5 1 ≤ 𭟋́ ≤ c̄ ≤ 2

(ln c̄)1.5(ln 2
𭟋́ )1.5, 1 ≤ c̄ ≤ 𭟋́ ≤ 2

}
.

Now, our aim is to see Y is equicontinuous.

∥ Y(𭟋́,L(𭟋́))−Y(𭟋́,D(𭟋́)) ∥∆= ∥
∞∑

n=k

1

(1 + k3)n3
cosπ(n+ k) +

∑
n=u,k=v

cos(𭟋́2 + 1)

n(n+ 1)
Luv

−
∞∑

n=k

1

(1 + k3)n3
cosπ(n+ k)−

∑
n=u,k=v

cos(𭟋́2 + 1)

n(n+ 1)
Duv ∥∆

= ∥
∑

n=u,k=v

cos(𭟋́2 + 1)

n(n+ 1)
[Luv −Duv] ∥∆

≤
∑

n=u,k=v

1

n(n+ 1)
∥ Luv −Duv ∥∆

≤π
2

6
∥ L(𭟋́)−D(𭟋́) ∥∆ .

For the continuity of the space 2c(∆), given any ε̃ > 0, there exist any ρ̀∗ > 0 such that

∥ L(𭟋́)−D(𭟋́) ∥∆≤ ρ̀∗ =
6ε̃

π2
,

for Lnk(𭟋́),Dnk(𭟋́) ∈ 2c(∆). Hence, we have ∥ Y(𭟋́,L(𭟋́))−Y(𭟋́,D(𭟋́)) ∥∆≤ ε̃. So, we get the result, i.e assumption

(d1) satisfied. Now for the assumption (d2), let ℘̈nk(𭟋́) = 1
n3

∑∞
n=k

1
(1+k4 and ψnk(𭟋́) = cos(𭟋́2+1)

6 be continuous, so

that ℘̈nk(𭟋́) converges uniformly to π4

90 and ψnk(𭟋́) is equibounded on J. Also, we have

Υ1 = sup
𭟋́∈J

sup
n,k

1

n3

∞∑
n=k

1

1 + k4
=
π4

90
, Υ2 = sup

𭟋́∈J
sup
n,k

1

n3

∞∑
n=k

cos(𭟋́2 + 1)

6
=

1

6
.

Now for any 𭟋́ ∈ J, if Lnk(𭟋́) ∈ 2c(∆), then ∆Ynk(𭟋́,L(𭟋́)) ∈ 2c(∆), so we have∣∣Ynk(𭟋́,L(𭟋́))
∣∣ ≤ ∞∑

n=k

1

(1 + k4)n3
| cosπ(n+ k)|+

∑
n=u,k=v

|cos(𭟋́
2 + 1)

n(n+ 1)
||Luv(𭟋́)|

≤
∞∑

n=k

1

(1 + k4)n3
+

cos(𭟋́2 + 1)

6
|Luv(𭟋́)|

≤|℘̈nk(𭟋́)|+ |ψnk(𭟋́)||Luv(𭟋́)|.
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Also, we have,∣∣∆Ynk(𭟋́,L(𭟋́))
∣∣ ≤ 1

n3

∞∑
n=k

1

1 + k4
| cosπ(n+ k)|+

∑
n=u,k=v

cos(𭟋́2 + 1)

n(n+ 1)
||∆Luv(𭟋́)|

≤|℘̈nk(𭟋́)|+ |ψnk(𭟋́)||∆Luv(𭟋́)|.

Lastly, we have to show Υ2
¯̄B ≤ 1. Here Υ2 = 1

6 , and

¯̄B =

∫ 2

1

´́
Ud𭟋́
𭟋́

=
´́
U log 2 =

´́
U [log 𭟋́]21 ≤ 2× 0.30 = 0.60,

where we assume that
´́
U = maxc̄∈J ℑ(c̄, 𭟋́) ≤ 2. Hence we have, Υ2

¯̄B ≤ 1
6 × 0.60 = 0.1 ≤ 1. Since, it satisfied all the

hypothesizes of the theorem (3.1), we can establish that the equation (4.1) has at least one solution which belong to
C(J, 2c(∆)).
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