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Abstract

The main goal of the present paper is to obtain several fixed point theorems for both multi-valued and single-valued
mappings in Menger PbM-spaces, which is an extension of Menger PM-spaces. In this paper, we introduce different
types of contractive mappings by introduce the notions of (« — v¥)-E-type simulation function and (8 — v)-E-type
simulation function in Menger PbM -spaces which is a generalization of simulation functions introduced by Khojasteh
et al. [I§]. Furthermore, we present some nontrivial examples and an application to the existence of a solution of the
Volterra-type integral equation.
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1 Introduction and preliminaries

In the last century, nonlinear functional analysis has experienced many advances. One of these improvements is
the introduction of various spaces and is the proof of fixed point results in these spaces along with its applications in
engineering science. One of these spaces is b-metric space. The notion of a b-metric space was defined by Bakhtin [3]
and Czerwik [12]. Afterward, other authors discussed in b-metric spaces its properties and defined convergent, Cauchy
sequence, and so on. Furthermore, they obtained several results in fixed points in this space with its applications to
non-linear functional analysis for more details, we refer to [T, 8, @] [7, (19, 23| (25 24, 26| 27, 29, B0] and the references
it contains.

In contrast, the concept of PM-spaces was introduced by Menger [2I] in 1942. So, Sehgal and Bharucha-Reid [34]
proved some fixed-point theorems in that space. Also, Schweizer and Sklar [33] discussed the properties of Menger
PM-spaces. In the following, the fixed point theory in PM-spaces for single-valued and multi-valued mappings were
extensively studied by many authors in [IT], 10} 13} 14} 15} 17, 20, 28] and references therein.

Definition 1.1. [I4] A function f : R — [0,1] is called a distribution function if it is non-decreasing and left-
continuous with inf,cg f(u) = 0. In addition, if f(0) = 0, then f is called a distance distribution function. Further-
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more, a distance distribution function f satisfying 1iI_~I_1 f(u) = 1 is called a Menger distance distribution function.
uU—r+00

The set of all Menger distance distribution functions is denoted by D™.

Definition 1.2. [II] A triangular norm (abbreviated, t-norm) is a binary operation 7 on [0,1], which satisfies the
following conditions:

a) 7T is associative and commutative,

(
(
(c
(d

)

b) 7 is continuous,
) T(a,1) =a for all a € [0,1],
)

T
T(a,b) < T(c,d) whenever a < ¢ and b < a, for each a,b,c,d € [0, 1].

Definition 1.3. [II] A triangular norm 7 is said to be of H-type (Hadzié¢ type), if a family of functions {7T™(¢)} is
equicontinuous at ¢ = 1; that is, there exists § € (0,1) such that ¢ > 1 — § implies that 7™(i) > 1 — € for all € € (0,1)
and (n > 1), where 7™ : [0,1] — 0,1] is by T (i) = T (i,4) and T"(i) = T (i, T"1(i)) for n =2,3,---.

Definition 1.4. [I6] A Menger probabilistic metric space (briefly, Menger PM-space) is a triple (W, G, T), where
W is a nonempty set, 7 is a continuous i-norm, G : W x W — D% is a mapping such that if G, ,, denotes the value of
G at the pair (u,v), then the following conditions hold:

(PM1) G, (i) =1foralli>0<u=u,

(PM2) Gy (i) = Gy (i) for all u,v € W and i > 0,

(PM3) Gu (i + ) > T(Guw(i),Gv:(4)) for all u,v,z2 € W and 4,5 > 0.

In addition, in 2015, Hasanvand and Khanehgir [16] defined Menger PbM-space.

Definition 1.5. [16] Let « is a real number in (0, 1]. A Menger probabilistic b-metric space (briefly, Menger PbM-
space) is a triple (W, G, T), where W is a nonempty set, 7 is a continuous t-norm, G : W x W — D7 is a mapping
such that if G, ,, denotes the value of G at the pair (u,v), then the following conditions hold:

(PM1) Gy (i) =1, foralli >0 e u=uv;
(PM2) Gy »(7) = Gy (i), for all u,v € W and ¢ > 0;
(PM3) Gy.»(i+ j) > T(Guv(i), Gy (), for all u,v, 2 € W and i, j > 0.

Example 1.6. [16] Suppose W = R™, T (u,v) = min{u,v} and define G : W x W — D™ by
ife>0

Gu v(l) = { H“Ul—”\Q ’

0 otherwise,

for all u,v € W. Then (W, G, T) is a complete Menger PbM-space with o = %

Also, Hasanvand and Khanehgir proved a fixed point theorem for a single-value operator.

Theorem 1.7. [16] Let (W, G,T) be a complete Menger PbM-space with coefficient «, which satisfies T (a,a) > a
with a € [0,1]. Also, let f : W — W be a generalized 3 — +-type contractive mapping satisfying the following
conditions:

(i) f is (B,v)-admissible;
(ii) there exists ug € W such that B(uo, fug,i) < 1 and v(ug, fug,i) > 1 for all i > 0;

(iii) for all n € N and for all ¢ > 0, if {u,} is a sequence in W such that S(up—1,un,7) < 1 and y(up, tnt1,1) > 1
and u, — u as n — oo, then B(un_1,u,7) < 1 and vy(un, fu,i) > 1.

Then f has a fixed point.



Some new results in Menger PbM-spaces 3

Definition 1.8. [6] A function ¢ : Rt — RT is said to be a ¢-function if it satisfies the following conditions:

i) (i) =0 if and only if ¢ = 0;
(1) is strictly monotone increasing and (i) — oo as i — oc;

11

v

G
) ¥
ili) 4 is left-continuous in (0, 00);
) % is continuous at 0.

Lemma 1.9. [13] Suppose (_W,gﬂ') is a Menger PbM-space with coefficient a and v is a ®-function. If we have
Guo(aF(1)) = Guw (@ (L)) for u,v € W, c € (0,1), k € N and for all i > 0, then Gy, (i) = 1.

The collection of all ¢-functions will be denoted by W. In order to unify several existing fixed point results in the
literature, Khojasteh et al. [I§] introduced a mapping namely simulation function and the notion of Z-contraction
with respect to ¢. The Z-contraction generalized the Banach contraction and unify several known type of contractions
involving the combination of d(Tx, Ty) and d(x,y) and satisfies some particular conditions in complete metric spaces.

Definition 1.10. A simulation function is a mapping ¢ : [0,00) x [0,00) — R satisfying the following conditions:

1) ¢(m,n) <n—m for all n,m > 0;
2) if {m;},{n;} are sequences in (0,c0) such that lim;_, ., m; = lim; o, n; > 0, then
lim sup ¢(m;,n;) < 0.
i— 00

Also, Z is considered the family of all simulation functions.

Example 1.11. [I§] Suppose f; : [0,00) — [0,00) be continuous function such that f;(u) = 0 if and only if, u = 0.
For [ = 1,2 we define the mappings ¢ : [0,00) x [0,00) — R, as follows,

c(m,n) = fi(n) — f2(m),

for all m,n € [0,00), where f1, fa : [0,00) — [0,00) are two continuous functions such that fi(u) = fa(u) =0iff u=0
and f1(7) < ¢ < fa(i) for all ¢ > 0.

Throughout this paper, the family of all nonempty closed and bounded subsets of W is denoted by CB(W), the
family of all nonempty subsets of W by N(W). Further, for notions such as convergence and Cauchy sequences,
completeness and examples in Menger PbM-space, we refer to [16].

Definition 1.12. [2§] Suppose (W, G, T) is a Menger PM-space. Function H : CB(W) x CB(W) — [0, 1] for all
i > 0 define by

Hap(i) = Sup T(inf Gy, 5(5), inf Gaq(7)),
is said to be the distance between A and B, where G, 4(i) = sup,c 4 Gp (i) is the distance between a point and a set
in PM-space.

Definition 1.13. [28] Suppose (W, G, T) is a Menger PM-space.
(i) A subset D C W is said to be approximative if P, p(i) = {p € D : Gy, p(i) = Gpu(i)}
for all v € W, has nonempty value.
(ii) The multi-valued mapping f : W — N(W) is said to have approximative values, AV for short, if fu is
approximative for each u € W.
(iii) f is called to have the w-approximative valued property if there exists v € fu such that G, ,(¢) > Hyq, f,(¢) for
all a € W, u € Ga and for all ¢ > 0.

Definition and Definition [T.13] are satisfied in PbM-space. Also, we need to the following definition in the
sequel.

Definition 1.14. [I4] Close operator is multi-valued operator f : W — CB(W) if for two sequences {u, },{v,} C W
and ug ,v9 € W, un — ug, v, — vg and vy, € f(uy,) imply v € f(ug).
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2 Results on (a — ¥)-E-type simulation for multi-valued mappings in PbM -space

Following the idea of Hasanvand and Khanehgir [16], Gopal et al [13] and Karapinar [2] we introduce the following
definitions in the framework of Menger PbM-space.

Definition 2.1. Suppose f: W — CB(W) is a multi-valued operator and v : Wx W x (0,00) — (0, 00) is a function.
We say that f is y-orbital admissible if y(a,b,i) < 1 for all @ € W, b € f(a) and ¢ > 0, then y(u,b,i) < 1 for all

u € f(b).

Example 2.2. Suppose W = RT and G be as in Example Then (W, G, T) is a complete Menger PbM-space with
o = 1. Define f: W — CB(W) by f(u) = [0,3u] for all u € W and v : W x W x (0,00) — (0, 00) by

’Y(ua v, 7’) = {

Definition 2.3. Suppose that (W, G, T) is a Menger PbM-space with coefficient o and f : W — CB(W) is said
(o — ¢)-Ehsan type simulation if there exist ¥ € U, ¢ € Z, v : W x W x [0,00) — [0,00) and real numbers
a1, as,as, a4, as € R with

if (u,v) = (0,0)
otherwise.

(I

Then f is y-orbital admissible.

d2— >1, a1 #0, ag —as >0,
ai
such that
c(Pu,v (1) by, (4)) > 0,
for all u € W, v € fu and o € fv where
Punli) = —ar (10, 0" ) Hpy g (086(0))) = a2(Gu (04T 0(2)) + Go (@ 1(2)))

— minfasy,ru (0 (1)), a5 po (0 o)),
and .
1
c

L) = 41605 0(2)) + asGuoa* (),
where k € N and ¢ € (0,1).

The following is the main result of this section. We present a fixed point theorem for (o — 1)-E-type simulation
multi-valued mappings in Menger PbM-spaces.

Theorem 2.4. Suppose (W, G,T) is a complete Menger PbM-space with coefficient «, which satisfies T (a,a) > a
with a € [0,1]. Also, let f : W — CB(W) has the w-approximative value property and be satisfying the following
conditions:

(i) f is vy-orbital admissible;

(ii) for some uy € W there exists u; € f(ug) such that y(ug, u,4) <1 for all i > 0;
(iii) f is (o — v)-E-type simulation;
(iv) f is closed operator.

Then f has a fixed point.

Proof . If u; = ug, then the proof is complete. Suppose that u; # up, i.e., ug ¢ fug. Since f has w-approximative
value property, there exists us € fuq such that Gy, u,(2) > Hyyg, fu, () for all 4 > 0. For ug € fuq, from (¢) and (i)
we have y(ug,u1,4) < 1 and y(uj,ug,7) < 1 for all ¢ > 0. If uy € fuy, then u; is a fixed point of f. Suppose that
ug # ui. Again, by the assumptions, there exists us € fug such that Gy, u, (1) > Hruy, fu, (1), y(u2,u1,4) < 1 and
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~¥(ug,us,i) < 1 for all i > 0. By continuing this process, we obtain a sequence {u,} in W such that u, € fu,_1 with
Uy F Up—1, Where Gy, v, (1) 2> Hypu,  fun (1), 7(Un, un—1,1) < 1 and y(up, ups1,4) < 1 for all i > 0. By (iii) we
have,

0< C(pun,un+1(i)a lun,unﬂ(i)) < lung“n«{»l(i) — Pun,unta (),

where
P s (1) = =1 (3 (s 1, @40) H g, (0 (0)) = 020Gt g, (06 (2))
+ gun+1-,fun+1(04k711/f(£))) —min(azGu, ., fu, (a’“’lw(é)), 3G fun s (ak*w(g))],
and . .
it (0) = @130 (@) + 05Gis 2 (08 T10(2)),

Since f has w-approximative value property we have,

algun,unJrl (7’) 2 aleunfl’fun (akw(l))

> a1y (Un—1,Un, @) Hpu, o fu, (@F9(3))
> a2(Gun 1. fun 1 (O U(E)) + G (P 1(2)))

2
Cc c

1 1
c c
1 ?

- a4gun71yun (ak—1¢(7)) - a5gun71,un+1 (O‘k_lw(f))

C

+minfasGu,,, fu, -, (" ()), a3Gu, 1 fu, (@F71()))]

o

> 0G0 (0 + G (050 ))
). 03Gu, s (08 0(2))]

. _ 1
+ minfazGu, u, (" 1h(=
c c

= 01Gu 1 (O TIV(E)) = A5G,y (@FTHH()).

?
c

So we have,
G2 () 2 Gt (1) = 02Gis 0, (08 H0(2))
1,0 1,0
> (0~ 03) (G (0 () + (05— 05)Gu, s (05 (),
which implies,
(az — a4)

So we have,

that is, Gu,, unsr (1) = Gug,uy (@F7"(£) for arbitrary n € N. Next, let m,n € N with m > n. Then, by (PbM3) and
strictly increasing of i, we have

gun:um ((m - n)Z) Z min{gunzun+1 (al)7 T 7gum—17u'77172 (am_n_li)’ gurnflaum (am_n_lz)}

1 ]

> min{guo,u1 (al_n¢(67))’ e 7guo,u1 (al—nw(cm72 ))7 guo,ul (al—n,(/)(cmil ))}
- guo,u1 (alfnw(cin))
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Since a'~"(L) — 0o as n — oo, there exists ng € N such that Gy, (@' 7"9 (%)) > 1 — € for fixed € € (0,1),
whenever n > ng. This implies that G, ., ((m —n)i) > 1 — € for every m > n > ng. Since ¢ > 0 and € € (0,1) are
arbitrary, we deduce that {u, } is a Cauchy sequence in the complete Menger PbM-space (W, G, T). Then there exists
u € W such that u,, — u as n — oco. We are going to show that u is a fixed point of f. Now, by condition (iv), since
Uy —> U, Upy1 — U and up41 € fu, we conclude that u € fu. This complete the proof. O

Example 2.5. Suppose W = R™, G and T are as in Example Then W, G, T) is a complete Menger PbM-space
with a = 3. Define the mapping f : W — CB(W) by fu = [0,%], ¢ : [0,00) x [0,00) — R by ¢(j,i) = 5% and
¥ RT — R by (i) = 4. Also, let y(u,v,i) =1 for all u,v € W. To prove that f is a (a — 1)-E-type simulation, it
suffices to check the following condition:

(P (i), L (7)) > 0,

for all u € W, v € fu and o € fv where,

1
c

Punli) =~ 13,0, 08) Hpu o (046(0))) — a2(Gu (@1 0(0) + G gulah (1)

— minfasGo pu(0* (L), asGu s (L],

1
c c

and

_ 1,0 Y}
lu,v(l) = a4gu,'u(ak 110(2)) + a5gu,o(ak 17/’(2)))
for all uw € fu and v € fv. Note that v(u,v,a®i)Hpy f,(a®(i)) = 1.Hyy po(a®1p(i)). Using the definition of the
probabilistic Hausdorff metric in Definition we have

1 7
a1 H k(i) = a a = aq-
1 fu,fv( ¥(i)) l%iJr%i%'g 1Z+2k74|u71}|2
)

> —a1Gun(0* () — asGuo(a* ()

where, ¢ = %,al = 1l,a4 = —2,a5 = —1 and ay = a3 = 0. This means that f is (o — ¢)-E-type simulation. Since
f has the compact values it has w-approximative valued property and it is closed mapping. On the other hands, by
definitions of f and ~, all of the conditions of Theorem [3.2] (i)-(iv) are satisfies. Therefore, Theorem [3.2| implies that
f has a fixed point.

Corollary 2.6. Suppose (W, G, T) is a complete Menger PbM-space with coefficient «, which satisfies T (a,a) > a
with a € [0,1]. Also, let f: W — W is a continuous mapping and be satisfying the following conditions:

(i) f is v-orbital admissible,;
(ii) for some ug € W there exists u; = f(up) such that vy(ug,u1,4) <1 for all i > 0;

(iii) f is (o — v)-E-type simulation.

Then f has a fixed point.

3 Results on (8 — ¥)-E-type simulation for multi-valued mappings in PbM-space

Definition 3.1. Suppose (W, G, T) is a Menger PbM-space with coefficient o and f : W — CB(W) is said (8 — )-
E-type simulation if there exist p,g > 0,¢Y € U, c€ Z, §: W x W x [0,00) — [0,00) such that

c(bu,v (i), euw(i)) >0,
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for all w € W and v € fu where
. . 1,0 1,0
bu,v (1) :mzn[pg%fv(ak 1¢(E>)aqgv,fu(ak 1¢(E))]
and

Cuyw (1) = Bu, 0, 1) Hpy, g0 (1) — minlGu,, (" 19()), Gu,pu(@" (), Go, o (@7 9(2))]

c c c
where, k € N and ¢ € (0,1).
The following is the main result of this section.

Theorem 3.2. Let (W, G, T) be a complete Menger PbM-space with coefficient «, which satisfies T (a,a) > a with
a € [0,1]. Also, let f : W — CB(W) has the w-approximative value property and be satisfying the following
conditions:

(i) f is vy-orbital admissible;

)
(ii) for some ug € W there exists u; € f(ug) such that S(ug,u1,4) <1 for all i > 0;
(iii) f is (8 — ¥)-Ehsan type simulation;

)

(iv) f is closed operator.
Then f has a fixed point.

Proof . If u; = wg, then the proof is complete. Let u; # wg, i.e., ug ¢ fug. Since f has w-approximative value
property, there exists ug € fuq such that Gy, v, (1) > Hyyy, pu, () for all i > 0. For ug € fuq, from (i) and (i7) we
have B(ug,u1,7) < 1 and B(ug,ug,i) < 1 for all ¢ > 0. If uy € fuq, then uy is a fixed point of f. Suppose that
ug # ui. Again, by the assumptions, there exists uz € fus such that Gy, u,(¢) > Hypu,, fu, (4), B(ug,ui,i) < 1 and
B(ug,us,i) <1 for all i > 0. By continuing this process, we obtain a sequence {uy} in W such that u, € fu,_; with
Up # Un—1, Where Gy, v, (1) = Hpu, y fu, (1), BUn,tun—1,1) < 1 and B(un, upy1,4) < 1 for all @ > 0. Since ¢ is
continuous at zero. By (ii7) we have

0< c(bumun+1 (Z), Cp Up 41 (7’)) < eungun+l(i) - bunyun+l (Z),

where, . |
bu"’u”+1 (l) = min[pg“mfuwrl (ak_lw(%))v qgunﬂ,fun (ak_ld)(é))]
and
Cun un+1 (7') :B(u"’ Un+1, Z‘)I_Ifumfun-u (7’) - min[gunﬂm-u (akilw(é))v gun,fun (ak—lw(é))7 gun+17fuﬂ,+1 (ak71¢(£))]

Since f has w-approximative value property we have,
gu7l;un+1 (l) Z /B(un_17 Un i)Hfunflvfun (Z)

> (G, (05, G g (@0, G (0 ()]
i [pGa, s, (7)), 4G s (05 H())]
1

Z min[gun—lyun (ak_lw(z))7gun—17un (ak—lw(g))’ gun,un+1 (ak—lw(g))}
+minfpGu, w1 (@ (2))s 4G (@ H0(2))]

1 1
c c |
D]+ minpG, i (08 10(2)), 4]

= min[gun—l,un (ak_lw(é))v gun,un+1 (ak_lw(
1
C

> min(Gu, y u, (7 1(2)), Guy i (@ 0(2))]

1
c
1

c
)

> gu",l,un (O‘k_l"/)(7>)'

Cc
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So we have,

1
c

gun,un+1 (Z) 2 gunfl,un (Oék_lll)( )) 2 2 gUO,UI (ak_nw(cin))v

that is, Gu,, unsr (1) = Gug,us (@F7"(£) for arbitrary n € N. Next, let m,n € N with m > n. Then, by (PbM3) and
strictly increasing of i, we have

gun,um ((m - n)Z) > min{gun,-,un+1 (ai)v e ,gum_l,um—2 (aminili)v gum—lqu'm, (aminili)}
> min{Gup i (0 V() G (0T (5), G (0! T (7)}

= Gugrur (@1 (=),

C’ﬂ

Since a'™"(L) — 0o as n — oo, there exists ng € N such that Gy, (@' 79 (%)) > 1 — € for fixed € € (0,1),
whenever n > ng. This implies that G, ., ((m —n)i) > 1 — € for every m > n > ng. Since ¢ > 0 and € € (0,1) are
arbitrary, we deduce that {u, } is a Cauchy sequence in the complete Menger PbM-space (W, G, T). Then there exists
u € W such that u,, — u as n — co. We are going to show that w is a fixed point of f. Now, by condition (iv), since
Uy —> U, Upy1 — U and up41 € fu, we conclude that u € fu. This complete the proof. O

Example 3.3. Suppose W = RT, G and T are as in Example Then (W, G, T) is a complete Menger PbM-space
with a = 1. Define the mapping f : W — CB(W) by fu = [0,%], ¢ : [0,00) X [0,00) = R by ¢(j,i) = 5% and
¥ RT — R by ¢(i) = 4. Also, let B(u,v,i) =1 for all u,v € W. To prove that f is a (8 — v)-E-type simulation, it
suffices to check the following condition:

(buw (), €un(i)) > 0,

for all w € W and v € fu. Note that S(u,v,i)Hsy (i) = 1.Hpy f,(¢). Using the definition of the probabilistic
Hausdorff metric in Definition [1.12] we have

_ ) _ )

[ —32 i [u—vf?
1

i+ |lu—v)?

:gu,v(z) .
Zmin[gu,u(ak_lw( ))vgu,fu(ak_lw( ))7gv,fv(ak_1¢(i))]

Hypy, f0(i)

4 d
c c c
. 1,0 g0 . 4,0 10 oy
> minfpG,, o (* 1¢(E)),qgv,fu(ak 1w<5>)1+mm[9u,u<a’“ 1¢(E)),Gu,fu(ak 1¢<5>)7gv,fu<ak 11#(5))]7
where p,¢ = 0. This means that f is (8 — ¢)-E-type simulation. Since f has the compact values it has the w-

approximative valued property and it is closed mapping. On the others hands, by definitions of f and +, all of the
conditions of Theorem [3.2] (i)-(iv) are satisfied. Therefore, Theorem implies that f has a fixed point.

Corollary 3.4. Suppose (W,G,T) is a complete Menger PbM-space with coefficient «, which satisfies T (a,a) > a
with a € [0,1]. Also, let f: W — W is a continuous mapping and be satisfying the following conditions:

(i) f is y-orbital admissible;
(i) for some uy € W there exists u; = f(ug) such that B(ug,u1,7) < 1, for all 4 > 0;
(iii) f is (B — ¢)-E-type simulation.

Then f has a fixed point.

4 An application to Volterra integral equation

As an application of our results, we consider the following Volterra integral equation:

u(i) = /0 K(i, ju(j))ds + (i), (4.1)
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where i € I =[0,1], K € C(I x I x R,R) and v € C(I,R).
Suppose that C'(I,R) is the Banach space of all real continuous functions defined on I with norm ||u||e = max [u(d)]
1€

for all w € C(I,R) and C(I x I x C(I,R),R) is the space of all continuous functions defined on I x I x C(I,R).
Alternatively, the Banach space C(I,R) can be endowed with Bielecki norm ||u||p = sup;c;{|u(i)|e” '} for all u €
C(I,R) and L > 0, and induced b-metric d(u,v) = ||u — v||% for all u,v € C(I,R). Note that d is complete b-metric
with j = 2. Define the mapping G : C(I,R) x C(I,R) — D* by G, ,(i) = x(i — d(u,v)) for u,v € C(I,R) and i > 0,

where
(i) 0 if <0
1 =
X 1 it i>0.

Then the space (C(I,R),G,T) with T (a,b) = min{a,b} is a complete Menger PbM space with coefficient o = 3.
([16]) Also, define f: C(I,R) — C(I,R) by

Fu(i) = /0 K(i, j,u(j))ds + (i), ve C(LR).

Theorem 4.1. Suppose (C(I,R),G,T) is the complete PbM-space, G : C(I,R) — CB(C(I,R)) be a multi-valued
operator such that G(u) = {fu(i)} and K € C(I x I x R,R) be an operator. Suppose that the following conditions
hold:

(1) Kl = SUP; je1,ueC(I,R) |K (4, j,u(d))] < oo
(ii) for all u,v € C(I,R) and all ¢, 5 € I, there exists L > 0 such that
1K (6, g, fu(d) = K (i, g, foG))]] < Lmax{|u() —v(G)]; [ud) — fu()], [v(5) = Fo()I}-
Then, the Volterra-type integral equation (4.1)) has a solution in C'(I,R).

Proof . Suppose d(u,v) = max;er(|u(i) — v(i)|?e~ L), for u,v € C(I,R), where L satisfies condition (ii). Also, by
definition of G, for all u € Gz and v € Gy we have u = fu and v = fv. Thus, we obtain that

dp(fu, fv) < max / K (i, u(d)) = K (i, j,0(5)e" Ve ds
v 0

< Lmax{dp(u,v),dp(u, fu),dg(v, fv)}méalx/ eP= s
€l Jo

< (1 - eiaL) max{dB(u, U)v dB(ua fu)v dB(Uv fU)}
< maX{dB (u7 ’U), dp (u7 fu)7 dp (’U, f’U)},
for all u,v € C(I,R). Then we have,

Guw(i) = Gru,po(i) = x(i — ds(fu, fv))
> x(i — max{dg(u,v),dp(u, fu),dg(v, fv)})
= min{x(i — dp(u,v)), x(i — dp(u, fu)),x(i — dp(v, fv))}
= min{Gu,v (i), Gu,fu (i), Gu, o (i)}

> min{G (04 9(0), Gupu0F (1)), G0 o))

4
C
. _ ) _ ) _ ) . _ ) _ )

> min{Gu o (04 (1)), Gupul 00 )), Gu g (b)) + minfpGipo (0t )), 0G0 0 0 D),
by letting p,q = 0 all conditions of Theorem [3.2) are satisfied Therefore, Theorem [3.2] ensures the existence of a fixed
point of G such that this fixed point is the solution of the integral equation. O

5 Conclusion

In this paper, motivated by [2], [16], we considered some nonlinear contractions for multi-valued mappings and
obtained several fixed point theorems in PbM-spaces. In section [2, by applying the definitions of (o — v)-E-type
simulation function in PbM-space, we established some new fixed point theorems. In section [3| by applying the
definitions of (8 — ¥)-E-type simulation function in PbM-space, we established some new fixed point theorems.
Finally, we presented an application to the existence of a solution for the Volterra type integral equation.
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