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Abstract

In the present article, we introduce the concept of (¢, 8, £)-G-contractive mappings in partial b-metric spaces endowed
with a digraph G and discuss the existence and uniqueness of points of coincidence and common fixed points for a pair
of self mappings satisfying such contractive condition. Our main result will extend several recent results including the
well-known Banach contraction theorem. Finally, we exhibit that this extension is viable which will justify the new
contractive condition.
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1 Introduction

The Banach contraction theorem [0] in complete metric spaces is one of the fundamental results in the field of fixed
point theory. This theory has enormous applications not only in different areas of mathematics but also in economics,
computer science, engineering and others. There exist a lot of generalizations of the notion of metric spaces such
as b-metric space, introduced by Bakhtin [5], partial metric space by Matthews [24], and dislocated metric space by
Hitzler et al.[19]. Combining the notions of b-metric and partial metric, Shukla [29] introduced another generalization,
called a partial b-metric and established some fixed point results in partial b-metric spaces.

Many researchers have studied the coincidence point and common fixed point results for a pair of mappings
satisfying some contractive type conditions in various spaces. In 2014, Jleli and Samet [20] presented a generalization
of the Banach contraction theorem in generalized metric spaces by using #-contractions. After that, Ahmad et al.|2]
extended the result of Jleli and Samet [20] to metric spaces by modifying the notion of #-contractions. In recent
investigations, the study of fixed point theory combining a graph takes a vital role in many aspects. Echenique [13]
studied fixed point theory by using graphs and then Espinola and Kirk [14] applied fixed point results in graph theory.
In [22], Khojasteh et al. introduced the concept of -#-contractions and unified some existing metric fixed point results.
Motivated by the idea given in [2] [15], 22] and some recent works on partial b-metric and b-metric spaces with a graph
(see 3,14, 71, [T61, 23], 25, 26], 27, 28] ), we reformulated some important coincidence point and common fixed point results
in partial b-metric spaces endowed with a digraph by using .Z-simulation and #-functions. Finally, we give some
non-trivial examples to illustrate our main result.
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2 Some Basic Concepts

This section begins with some basic notations, definitions and necessary results that will be needed in the sequel.

Definition 2.1. [I1] Let X be a nonempty set and b > 1 be a given real number. A function d : X x X — R* is
said to be a b-metric on X if the following conditions hold:

(7) d(z,y) =0 if and only if z = y;
(#) d(z,y) =d(y,z) for all z, y € X;
(#31) d(z,y) < b(d(x,2) +d(z,y)) for all z, y, z € X.

The pair (X, d) is called a b-metric space.
It is worth noting that the class of b-metric spaces is effectively larger than that of the ordinary metric spaces.

Definition 2.2. [24] A partial metric on a nonempty set X is a function p : X x X — R™ such that for all z, y, z € X:

(p1) plz,z) =py,y) = plz,y) ==z =y;
(p2) plz,z) < p(z,y);

(p3) p(z,y) = p(y,x);

(pa) p(z,y) < plx,2) +p(2,y) — p(2,2).

The pair (X, p) is called a partial metric space.

It is obvious that if p(z,y) = 0, then from (p;) and (p2), it follows that x = y. However, = y does not imply
p(z,y) =0.

Example 2.3. [24] Let X = [0,00) and let p(z,y) = max{z, y} for all x,y € X. Then (X,p) is a partial metric
space but p is not a metric on X.

Definition 2.4. [29] A partial b-metric on a nonempty set X is a function py, : X X X — R™ such that for some real
number b > 1 and all z, y, z € X:

(Po1) pol(z, @) = po(y,y) = po(z,y) <=z =y;
(p2) po(@,2) < po(,y);
(pb3) po(z,y) = po(y, 2);
(pva) po(z,y) < blpe(z, 2) + pu(2,y) — pu(2, 2)].

It is clear that every partial metric space is a partial b-metric space with the coefficient b = 1 and every b-metric
space is also a partial b-metric space with the same coefficient b. However, the reverse implications need not hold true,
in general.

Example 2.5. [29] Let X =R™, p > 1 a constant, and p, : X x X — R be defined by
pb(xuy) = [max {LL‘, y}}p_’_ | r—y |p’ V(E7 (BS X.

Then (X, py) is a partial b-metric space with coefficient b = 2P, but it is neither a partial metric space nor a b-metric
space.
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Example 2.6. [29] Let (X, p) be a partial metric space and py(z,y) = (p(x,y))?, where p > 1 is a real number. Then
pp is a partial b-metric with coefficient b = 2P~1,

Let (X, py) be a partial b-metric space. For each x € X and for each € > 0, put B(z,¢) = {y € X : pp(z,y) < pp(z, ) + €}.
Let # = {B(z,¢€) : x € X and € > 0}. Ge and Lin [I7] proved that % is not a base for any topology on X. However,
they proved that % is a subbase for some topology 7 on X such that (X, 1) is a Tp-space.

Proposition 2.7. [I7] Let (X,py) be a partial b-metric space and (z,) be a sequence in X. If (z,) converges to
x € X with respect to 7, then lim py(x,,z) = pp(z, ).
n—oo

The above proposition cannot be reversed(see [17]).

Definition 2.8. [29] Let (X, ps) be a partial b-metric space with coefficient b > 1 and let (z,,) be a sequence in X.
Then

(i) (zy) converges to a point « € X if and only if lim py(z,, ) = pp(x,x). This will be denoted as lim x,, =z or
n—o00 n—00

ZTpn — x(n — 00).

(ii) () is called a Cauchy sequence if lim pp(2y,, z,y,) exists and is finite.
n,Mm—00

(iii) (X, pp) is said to be complete if every Cauchy sequence (z,,) in X, there exists € X such that lim py(xy,, ) =

n,m—oo
lim py(z,, ) = pp(z, x).
n— o0

Definition 2.9. [12] A sequence (z,,) in a partial b-metric space (X, py) is called 0-Cauchy if
lim pb(In, zm) =0.

n,m—oo

The space (X, pp) is said to be 0-complete if every 0-Cauchy sequence in X converges to a point € X such that
pp(z,z) =0, le., lim pp(Tn,zym) = lim py(z,,x) = pp(x,2) = 0.
mn,m—00 n—o00

Lemma 2.10. [12] If (X, p,) is complete, then it is 0-complete.

The converse assertion of the above lemma may not hold, in general. The following example supports this fact.
Example 2.11. The space X = [0,00) N Q with p(z,y) = max {z, y} is a O-complete partial b-metric space with
coefficient b = 1, but it is not complete. Moreover, the sequence (x,,) with a,, = 1 for each n € N is a Cauchy sequence
in (X, pp), but it is not a 0-Cauchy sequence.

Remark 2.12. [29] In a partial b-metric space (X, pp), the limit of a convergent sequence need not be unique.

Definition 2.13. A sequence (x,) in a partial b-metric space (X, py) is said to be bounded if the set {py(zpn,2m) :
n, m € N} of real numbers is bounded in R, that is, there exists M > 0 such that py(z,, ) < M for all n, m € N.

Definition 2.14. [I] Let T and S be self mappings of a set X. If y = To = Sx for some z in X, then z is called a
coincidence point of T" and S and y is called a point of coincidence of T and S.

Definition 2.15. [21] The mappings T, S : X — X are weakly compatible, if for every x € X, the following holds:

T(Sz) = S(Tx) whenever Sx = Tx.

Proposition 2.16. [I] Let S and T be weakly compatible self mappings of a nonempty set X. If S and T have a
unique point of coincidence y = Sz = Tz, then y is the unique common fixed point of S and T

Definition 2.17. [I0] Let . be the family of all mappings ¢ : [1,00) x [1,00) — R such that
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(€1) €(1,1) =1;
(62) &(t,s) < ¢ forallt, s > 1;
(€3) for any two sequences (t,), (s,) C (1,00) with t,, < s, for all n € N,

lim ¢, = lim s, > 1= limsup &(tn,s,) < 1.

n—oo n—oo n—oo
We say that £ € £ is an Z-simulation function. It is to be noted that £(¢,¢) < 1 for all ¢ > 1.
Example 2.18. [I0] Let &, &y, £ : [1,00) x [1,00) — R be functions defined as follows, respectively:

(i) &(t,s) = 5 for allt, s > 1, where k € (0,1).
(it) &u(t,s) = 7ot forall t, s > 1, where ¢ : [1,00) — [1,00) is a nondecreasing and lower semicontinuous function
such that ¢=1({1}) = 1.
(iid)
1, if (s,t) = (1, 1),

&(t,s) = 57, if s <,

SA

2-, otherwise,

for all s, t > 1, where A € (0,1).
Then &, &,, £ € Z.
Definition 2.19. [2] Let © be the set of all functions 6 : (0,00) — (1, 00) such that

(A1) 6 is nondecreasing;

(02) for all (t,) C (0,00),
lim 6(t,) =1<+= lim t, =07;

n— oo n—roo

(03) 6 is continuous on (0, c0).
Example 2.20. [2] Let 0 : (0,00) — (1,00) be defined as 6(t) = e for all ¢ > 0. Then 6 € ©.

We now assign a digraph in a partial b-metric space as stated below.

Let (X, pp) be a partial b-metric space and A = {(z,z) : € X}. Consider a digraph G such that the set V(G) of
its vertices coincides with X, and the set E(G) of its edges contains all loops, i.e., E(G) D A. We also assume that G
has no parallel edges. Under these assumptions, we can identify G' with the pair (V(G), E(G)). By G~! we denote the
graph obtained from G by reversing the direction of edges, i.e., E(G™!) = {(z,y) € X x X : (y,z) € E(G)}. Let G
denote the undirected graph obtained from G by ignoring the direction of edges. Actually, it will be more convenient
for us to treat G as a digraph for which the set of its edges is symmetric. Under this convention,

E(G) = E(G)UE(G™).
Our graph theory notations and terminology are standard and can be found in all graph theory books, like [8,[9] [18].

Definition 2.21. Let (X, pp) be a partial b-metric space with the coefficient b > 1 and let G = (V(G), E(G)) be a
digraph. A mapping f : X — X is called a Banach G-contraction or simply G-contraction if there exists k € (0, %)
such that

po(fz, fy) < kpo(z,y)

for all z, y € X with (x,y) € E(G).

Any Banach contraction is a Gg-contraction, where the graph Gy is defined by E(Gy) = X x X. But it is valuable
to note that a Banach G-contraction need not be a Banach contraction (see Remark [3.11]).

Remark 2.22. If f is a G-contraction, then f is both a G~!-contraction and a G-contraction.
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3 Main Result

In this section we assume that (X, pp) is a partial b-metric space with the coefficient b > 1 and G = (V(G), E(G))
is a reflexive digraph which has no parallel edges.

Definition 3.1. Let f, g: (X,ps) — (X, ps) be mappings with the property that py(fz, fy) > 0 implies py(gz, gy) >
0. Then, the mapping f is called (a, 8, £)-G-contractive w.r.t. the mapping g if there exist three functions 6 € O,
e ¥ and a: X x X = [0,00) such that

£(0(bal g, gy)pu(f, f1)),0(ps (92, gy))) > 1 (3.1)

for all x, y € X with (gz, gy) € E(G), ps(fx, fy) > 0 and a(gz, gy) > 1.
Taking g = I, the identity map on X, the above definition gives the following definition.

Definition 3.2. Let f: (X,p,) — (X,pp) be a mapping with the property that py(fz, fy) > 0 implies py(z,y) > 0.
Then, the mapping f is called («, 8, £)-G-contractive if there exist three functions 6 € 0, £ € L and a: X x X — [0, 00)
such that

E(0(ba(z, y)po(fz, f4)), 0(po(.y))) = 1
for all z, y € X with (z,y) € E(G), po(fz, fy) >0 and o(z,y) > 1.

Taking G = Gy in Definition we get the following.

Definition 3.3. Let f, g: (X,ps) — (X, pp) be mappings with the property that p,(fz, fy) > 0 implies py(gz, gy) >
0. Then, the mapping f is called («, 8, §)-contractive w.r.t. the mapping g if there exist three functions § € ©, £ € ¥
and o : X x X — [0,00) such that

£(0(ba(gz, gy)ps(f, 1)), 0(ps(g2. gy))) > 1

for all z,y € X with py(fz, fy) > 0 and a(gz, gy) > 1.

Let f,g : X — X be such that f(X) C ¢g(X). Let 29 € X be arbitrary. Since f(X) C g(X), there exists an
element x; € X such that gx1 = fxg. Continuing in this way, we can construct a sequence (gx,) in g(X) such that
9T, = frpn_1,n=1,2,3,---.

Definition 3.4. Let the mappings f, g : X — X be such that f(X) C g(X). We define C]‘}QG the set of all elements

xo of X such that for all m, n =0,1,2,---, (92n, 92m) € E(G) and a(gz,, gry,) > 1, for every sequence (gx,) such
that gz, = frp_1,n=1,2,3,---.

Taking g = I, C’J‘i‘f becomes CJ‘?G which is the collection of all elements ¢ of X such that (z,,z,,) € E(G) and
a(xp, Tm) > 1 for myn=20,1,2,---, where z,, = fo,—1,n=1,2,3,---.

Taking G = Gy, C?gG becomes C’]‘i‘g which is the collection of all elements zy of X such that for all m,n =0,1,2,-- -,
a(gxn, grm,) > 1, for every sequence (gz,,) such that gz, = fo,—1, n=1,2,3,---.

Before presenting our main result, we state a property of the graph G, call it Property (x).

Property (x): If (gzy) is a sequence in (X, pp) such that py(gox, r) — 0, (92k, gTr11) € E(G) and a(gzr, gTr1) >
1 for all k > 1, then there exists a subsequence (gxy,) of (gzy) such that (gzk,, ) € E(G) and a(gzy,,z) > 1 for all
1> 1.

Taking g = I, the above property reduces to Property (*)

,

Property (*): If (z) is a sequence in a partial b-metric space (X, py) such that py(zg,2) — 0, (zg, Try1) € E(G)
and a(zg,zr41) > 1 for all £ > 1, then there exists a subsequence (x,) of (z)) such that (xy,,2) € E(G) and
a(xg;,x) > 1 for all 4 > 1.

Taking G = Gy in Property (x), we get the following property:

Property (7): If (gar) is a sequence in (X, pp) such that pp(gag, ) — 0 and a(gzg, grrs1) > 1 for all k& > 1, then
there exists a subsequence (gxy,) of (gzy) such that a(gxy,,x) > 1 for all ¢ > 1.
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If (X, pp, <) is a partially ordered partial b-metric space, then by taking a(z,y) =1 for all z, y € X and G = G5,

where the graph G is defined by E(G2) = {(z,y) € X x X : © <y or y < z}, the Property (*) reduces to the Property
(1) which can be stated as follows:

Property (1): If (z1) is a sequence in a partially ordered partial b-metric space (X, py, =) such that p,(zg,z) — 0

and T, Ti4+1 are comparable for all k > 1, then there exists a subsequence (xy,) of (x) such that zy,, « are comparable
for all 7 > 1.

Remark 3.5. For examples of the definitions of this section, we refer to Examples [3.7] [3.9] and [3:10]

We now present our main result.

Theorem 3.6. Let (X, p,) be a partial b-metric space with the coefficient b > 1 and let G = (V(G), E(G)) be a
digraph. Let f, g : X — X be mappings with the property that p,(fz, fy) > 0 implies that py(gz, gy) > 0. Suppose
that f is (a, 0, )-G-contractive w.r.t. the mapping g. Suppose also that f(X) C g(X), ¢g(X) is a 0-complete subspace
of X and the graph G has the Property (). Then f and g have a point of coincidence u(say) in g(X) with py(u,u) =0
if C¢5 # 0.

Moreover, f and g have a unique point of coincidence in g(X) if the graph G has the following property:

(xx) If 2, y are points of coincidence of f and g in g(X), then (z,y) € E(G) and a(z,y) > 1.
Furthermore, if f and g are weakly compatible, then f and g have a unique common fixed point in g(X).

Proof . Suppose that CJ?‘QG # (). We choose an g € CJ%‘gG and keep it fixed. Since f(X) C ¢g(X), there exists a sequence

(9xn) in X such that gz, = fz,_1, for n € N and (92, g2m) € E(G) and a(gz,, gzm) > 1 for m,n=0,1,2,---.

We assume that gz, # gx,_1 for every n € N. In fact, if gz,, = gz,,—1 for some n € N then gz,, = fr,—1 = gr,_1
which implies that gx,, is a point of coincidence of f and g.

We now prove that lim py(gz,—1,92,) = 0.
n—oo

First we note that for all n € N, (92,_1,92,) € E(G), algzn_1,92,) > 1 and py(fz,_1, fr,) > 0. Therefore, it
follows from conditions (3.1)) and (£2) that

1 S g(g(ba(gxn—lagmn)pb(fxn—lafxn))ae(pb(gxn—lygl'n)))
o(pb(gxn—la gmn))
0(ba(gzn—_1,9%0)06(fTn_1, f2n))

This implies that
0(ba(gan—1, 92n)Po(9Zn, gZnt1)) < 0(Po(92n—1, 9n)).

Therefore, by (67), it follows that, for all n =1,2,-- -,
ba(gxn—la gl"n)pb(gxm g$n+1) < pb(gxn—la gxn)

and so
P(9%n; 9Tn11) < ba(9Tn—1, 9Tn)P6(9%n; 9Tn11) < Po(9Tn—1,9%n). (3.2)

Hence (pp(gzn—1,9%,)) is a decreasing sequence of positive real numbers, so there exists » > 0 such that

lm py(gxn—1,9%,) = 1.
n— o0

From condition (3.2)), it follows that

lim bo(gxn—1,9%n)P6(92n, 9Tni1) = 7.

n—oo
We shall show that r = 0. Assume that > 0. Then by using conditions (#2) and (63), we get

Jim_ O(py(92n—1,97n)) = 0(r) > 1
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and
lim a(ba(gxn—lagxn)pb(gxnvgxn+l)) = 9(1") > 1

n—oo

Let t, = 0(ba(gxn—1,92n)Pb(9Zn, gTns+1)) and s, = 0(pp(grn—_1, gx,)) for all n € N. Then, t,, < s, for alln € N

and lim ¢, = lim s, > 1. From (£3), we obtain
n—oo n—oo

1 <limsup&(ty, sn) <1,

n—oo

which is a contradiction. This implies that
Jim py(gan—1, gan) =0 (3.3)

and so lim O(pp(9zn—1,92n)) = 1.
n—oo

Next, we shall show that (gz,) is a bounded sequence in (X, p;). We argue by contradiction. If possible, suppose
that the sequence (gz,,) is not bounded. Then there exists a subsequence (g, ) of (gx,) such that n; = 1 and for all
k=1,2,---, ngq1 is the smallest integer satisfying

pb(gxnk+17gxnk) > 1
and  pp(ga, grpn,) < 1forall ng <I<npy —1.

We now compute that

1 pb(gxnkJrl,gxnk)

06 (9 15 9Tnyr—1) + P (9Tns 15 90y ) — Po(9Tny s —1, 9Tnyy 1)
bpb(gxnk+17g$nk+171) + bpb(gxnk+171ag$nk)
bpb(gl'nk+1,g$nk+1,1) + b

ININ N A

Taking limit as kK — oo and using condition (3.3)), we have

1 < liminf py(gan, ., 92n,) < UMSUP py(gn, .y, 92, ) < 0.

k—oc0

We note that (92n,,,—1,9%n,—1) € E(GQ), (9%, —1,9%n,—1) > 1 and
pb(gxnk+1’gxnk) >1= pb(f‘rnk+1—1’ fxnk—l) > 0.
Using conditions (3.1)) and (£2), we obtain

1 < g(a(bo‘(gxnkJA—Mgxnk—l)pb(gxnk+1 ) gxnk))v o(pb(gl‘nk+1—1ag$nk—1)))
e(pb(gxnk+1flvgl'nk*1))

< .
9(b0¢(g$nk+1_1 ) gxnk—l)pb(gxnk+l » 9Tny, ))

That is,
e(ba(gxnkdrl—lv gznk—l)pb(gznk+l ) gxnk)) < a(pb(gxnkJrl_l? g'rnk-—l))'

Therefore, by using (6), it follows from above that

b ba(gxnk_'_lflvgxnkfl)pb(gxnk+1>gxnk)
pb(g‘rnk_'_l*l? gx’l’bkfl)
bpb(gxnkJrl—l?gxnk) + bpb(gxnk ) g’rnk—l)

b+ bpy(9Tny,, gTn,—1)-

ININ AN A

Taking limit as k — oo, we get
1 py(g2n, -1, 92 —1) = b (3.4)
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and
lim a(ggjnwrl—l?gxnk—l)pb(g‘rnlwd791'7%) =1 (35)

k—o0

Let Uy = 0(ba(gn, 1 —1,9%n,—1)P6(9%n, 1 s 92n,)) and Vi, = 0(py(92n, , —1,9%n,—1)). Then Uy < Vj, for all k € N.
As 0 is continuous, by using conditions 1) and lb we have kll)n;o Up = kllg)lo Vi = 6(b) > 1. By using condition

(€3), we have
1< limsupf(Uk,Vk) <1,

k—o0

which is a contradiction. Thus (g, ) is a bounded sequence in (X, pp). Now, we shall show that (gz,) is a 0-Cauchy
sequence. Let
R,, = sup{py(g9z;,92;) >0:4, j >n},neN.

Since the sequence (gx,) is bounded, R,, < +oo for every n € N. But (R,,) being a decreasing sequence of positive

real numbers, there exists R > 0 such that
lim R, = R. (3.6)

n—0o0

We assume that R > 0. Then by the definition of R, it follows that for every natural number k, there exist
ng, my € N such that my, ng >k, pp(92m, , g2n, ) > 0 and

1
Ry — 7 < Po(9%m, > 9%n, ) < Ri.

Taking limit as k& — oo, we have
lim py(gZm,, 9%n,) = R > 0. (3.7)
k— o0

We note that for every k € N,
pb(gxmk7gxnk) >0= pb(fxmkfla fxnkfl) >0
and a(gTm,—1,9%n,—1) > 1, (9Tmp—1,9%n,—1) € E(G). Using conditions (3.1) and (£2), we get

1 < f(e(ba(gmmkfla gxn;cfl)pb(gxm;C ) gwnk))v g(pb(g$mk717 gfﬂnk71)))
o(pb(gxmk—lv gxnk—l))
e(ba(gxmkfh g‘rnkfl)pb(gxmk ; gxnk))

<

That is,
a(ba(gxmk—lagznk—l)pb(gxmmgxnk)) < o(pb(gxmk—lvgxnk—l))~

By using (61) and the definition of R, it follows that
ba(gxmkfla gmnkfl)pb(gl‘mk 3 gmnk)

<
< pb(gl.mk717gxnk71)
< Ri_i. (3.8)

bpl)(.g:lf"rrz;c ’ gxnk)

Taking limit as k — oo and using conditions (3.6]) and , we obtain that

bR < likrggolfpb(gxmk_l,garnk_l) < limsup py (9T m, -1, 9Tn,—1) < R. (3.9)

k—o0

If b > 1, then it follows from condition (3.9) that R = 0.
If b=1, then klirgopb(gxmk,l,gxnk,l) = R > 0. Also, condition 1) ensures that

lim a(gxmkflagxnkfl)pb(gxmkagxnk) = R.
k—o0
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Let Uy = 0(a(9Tmy—1,9Tn,—1)P6(9Tmy, 9Tn, ) and Vi = 0(pp(9Tm, —1,9Tn,—1)). Then U, < Vj, for every k € N
and lim Uy = klirn Vi, = 0(R) > 1. It now follows from condition (£3) that
—00

k—oc0

1< 1imsup§(uk,Vk) <1,

k—o0

which is a contradiction and so we have R = 0. Hence, we deduce that

lim  py(g2n, gTm) = 0.

n,m—00

Therefore, (gx,) is a 0-Cauchy sequence in g(X). As g(X) is O-complete, there exists an u = gv € g(X) for some
v € X such that gx,, — w and py(u,u) = 0. Therefore,

lim  py(92n, gTm) = lm py(gan, u) = py(u,u) = 0.
n,m—00 n—o00

By Property (x) there exists a subsequence (gx,,) of (gx,) such that (gz,,,gv) € E(G) and a(gz,,,gv) > 1,
for all ¢« > 1. Next, we shall show that f and g have a point of coincidence in g(X). Let us consider the collection
P ={py(fzn,, fv) > 0:i € N}. For pp(fan,, fv) € P, we obtain from condition (3.1 that

1 < f(g(ba(gxm 5 gl/)pb(fxni , fl/))a a(pb(gxnm gy)))
0(py(92n,, gv))

< 0(ba(gn,, 906 Fms, 1))

That is,
e(ba(g‘rnn gl/)pb(fxnn fl/)) < g(pb(gxnmgy))

Therefore, by using (61), it follows that

bpo(fn,, fr) < ba(gen,, gv)pe(fTn,, V) < po(gTn,, gv)-

prb(fxmafl/) g Pa then
0 :pb(fxnmfy) < pb(gxnivgl/)'

Thus,
by (fan,, fv) < pp(gn,,gv) for all i € N.
Now,
0 < p(fr,gv)
S bpb(fy, fxn,) + bpb(fxnmgy) - pb(fxm‘,fxm)
< pb(g$m791’) + bpb(fxnmgy)

Po(9Zn,, gv) + b (9T, 41, gV).

Taking limit as ¢ — 0o, we obtain that
po(fr,gv) =0.

Hence, we get fv = gv = u. Therefore, u is a point of coincidence of f and g.

For uniqueness, we assume that there exists u* € X such that fx = gx = u* for some z € X with py(u*,u*) =0

and u # u*. By property (xx), we have (u,u*) € E(G) and a(u,u*) > 1. Then,

1 < £(0(ba(gy, gx)po(fv, f)),0(ps(gv, gz)))

£ (6(bar(u,u*pu on, ), B, ™))
0(py(u,u*))

O(ba(u, u*)pp(u, u*))’

N
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That is,
0(bor(u, u*)py(u, w™)) < 0(py(u, u™)).
This gives that bpp(u, u*) < ba(u, u*)pp(u, u*) < pp(u, u*), a contradiction. Hence, u = u*. Therefore, f and g have a
unique point of coincidence in g(X).

If f and g are weakly compatible, then by Proposition f and g have a unique common fixed point in g(X). O

We give some examples to illustrate our main result.

Example 3.7. Let X = [0,00) and define p, : X x X — RT by py(z,y) = [max{z, y}]*+ |z —y |? for all x,y € X.
Then (X, py) is a 0-complete partial b-metric space with the coefficient b = 4. Let G be a digraph such that V(G) = X
and E(G) = AU{(0,2):n=1,2,3,---}. Let f,g: X = X be defined by

. 2
f %7 1f957é57
T =

e 2
L ifz=z

and gz = 5z for all z € X. Obviously, f(X) C ¢(X) = X and pp(fz, fy) > 0= pp(g9x,9y) > 0. Let a : X xX — [0, 00)
be defined by
1, if z, y € ]0,1],
a(z,y) =
%, otherwise.
1
We note that there exists zo(= 0) € X such that zg € C}XQG. Let € : [1,00) x [1,00) — R be defined by £(¢,s) = 2,
for all , s > 1 and 6 : (0,00) — (1, 00) be defined by §(¢) = ¢! for all ¢ > 0.

1
5n’

n € N, we have gz =0, gy = %, fx=0, fy= % and so (gz,gy) € E(G), a(gz,gy) = 1. We

n

Forz =0,y =
now compute that
2 1 2

1
7ﬁ) = G 0, pulgz,9y) = pu(0, ﬁ) =

po(fr, fy) = pu(0 n

So (0(py(g, 9y)))? = e, O(ba(gx, gy)py(fx, fy)) = ew: . Since L> = en? > ewma? | we have

(O(py (g, gy)))?
0(ba(gx, gy)pe(f, fy))

1
en?

§(0(balgz, gy)pe(f, fy)), 0(pu(9z, 9y))) =

- _8 _
€625n2

> 1.

~ 2
Moreover, for 0 < z = y < %, we have (gz,gy) € E(?), algz,gy) = 1 and pb(fx,fyz) =m(s, %) = 5 >0,
1 25x 4z I2 zz
polgz, gy) = pp(5,5x) = 2522 So (0(py(9,9y)))7 = e 2, O(ba(gz, gy)ps(fx, fy)) = e . From &= > 2

252 4z2
have e™2~ > €25, and so,

we

(0(py(g2., gy))) 2
0(ba(gz, gy)po(f, fy))

2522

£(0(bagz, gy)po(fz, fy)), 0(ps(9, 9y)))

99
N

Therefore,
£(O(ba(gz, gy)pe(fz, fy)), 0(pe(9, 9y))) > 1

for all z, y € X with (gz, gy) € E(G), algz,gy) > 1 and py(fz, fy) > 0.

Any sequence (gx,) with the property py(9zn,z) — 0, (92n, gn+1) € E(G) and a(gxn, gxnt1) > 1 for alln > 1
must be either the zero sequence or a sequence of the following form

0, if nisodd,

ga%l
1 .f ‘e
%, tniseven
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where the words ‘odd’ and ‘even’ are interchangeable. Also, py(gx,,x) — 0 ensures that x = 0 and consequently, it
follows that Property (*) holds true. Moreover, f and g are weakly compatible. Thus, we have all the conditions of
Theorem and 0 is the unique common fixed point of f and g in g(X) with p,(0,0) = 0.

Remark 3.8. It is worth mentioning that in the example given above, f is not a Banach G-contraction. If we take
T=y= %, then
25 4
po(fe, fy) = po(1,1) =1 = —.00 > kpe(2,y)

for any k € (0, §).
To examine the necessity of the weak compatibility condition in Theorem let us consider the following example.

Example 3.9. Let X = R and define p, : X x X — RT by py(z,y) =| # —y |? for all 2,y € X. Then (X,p,)
is a 0-complete partial b-metric space with the coefficient b = 4. Let G be a digraph such that V(G) = X and
EG)=AU{(z,y): (z,y) € [0,1] x [0,1]}. Let f, g : X — X be defined by

. o2,
xr =

: _ 2
1, lf$—§

and gz = bz — 14 for all z € X. Obviously, f(X) C ¢(X) = X and pp(fz, fy) > 0, these imply that py(gx, gy) > 0.
Let ao: X x X — [0,00) be defined by
1, if z, y €[0,1],

a(z,y) =
%7 otherwise.

1

Then it is easy to verify that there exists xq(= 3) € C’J‘?‘gG. Let £ : [1,00) x [1,00) — R be defined by &(t,s) = ==
for all ¢, s > 1 and 6 : (0,00) — (1,00) be defined by 6(t) = €, for all ¢ > 0.

If 1—; <z, y < 3,z # y, then (gz,gy) € E(G), a(ge,gy) = 1 and py(fz, fy) > 0. We now compute that

1
bpo(fz, fy) = 4po(5.4) = 55 | = =y I°= ggmpe(ge, gy). From gpe(ga,gy) > g3zspe(ge, gy), we have espr(9m9v) >
eﬁpb(gwxgy% and then

O(po(gz, gy)))3
0(ba(gx, gy)po(fz, fy))

e3P (92,9Y)

§(0(balgz, gy)po(f, fy)), 0(pp(9z, 9y))) =

e 5375 Po(92,9Y)

> 1.
Therefore,
§(0(bagz, gy)po(f, fy)), 0(ps (g, gy))) > 1
for all z, y € X with (gz,gy) € E(C:?), a(gr,gy) > 1 and pp(fz, fy) > 0. Moreover, any sequence (gx,) with

(
the property that (gz,,gx,+1) € E(G) and «a(gz,,gx,+1) > 1 for all n > 1 must be a sequence in [0,1]. Also,
po(9zn,x) = 0 =| gz, —2x | = 0 = z € [0, 1] which ensures that Property (*) holds true. Furthermore, f(3) = g(3) =1
but g(f(3)) # f(g(3)), i.e., f and g are not weakly compatible. However, all other conditions of Theorem are
fulfilled. We observe that 1 is the unique point of coincidence of f and g without being any common fixed point.

The following example shows that Theorem remains invalid without the Property (x).

Example 3.10. Let X = [0,00) and define p, : X x X — RT by py(z,y) =|  —y |? for all #, y € X. Then (X, py)
is a 0O-complete partial b-metric space with the coefficient b = 2. Let G be a digraph such that V(G) = X and
EG)=AU{(x,y): (z,y) € (0,1] x (0,1]}. Let f, g: X — X be defined by

5, if x #0,

fo=
1, ifz=0
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and gr = 3 for all z € X. Obviously, f(X) C g(X) = X and py(fz, fy) > 0= pp(gr,gy) > 0. Let o : X x X — [0, 00)
be defined by
1, if z, y € [0,1],
a(z,y) =
%, otherwise.

3
4

Then there exists zo(= 1) € X such that o € C’}’QG. Let £ : [1,00) x [1,00) = R be defined by £(t,s) = %~ for all
t, s > 1and 6 : (0,00) = (1,00) be defined by 6(t) = € for all t > 0. For z, y € X with (gz, gy) € E(GQ), a(gz,gy) > 1
and py(f, fy) > 0, we have x # y, x, y € (0,2] and bpy(fz, fy) = 3ps(92, gy). Then 3py (g, gy) > sps(gz, gy) implies

e%pb(gi’gy) > e%pb(gmvgy), and we Obtain

(0(po(g, 9y))) T
0(ba(gz, gy)po(fz, fy))

3
4
1
8

£(0(ba(gz, gy)pe(fz, fy)), 0(ps(gz, 9y)))

e 1Pv(9%,9Y)

esPv(92,9Y)
> 1

We now show that the Property (%) does not hold true. For x,, = %, gTy, = % and hence py(gx,,0) — 0. Also,

(9Tn, 9Tn+1) € E(G) and a(gn, gxny1) = 1 for all n € N. But there exists no subsequence (gx,,) of (gz,) such

that (gzn,,0) € E(G). We observe that f and g have no point of coincidence in g(X). This proves that Theorem
remains invalid without the Property (x).

Remark 3.11. In Example f is not a Banach contraction. In fact, for z = 0, y = 1, we have

1 N (T)°
polfrfy)=m{Lg)=1g) =\g) plxy)>kp(z.y)
for any k € (0, §).
But f is a Banach G-contraction since for all z, y € X with (x,y) € E(G), we have

1
pb(f‘rhfy) = @pb(xvy)a
where & € (0, §).

4 An Application

In this section we apply Theorem to study the existence and uniqueness of solution of an integral equation.
The main aim of this section is to present an existence and uniqueness theorem for unique solution of the following
integral equation

13
x(t):/o K(t,r,x(r))dr, (4.1)

where € > 0 and K : [0,£] x [0,§] x R = R, z : [0,£] — R are functions.
Let X = C[0,£] be the set of all real valued continuous functions defined on [0, £]. We define py, : X x X — R* by

py(z,y) = sup |x(t) —y(t) [P forall z, y € X,
0<t<e

where p > 1. Then it is easy to verify that (X, pp) is a 0-complete partial b-metric space with the coefficient b = 2P~
In the following theorem X represents this partial b-metric space.

Theorem 4.1. Suppose that X = C[0, ] and the following hypotheses hold:

(i) K :[0,€] x[0,£] x R — R is continuous;
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(#9) for all ¢, r € [0, €], there exists a continuous function 7 : [0,£] x [0,£] — R such that

| K(t,r,2(r)) = K(t,r,y(r) |< Boat,r) | (r) —y(r) | forallz,ye X (4.2)

and .
sup / n(t,r)dr <1, (4.3)

0<t<£Jo

where 0 < 8 < %.

Then the integral equation (4.1]) has a unique solution in X.

Proof . Let f : X — X be defined by (fz)(t) = foé K(t,r,z(r))dr for all z € X and for all ¢ € [0,£]. Then the
existence of a solution to the integral equation (4.1)) is equivalent to the existence of a fixed point of f.

Utilizing conditions (4.2) and (4.3), for all z, y € X and ¢ € [0, £], we compute that

p

3
| (f2)(@) = (fy)(@) [P = /0(K(tmw(f))—K(tmy(r)))dr

¢ p
< </0 | K(t,r,2(r)) — K(t,7,y(r)) | dr)
£ P
< ( / Bhn(t,r) | a(r) — y(r) | dr>
3 . P
= 5 ( / n(t,r)( 2(r) - y(r) P>pdr>
3 N\
< B (/0 n(tﬂ")(pb(x,y))Pdr>
3 p
= Bps(z,y) (/0 n(t,r)dr>
< Bpo(z,y).
Therefore,
»o(fz, fy) (fz)(t) = (fy)(t) [P< Bpy(z,y), for all z, y € X, (4.4)

= sup |
0<t<e
where 0 < 3 < 3. We note that py(fz, fy) > 0 implies that p,(z,y) > 0. Let £ : [1,00) x [1,00) — R be defined by

E(t,s) = % for all ¢, s > 1, where k = b8 € (0,1) and 6 : (0,00) — (1,00) be defined by 6(¢) = e, for all £ > 0. Let
us take g = I, the identity map on X, G = Gg, where Gy is the complete graph (X, X x X) and «(z,y) = 1 for all
z, y € X. It now follows from condition (4.4) that for py(fz, fy) > 0, we have

ebalgz,gy)py (f,fy) < ebPPo(9z,9y) — (epb(g%gy))bﬁ — (epb(gw,gy))k’
where k = b8 € (0,1). This implies that
0(ba(g, gy)po(f, fy)) < (Ope(gz, g))" -

This proves that
(0(balgz, gy)ps(fz, fy)), 0(ps(92, 9y))) = 1

for all =, y € X with py(fx, fy) > 0. Thus all the hypotheses of Theorem [3.6] holds good and hence f has a unique
fixed point z (say) in X. This means that x is the unique solution for the integral equation (4.1). O
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5 Some Consequences of the Main Result

In this section we exhibit some important fixed point results which will justify the extension of our main result.

Theorem 5.1. Let (X, p;) be a 0-complete partial b-metric space with the coefficient b > 1 and let G = (V(G), E(G))
be a digraph. Let f: X — X be a mapping with the property that py(fx, fy) > 0 implies that py(x,y) > 0. Suppose
that f is («, d,&)-G-contractive and the graph G has the Property (). Then f has a fixed point u(say) in X with
pol(u,u) =0 if C¢¢ # 0.

Moreover, f has a unique fixed point in X if the graph G has the following property:

, ~

(x ) If z, y are fixed points of f in X, then (x,y) € E(G) and a(z,y) > 1.
Proof . The proof follows from Theorem by taking g = I, the identity map on X. [J

Theorem 5.2. Let (X, p;) be a partial b-metric space with the coefficient b > 1 and let f, g : X — X be mappings
with the property that py(fz, fy) > 0 implies that p,(gz, gy) > 0. Suppose that f is («, 6, §)-contractive w.r.t. the
mapping g. Suppose also that f(X) C g(X), g(X) is a O-complete subspace of X and « has the Property (). Then f
and g have a point of coincidence u(say) in g(X) with py(u,u) = 0 if Cey # (). Moreover, f and g have a unique point
of coincidence in g(X) if o has the following property:

If x, y are points of coincidence of f and g in g(X), then a(z,y) > 1.

Furthermore, if f and g are weakly compatible, then f and g have a unique common fixed point in g(X).

Proof . The proof can be obtained from Theorem by considering G = Gy, where Gy is the complete graph
(X, X xX). O

Theorem 5.3. Let (X, p;) be a 0-complete partial b-metric space and let f : X — X be a mapping with the property
that py(fx, fy) > 0 implies that py(z,y) > 0. Suppose that there exist £ € £ and 6 € © such that

E(O(bpo(fz, fy)), 0(pe(z,9))) = 1,
for all x, y € X and py(fz, fy) > 0. Then f has a unique fixed point u(say) in X with pp(u,u) = 0.

Proof . The proof follows from Theorem [3.6| by taking g = I, G = Gy and a(z,y) =1 for all z, y € X. O

Theorem 5.4. Let (X,py) be a partial b-metric space and let f, g : X — X be mappings with the property that
po(fx, fy) > 0 implies that p,(gz, gy) > 0. Suppose that there exist § € © and k € (0, 1) such that

0(bpo(fz, fy)) < (0(ps (g, gy)))*

for all z, y € X and pp(fz, fy) > 0. If f(X) C g(X) and g(X) is a 0-complete subspace of X, then f and g have a
unique point of coincidence u(say) in g(X) with pp(u,u) = 0. Moreover, if f and g are weakly compatible, then f and
¢ have a unique common fixed point in g(X).

Proof . The proof can be obtained from Theoremby considering G = G, & = &, and a(z,y) = 1, for all z,y € X.
O

Theorem 5.5. Let (X, py) be a 0-complete partial b-metric space and let f : X — X be a mapping with the property
that pp(fz, fy) > 0 implies that py(x,y) > 0. Suppose that there exists § € © such that

e(pb(l', y))
PO T = G0 )

for all z, y € X and py(fz, fy) > 0, where ¢ : [1,00) — [1,00) is a nondecreasing and lower semicontinuous function
such that ¢=1({1}) = 1. Then f has a unique fixed point in X with py(u,u) = 0.

Proof . The proof follows from Theorem by taking G = Go,9 = 1,£ = &, and a(z,y) =1 for all z,y € X. O

The following is the b-metric version of Banach contraction theorem.
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Theorem 5.6. Let (X, d) be a complete b-metric space and let f : X — X be a mapping satisfying

d(fx, fy) < Bd(x,y),

for all z, y € X, where 8 € (0, %) is a constant. Then f has a unique fixed point in X.

Proof . The conclusion of the theorem follows from Theorem by taking G = Go, g =1, £ = &,0(t) = ¢!, for all
t>0and afz,y) =1, forall z, y € X. O

Remark 5.7. Theorem [5.6] shows that our main result is a generalization of the well known Banach contraction
theorem.

Theorem 5.8. Let (X, d) be a complete b-metric space endowed with a partial ordering < and let f : X — X be a
mapping. Suppose that there exist £ € £ and 6 € © such that

§(0(bd(fz, fy)),0(d(x,y))) = 1

for all comparable elements z, y € X and d(fx, fy) > 0. Suppose also that the triple (X, d, <) has the Property (1).
If there exists zg € X such that x,,z,, are comparable for all n, m =0, 1, 2, ---, where z,, = fz,_1, for all n € N,
then f has a fixed point in X. Moreover, f has a unique fixed point in X if the following property holds:

If x, y are fixed points of f in X, then x and y are comparable.

Proof . The proof can be obtained from Theorem by taking g = I, a(x,y) =1 for all z, y € X and G = G,
where the graph G, is defined by E(G2) = {(z,y) e X x X :z 2 yory < z}. O

Remark 5.9. It is worth noting that we can obtain several important fixed point results in metric, partial metric
and b-metric spaces by suitable choices of £, 6 and «.

Acknowledgment. The authors would like to thank the reviewers for their valuable comments.
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