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Abstract

In the present article, we obtain new results, based on an extended Mittag-Leffler type function E
({kl}l∈N0

;τ)
u,v (ξ; p). We

also investigate some integral transforms and generalized integral formulas for this function, and established results

are expressed in terms of the Wright generalized hypergeometric type function m+1ψ
({kl}l∈N0)
n+1 (ξ; p). Some presumably

new and known interesting special cases are also deduced.
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1 Introduction and Preliminaries

Recently, several mathematicians and researchers established different generalizations of Gamma functions, Beta
functions, Mittag-Leffler functions, Bessel functions, Wright functions, hypergeometric functions, etc. by adding some
extra parameters to their series and integral repetitions. For the generalizations, properties and applications of these
functions, the reader can refer to the recent work, done by many researchers (see [3, 12, 14, 16, 17, 23, 31, 33]).
Throughout this article, let Z,C,R,R+, and N be the sets of integers, complex numbers, real numbers, positive real
numbers and positive integers, respectively, and let N0 := N ∪ {0}.

We recall, that the Wright type hypergeometric function is defined by the following series (see [34, 35]):

pψq (ω) = pψq

[
(αi, Ai)1,p
(βj , Bj)1,q

; ω

]
=

∞∑
r=0

Γ (α1 +A1r) · · ·Γ (αp +Apr)

Γ (β1 +B1r) · · ·Γ (βq +Bqr)

ωr

r!
, (1.1)
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where i = 1, 2, · · · , p and j = 1, 2, · · · , q. Recently, Sharma and Devi [29] defined an extended Wright type function,
given as:

m+1ψn+1 (ξ; p) =m+1ψn+1

[
(αi, Ai)1,m , (λ, 1)

(βj , Bj)1,n , (d, 1)

∣∣∣∣ (ξ; p)]
=

∞∑
r=0

Γ (α1 +A1r) · · ·Γ (αm +Amr)

Γ (β1 +B1r) · · ·Γ (βn +Bnr)

Bp (λ+ r, d− λ; p)

Γ (d− λ)

ξr

r!
,

(1.2)

where i = 1, 2, · · · ,m; j = 1, 2, · · · , n, ℜ (p) > 0, ℜ (d) > ℜ (λ) > 0 and p ≥ 0. In 2018, Agarwal et al. [2] defined a
potentially new extension of the Wright hypergeometric function, given by:

m+1ψ
({kl}l∈N0)
n+1 (ξ; p) =m+1ψ

({kl}l∈N0)
n+1

[
(αi, Ai)1,m , (λ, 1)

(βj , Bj)1,n , (d, 1)

∣∣∣∣ (ξ; p)]
=

1

Γ (d− λ)

∞∑
r=0

∏m
i Γ (αi +Air)∏n
j Γ (βj +Bjr)

Bp
({kl}l∈N0) (λ+ r, d− λ; p)

ξr

r!
,

(1.3)

where, ξ, λ ∈ C, ℜ (d) > ℜ (λ) , p ≥ 0. If we take kl = 1, then (1.3) reduces to the result (1.2), due to Sharma and
Devi [29].

In recent years, many researchers have investigated the importance and great consideration of the Mittag-Leffler
function in the theory of special functions and fractional calculus for discovering a generalization and some applications
(see [6, 7, 11, 13, 24, 28]).

Parmar [24] introduced an extended Mittag-Leffler type function, given as follows:

E
({kl}l∈N0

;τ)
u,v (ξ; p) =

∞∑
r=0

B({kl}l∈N0) (τ + r, 1− τ ; p)

B (τ, 1− τ)

ξr

Γ (ur + v)
, (1.4)

where B({kl}l∈N0) (τ + r, 1− τ ; p) is the extended Beta function, defined by [33], in the integral form given as:

B({kl}l∈N0) (a, b; p) =

∫ 1

0

ta−1 (1− t)
b−1

Θ

(
{kl}l∈N0

;
−p

t (1− t)

)
dt

(min {ℜ (a) ,ℜ (b)} > 0; p ≥ 0) ,

(1.5)

with Θ
(
{kl}l∈N0

; y
)
being a function of an advisably bounded sequence {kl}l∈N0

of arbitrary real or complex numbers,
given as follows:

Θ
(
{kl}l∈N0

; y
)

∑∞
ℓ=0 {kℓ}ℓ∈N0

yl

ℓ! (|y| < R, 0 < R <∞; k0 = 1)

M0y
ω exp (y)

[
1 +O

(
1
y

)]
, (ℜ (y) → ∞; M0 > 0; ω ∈ C)

, (1.6)

here, R is the radius of convergence for some suitable constants M0 and ω, depending essentially on the sequence
{kℓ}ℓ∈N0

.

Remark 1.1. If we set kℓ =
(γ)ℓ
(δ)ℓ

(ℓ ∈ N0), then (1.4) reduces to the following extended generalized Mittag-Leffler

function [24, eqn. (17), p. 1072]:

E(γ,δ);τ
u,v (ξ; p) =

∞∑
r=0

B(γ,δ) (τ + r, 1− τ ; p)

B(τ, 1− τ)

ξr

Γ (ur + v)

(ξ, v, τ ∈ C, ℜ (γ) > 0, ℜ (δ) > 0, ℜ (u) > 0, ℜ (v) > 0, ℜ (τ) > 1; p ≥ 0) .

(1.7)

Remark 1.2. If we set kℓ = 1 (ℓ ∈ N0) in (1.4) (see [22] with c = 1), then we get the following result, given by:

Eτ
u,v (ξ; p) =

∞∑
r=0

B (τ + r, 1− τ ; p)

B (τ, 1− τ)

ξr

Γ (ur + v)
(ξ, v, τ ∈ C, ℜ (u) > 0,ℜ (v) > 0,ℜ (τ) > 1; p ≥ 0) . (1.8)
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Remark 1.3. If we take p = 0, then (1.8) reduces to the Prabhakar-type Mittag-Leffler function [25], given as:

Eτ
u,v (ξ) =

∞∑
r=0

(τ)r
Γ (ur + v)

ξr

r!
(ξ, v ∈ C, ℜ (u) > 0,ℜ (v) > 0) , (1.9)

where (τ)r denotes the well-known Pochhamer symbol, which is defined by:

(τ)r =

{
1 (r = 0)
τ (τ + 1) · · · (τ + r − 1) (r ∈ N, τ ∈ C)

In fact, the following special cases are also satisfied:

E1
u,v (ξ) = Eu,v (ξ) ; E

1
u,1 (ξ) = Eu (ξ) , (1.10)

where the Mittag-Leffler functions Eu (ξ) and Eu,v (ξ) are defined by the following series:

Eu (ξ) =

∞∑
r=0

ξr

Γ (ur + 1)
(ξ ∈ C, ℜ (u) > 0) , (1.11)

and

Eu,v (ξ) =

∞∑
r=0

ξr

Γ (ur + v)
(ξ, v ∈ C, ℜ (u) > 0) . (1.12)

2 Fractional calculus operators

In this section, we need to recall some fractional integral and fractional derivative operators. For ξ > 0, α, β, ρ ∈ C
and ℜ (α) > 0, the left-hand sided and right-hand sided Saigo hypergeometric fractional integral operators are defined
as (see [10, 21, 26, 27]):(

Iα,β,ρ0,ξ f (t)
)
(ξ) =

x−α−β

Γ (α)

∫ x

0

(ξ − t)
α−1

2F1

(
α+ β,−ρ;α; 1− t

ξ

)
f (t) dt, (2.1)

and (
Jα,β,ρ
ξ,∞ f (t)

)
(ξ) =

1

Γ (α)

∫ ∞

x

(t− ξ)
α−1

tα−β
2F1

(
α+ β,−ρ;α; 1− ξ

t

)
f (t) dt, (2.2)

respectively. The Riemann-Liouville Rα
0,ξ (.) and the Erdélyi-Kober Eα,ρ

0,ξ (.) fractional integral operators are special
cases of the left-hand sided Saigo fractional integral operator by means of the following relationships:(

Rα
0,ξf (t)

)
(ξ) =

(
Iα,−α,ρ
0,ξ f (t)

)
(ξ) =

1

Γ (α)

∫ x

0

(ξ − t)
α−1

f (t) dt (Riemann-Liouville), (2.3)

(
Eα,ρ
0,ξ f (t)

)
(ξ) =

(
Iα,0,ρ0,ξ f (t)

)
(ξ) =

ξ−α−β

Γ (α)

∫ x

0

(ξ − t)
α−1

tρf (t) dt (Erdélyi-Kober), (2.4)

Also, the Weyl and the Erdélyi-Kober fractional operators are particular cases of right-hand sided Saigo fractional
integral operators, given as follows:(

Wα
ξ,∞f (t)

)
(ξ) =

(
Jα,−α,ρ
ξ,∞ f (t)

)
(ξ) =

1

Γ (α)

∫ x

0

(t− ξ)
α−1

f (t) dt (Weyl), (2.5)

(
Kα,ρ

ξ,∞f (t)
)
(ξ) =

(
Jα,0,ρξ,∞ f (t)

)
(ξ) =

ξ−α−β

Γ (α)

∫ x

0

(t− ξ)
α−1

t−α−ρf (t) dt (Erdélyi-Kober). (2.6)

For the continuation of our study, we recall the following lemmas, proven by Saigo [26], as mentioned below:

Lemma 2.1. Let α, β, ρ, δ ∈ C, ξ > 0 be such that ℜ (α) > 0, ℜ (δ) > max [0,ℜ (β − ρ)]. Then we have:(
Iα,β,ρ0,ξ tδ−1

)
(ξ) =

Γ (δ) Γ (δ − β + ρ)

Γ (δ − β) Γ (δ + α+ ρ)
ξδ−β−1. (2.7)
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Lemma 2.2. α, β, ρ, δ ∈ C, ξ > 0 and ℜ (α) > 0,ℜ (δ) < 1 + max [ℜ (β) ,ℜ (ρ)], then(
Jα,β,ρ
ξ,∞ tδ−1

)
(ξ) =

Γ (β − δ + 1)Γ (ρ− δ + 1)

Γ (1− δ) Γ (β + α− δ + ρ+ 1)
ξδ−β−1. (2.8)

Consider α, β, ρ ∈ C and ξ > 0, the left-hand sided and right-hand sided Saigo fractional derivative operators are
given as [26]: (

Dα,β,ρ
0+ f

)
(ξ) =

(
I−α,−β,α+ρ
0+ f

)
(ξ) =

(
d

dξ

)m (
I−α+ρ,−β−ρ,α+ρ−m
0,ξ f

)
(ξ) ,

(ℜ (α) ≥ 0, m = max [ℜ (α)] + 1) ,

(2.9)

(
Dα,β,ρ

− f
)
(ξ) =

(
I−α,−β,α+ρ
− f

)
(ξ) =

(
− d

dξ

)m (
I−α+ρ,−β−ρ,α+ρ−m
− f

)
(ξ) ,

(ℜ (α) ≥ 0, m = max [ℜ (ρ)] + 1) .

(2.10)

In particular, the Saigo fractional derivative operators, containing the Riemann-Liouville and Weyl fractional
derivatives, are connected by the following relations:(

Dα,−α,ρ
0+ f

)
(ξ) =

(
Dα

0+f
)
(ξ) =

(
d

dξ

)m
1

Γ (m− α)

∫ x

0

f (t) dt

(ξ − t)
α−m+1 (2.11)

(
Dα,−α,ρ

0− f
)
(ξ) =

(
Dα

−f
)
(ξ) =

(
− d

dξ

)m
1

Γ (m− α)

∫ x

0

f (t) dt

(ξ − t)
α−m+1 , (2.12)

for ξ > 0, m = [ℜ (α)] + 1, α ∈ C, ℜ (α) ≥ 0. The following Saigo fractional derivative operators comprise the
Erdélyi-Kobar fractional derivative operators (Kiryakova [9]), given as:

Lemma 2.3. Assume that α, β, ρ, δ ∈ C, ξ > 0, ℜ (α) > 0 be such that ℜ (δ) > −min [0,ℜ (α+ β + ρ)], then the
following result holds true (

Dα,β,ρ
0+ tδ−1

)
(ξ) =

Γ (δ) Γ (δ + α+ β + ρ)

Γ (δ + β) Γ (δ + ρ)
ξδ+β−1. (2.13)

Lemma 2.4. Assume that α, β, ρ, δ ∈ C, ξ > 0, ℜ (α) > 0 along with ℜ (δ) < 1 + min [ℜ (−β − ρ) , ℜ (α+ ρ)], then
the following result holds (

Dα,β,ρ
− tδ−1

)
(ξ) =

Γ (1− δ − β) Γ (1− δ + α+ ρ)

Γ (1− δ) Γ (1− δ + ρ− β)
ξδ+β−1. (2.14)

3 Fractional integral formulas involving the extended Mittag-Leffler type function

In this section, we give fractional integral formulas for the extended Mittag-Leffler type function.

Theorem 3.1. Let ξ > 0, α, β, ρ, δ, µ, v, τ, p ∈ C (ℜ (µ) > 0, ℜ (v) > 0, ℜ (τ) > 0, p ≥ 0) be parameters such that
ℜ (δ) > max {0,ℜ (β − ρ)}. Then the following formula holds:(

Iα,β,ρ0,x

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (ξ; p)

})
(x) =

xδ−β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1)

(δ − β, 1) , (δ + α+ ρ, 1) , (µ, v)

∣∣∣∣ (x; p)] . (3.1)

Proof . By applying the definition of the extended Mittag-Leffler type function (1.4), defined by Parmar [24], and
the fractional integral formula (2.1), we get:

φ =

(
Iα,β,ρ0,x

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (ξ; p)

})
(x) =

(
Iα,β,ρ0,x

{
ξδ−1

∞∑
r=0

B({kl}l∈N0) (τ + r, 1− τ ; p)

B (τ, 1− τ)

ξr

Γ (ur + v)

})
(x) .

Now, interchanging the order of integration and summations, finding the inner integral by applying lemma 2.1 and
the well-known Beta integral formula, we yield:

φ =
xδ−β−1

Γ(τ)

∞∑
r=0

B({kl}l∈N0) (τ + r, 1− τ ; p)

Γ (1− τ)

ξr

Γ (ur + v)

Γ (δ + r) Γ (δ + r − β + ρ)

Γ (δ + r − β) Γ (δ + r + α+ ρ)
.
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Next, by the virtue of definition (1.2), defined by Sharma and Devi [29], we receive the required result:

φ =
xδ−β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1)

(δ − β, 1) , (δ + α+ ρ, 1) , (µ, v)

∣∣∣∣ (x; p)] .
□

Theorem 3.2. Let ξ > 0, α, β, ρ, δ, µ, v, τ, p ∈ C (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0) be parameters such that
ℜ (δ) > 1 + min {ℜ (β) ,ℜ (ρ)}. Then, we get the following fractional integral formula:(
Jα,β,ρ
x,∞

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
1

ξ
; p

)})
(x) =

xδ−β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(β − δ + 1, 1) , (ρ− δ + 1, 1) , (τ, 1)

(1− δ, 1) , (α+ β − δ + ρ+ 1, 1) , (µ, v)

∣∣∣∣ ( 1

x
; p

)]
.

(3.2)

Proof . By using suitable facts and formulas, given in this paper, the proof of this theorem would run analogously to
the one of theorem 3.1. □ Setting β = 0 in theorems 3.1 and 3.2, we get interesting results, asserted by the following
corollaries:

Corollary 3.3. Let ξ > 0, α, ρ, δ, µ, v, τ, p ∈ C (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0) be parameters such that ℜ (δ) >
ℜ (−ρ). Then the following Erdélyi-Kober fractional integral formula holds true:(

Eα,ρ
0,x

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (ξ; p)

})
(x) =

xδ−1

Γ (τ)
2ψ

({kl}l∈N0)
2

[
(ρ+ δ, 1) , (τ, 1)

(δ + α+ ρ, 1) , (µ, v)

∣∣∣∣ (x; p)] . (3.3)

Corollary 3.4. Suppose ξ > 0, α, ρ, δ, µ, v, τ, p ∈ C (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0) such that ℜ (δ) < ℜ (ρ),
then we have the following Erdélyi-Kober fractional integral formula, given as follows:(

Kα,ρ
x,∞

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
1

ξ
; p

)})
(x) =

xδ−1

Γ (τ)
2ψ

({kl}l∈N0)
2

[
(ρ− δ + 1, 1) , (τ, 1)

(α+ ρ− δ + 1, 1) , (µ, v)

∣∣∣∣ ( 1

x
; p

)]
. (3.4)

Further, by replacing β by −α in theorems 3.1 and 3.2, we get the Riemann-Liouville fractional integrals of the
extended Mittag-Leffler type functions, given in the next following two corollaries.

Corollary 3.5. Assume that ξ > 0, {α, ρ, δ, µ, v, τ, p} ⊂ C with ℜ (µ) > 0, ℜ (v) > 0, ℜ (τ) > 0, and p ≥ 0, such that
min {ℜ (δ) ,ℜ (α)} > 0, then the following Riemann-Liouville fractional integral formula holds true:(

Rα
0,x

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (ξ; p)

})
(x) =

xδ+α−1

Γ (τ)
2ψ

({kl}l∈N0)
2

[
(1− α− δ, 1) , (τ, 1)
(1− δ, 1) , (µ, v)

∣∣∣∣ (x; p)] . (3.5)

Corollary 3.6. Let ξ > 0, α, ρ, δ, µ, v, τ, p ∈ C (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0) such that min {ℜ (δ) ,ℜ (ρ)},
then we get the following Weyl fractional integral formula, given as:(

Wα,ρ
x,∞

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
1

ξ
; p

)})
(x) =

xδ+α−1

Γ (τ)
2ψ

({kl}l∈N0)
2

[
(1− α− δ, 1) , (τ, 1)
(1− δ, 1) , (µ, v)

∣∣∣∣ ( 1

x
; p

)]
. (3.6)

4 Fractional derivative formulas involving the extended Mittag-Leffler type function

In this section, we establish the fractional derivative formulas for the extended Mittag-Leffler type function.

Theorem 4.1. Suppose that α, β, ρ, δ, µ, v, τ, p ∈ C (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0) and ξ > 0,ℜ (α) ≥ 0 be
parameters such that ℜ (δ) > −min {0,ℜ (α+ β + ρ)} and min {ℜ (δ) ,ℜ (β)} > 0. Then the following formula holds
true:(

Dα,β,ρ
0,+

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (ξ; p)

})
(x) =

xδ+β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(δ, 1) , (ρ+ δ + β + δ, 1) , (τ, 1)
(β + δ, 1) , (ρ+ δ, 1) , (µ, v)

∣∣∣∣ (x; p)] . (4.1)
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Proof . As suitable, we denote the left-hand side of (4.1) by Ω. Using the definition (1.4) and the fractional derivative
formula (2.9), the left-hand side of (4.1) is reduced to:

Ω =

(
Dα,β,ρ

0,+

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (ξ; p)

})
(x)

or:

Ω =

∞∑
r=0

B({kl}l∈N0) (τ + r, 1− τ ; p)

B (τ, 1− τ)

1

Γ (ur + v)

(
Dα,β,ρ

0,+ ξδ+r−1
)
(x) ,

by applying the result (2.13) and after simplification, the above equation reduces to:

Ω =
xδ+β−1

Γ (τ)

∞∑
r=0

B({kl}l∈N0) (τ + r, 1− τ ; p)

Γ (1− τ)

ξr

Γ (ur + v)

Γ (δ + r) Γ (δ + r + α+ β + ρ)

Γ (δ + r + β) Γ (δ + r + ρ)
.

Next, by the virtue of definition (1.2) we get:

Ω =
xδ+β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(δ, 1) , (ρ+ δ + β + δ, 1) , (τ, 1)
(β + δ, 1) , (ρ+ δ, 1) , (µ, v)

∣∣∣∣ (x; p)] .
This completes the proof of the theorem. □

Theorem 4.2. Assume, that α, β, ρ, δ, µ, v, τ, p ∈ C, ξ > 0, (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0,ℜ (α) ≥ 0) be
parameters along with the conditions ℜ (δ) < 1+min {ℜ (−β − ρ) , ℜ (α+ β)} and min {ℜ (δ) ,ℜ (β)} > 0. Then the
following fractional derivative formula holds true:(
Dα,β,ρ

0−

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
1

ξ
; p

)})
(x) =

xδ+β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(1− β − δ, 1) , (1 + α+ ρ− δ, 1) , (τ, 1)
(1− δ, 1) , (1 + ρ− β − δ, 1) , (µ, v)

∣∣∣∣ ( 1

x
; p

)]
.

(4.2)

Proof . By making use of the operator (2.10) and the result (2.14) into account, we can readily prove the desired
result (4.2). □ By setting β = 0 in theorems 4.1 and 4.2, we obtain certain results, asserted by the following corollaries:

Corollary 4.3. Let α, ρ, δ, µ, v, τ, p ∈ C, ξ > 0, (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0), such that
ℜ (δ) > −min {0,ℜ (α+ ρ)}. Then the right-hand sided Erdélyi-Kober fractional derivative of the extended Mittag-
Leffler type functions is given by:(

Dα,0,ρ
0+

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (ξ; p)

})
(x) =

xδ−1

Γ (τ)
2ψ

({kl}l∈N0)
2

[
(α+ ρ+ δ, 1) , (τ, 1)
(ρ+ δ, 1) , (µ, v)

∣∣∣∣ (x; p)] . (4.3)

Corollary 4.4. Let α, ρ, δ, µ, v, τ, p ∈ C, ξ > 0, (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0), such that

ℜ (δ) < 1 + min {ℜ (δ) ,ℜ (α+ ρ)} .

Then the left-hand sided Erdélyi-Kober fractional derivative of the extended Mittag-Leffler type functions is given
as follows:(

Dα,0,ρ
0−

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
1

ξ
; p

)})
(x) =

xδ−1

Γ (τ)
2ψ

({kl}l∈N0)
2

[
(1 + α+ ρ− δ, 1) , (τ, 1)
(1 + ρ− δ, 1) , (µ, v)

∣∣∣∣ ( 1

x
; p

)]
. (4.4)

Further, if we replace β by −α in (4.1) and (4.2), then we get the following results:

Corollary 4.5. Let α, ρ, δ, µ, v, τ, p ∈ C, ξ > 0, (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0), such that min {ℜ (δ) ,ℜ (α)}.
Then, we get the following right-hand sided Riemann-Liouville fractional derivative results, given as:(

Dα,−α,ρ
0+

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (ξ; p)

})
(x) =

xδ−α−1

Γ (τ)
2ψ

({kl}l∈N0)
2

[
(δ, 1) , (τ, 1)

(δ − α, 1) , (µ, v)

∣∣∣∣ (x; p)] . (4.5)

Corollary 4.6. Let ξ > 0, α, ρ, δ, µ, v, τ, p ∈ C, (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0), such that

ℜ (δ) < 1 + min {ℜ (α− ρ) ,ℜ (α+ ρ)} ,min {ℜ (δ) ,ℜ (α)} .

Then we obtain the following left-hand sided Riemann-Liouville fractional derivative formula, given by:(
Dα,−α,ρ

0−

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
1

ξ
; p

)})
(x) =

xδ−α−1

Γ (τ)
2ψ

({kl}l∈N0)
2

[
(1 + α− δ, 1) , (τ, 1)
(1− δ, 1) , (µ, v)

∣∣∣∣ ( 1

x
; p

)]
. (4.6)



New results on fractional calculus and integral transform with extended Mittag-Leffler type function 7

5 Special cases and applications

The results in theorems 3.1, 3.2, 4.1 and 4.2 can be readily specialized to develop the corresponding formulas, in-

volving Mittag-Leffler type function, extended confluent hypergeometric function, etc. Choosing kl =
(η)l
(λ)l

in theorems

3.1 and 3.2, we get the following examples:

Example 5.1. Let ξ > 0, α, β, ρ, δ, µ, v, τ, λ, η, p ∈ C (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0) be such that ℜ (δ) >
max {0,ℜ (β − ρ)}. Then the following formula holds true:(

Iα,β,ρ0,x

{
ξδ−1E(η,λ);τ

µ,v (ξ; p)
})

(x) =
xδ−β−1Γ (λ)

Γ (τ) Γ (η)
4ψ4

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1) , (η, 1)

(δ − β, 1) , (δ + α+ ρ, 1) , (µ, v) , (λ, 1)

∣∣∣∣ (x; p)] . (5.1)

Example 5.2. Let ξ > 0, α, β, ρ, δ, µ, v, τ, λ, η, p ∈ C (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0) be parameters such that
ℜ (δ) > 1 + min {ℜ (β) ,ℜ (ρ)}. Then we obtain:(
Jα,β,ρ
x,∞

{
ξδ−1E(η,λ);τ

µ,v

(
1

ξ
; p

)})
(x) =

xδ+β−1Γ (λ)

Γ (τ) Γ (η)
4ψ4

[
(β − δ + 1, 1) , (ρ− δ + 1, 1) , (τ, 1) , (η, 1)

(1− δ, 1) , (α+ β − δ + ρ+ 1, 1) , (µ, v) , (λ, 1)

∣∣∣∣ ( 1

x
; p

)]
.

(5.2)

Example 5.3. Suppose that α, β, ρ, δ, µ, v, τ, λ, η, p ∈ C (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0), ξ > 0, ℜ (α) ≥ 0 be
parameters such that Re (δ) > −min {0,ℜ (α+ β + ρ)} and min {ℜ (δ) ,ℜ (β)} > 0. Then the following formula holds:(

Dα,β,ρ
0+

{
ξδ−1E(η,λ);τ

µ,v (ξ; p)
})

(x) =
xδ+β−1Γ (λ)

Γ (τ) Γ (η)
4ψ4

[
(δ, 1) , (ρ+ δ + β + δ, 1) , (τ, 1) , (η, 1)
(β + δ, 1) , (ρ+ δ, 1) , (µ, v) , (λ, 1)

∣∣∣∣ (x; p)] . (5.3)

Example 5.4. Consider that α, β, ρ, δ, µ, v, τ, λ, η, p, ξ > 0, (ℜ (µ) > 0,ℜ (v) > 0,ℜ (τ) > 0, p ≥ 0,ℜ (α) ≥ 0) be pa-
rameters along with the conditions ℜ (δ) < 1 + min {ℜ (−β − ρ) , ℜ (α+ β)} and min {ℜ (δ) ,ℜ (β)} > 0. Then we
receive the following fractional derivative formula:(

Dα,β,ρ
0−

{
ξδ−1E(η,λ);τ

µ,v

(
1

ξ
; p

)})
(x)

=
xδ+β−1Γ (λ)

Γ (τ) Γ (η)
4ψ4

[
(1− β − δ, 1) , (1 + α+ ρ− δ, 1) , (τ, 1) , (η, 1)
(1− δ, 1) , (1 + ρ− β − δ, 1) , (µ, v) , (λ, 1)

∣∣∣∣ ( 1

x
; p

)]
.

(5.4)

Next, if we take kl = 1 with ℜ (µ) > 0 and ℜ (ρ) > 0, then the theorems 3.1, 3.2, 4.1 and 4.2 reduce as follows:

Example 5.5. With all assumptions and conditions on parameters, as stated in theorem 3.1, the following result
holds true: (

Iα,β,ρ0,x

{
ξδ−1Eτ

µ,v (ξ; p)
})

(x) =
xδ−β−1

Γ (τ)
3ψ3

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1)

(δ − β, 1) , (δ + α+ ρ, 1) , (µ, v)

∣∣∣∣ (x; p)] . (5.5)

Example 5.6. With all assumptions and conditions on parameters, as given in theorem 3.2. the following fractional
integral formula holds true:(

Jα,β,ρ
x,∞

{
ξδ−1Eτ

µ,v

(
1

ξ
; p

)})
(x) =

xδ−β−1

Γ (τ)
3ψ3

[
(β − δ + 1, 1) , (ρ− δ + 1, 1) , (τ, 1)

(1− δ, 1) , (α+ β − δ + ρ+ 1, 1) , (µ, v)

∣∣∣∣ ( 1

x
; p

)]
. (5.6)

Example 5.7. With all assumptions and conditions on parameters, as discussed in theorem 4.1, we yield:(
Dα,β,ρ

0+

{
ξδ−1Eτ

µ,v (ξ; p)
})

(x) =
xδ+β−1

Γ (τ)
3ψ3

[
(δ, 1) , (ρ+ δ + β + δ, 1) , (τ, 1)
(β + δ, 1) , (ρ+ δ, 1) , (µ, v)

∣∣∣∣ (x; p)] . (5.7)

Example 5.8. As stated in theorem 4.2, keeping in mind all assumption and conditions on parameters, we get the
following fractional derivative formula, given as:(

Dα,β,ρ
0−

{
ξδ−1Eτ

µ,v

(
1

ξ
; p

)})
(x) =

xδ+β−1

Γ (τ)
3ψ3

[
(1− β − δ, 1) , (1 + α+ ρ− δ, 1) , (τ, 1)
(1− δ, 1) , (1 + ρ− β − δ, 1) , (µ, v)

∣∣∣∣ ( 1

x
; p

)]
. (5.8)
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Remark 5.9. If we set p = 0 in the examples 5.5, 5.6, 5.7, and 5.8, then we can obtain the fractional integral and
derivative formulas, involving the Prabhakar type Mittag-Leffler function [25]. We omit the details here.

In a similar way, choosing µ = v = 1 in theorems 3.1, 3.2, 4.1, and 4.2, we consequently obtain the following
interesting results:

Example 5.10. Let ξ > 0, α, β, ρ, δ, τ, p ∈ C (ℜ (τ) > 0, p ≥ 0) be parameters such that ℜ (δ) > max {0,ℜ (β − ρ)}.
Then we have:(

Iα,β,ρ0,x

{
ξδ−1Φ

({kl}l∈N0)
p (τ ; 1; ξ)

})
(x) =

xδ−β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1)

(δ − β, 1) , (δ + α+ ρ, 1) , (1, 1)

∣∣∣∣ (x; p)] . (5.9)

Example 5.11. Let ξ > 0, α, β, ρ, δ, τ, p ∈ C (ℜ (τ) > 0, p ≥ 0) be parameters such that ℜ (δ) > 1+min {ℜ (β) ,ℜ (ρ)}.
Then we get following fractional integral formula:(

Jα,β,ρ
x,∞

{
ξδ−1 Φ

({kl}l∈N0)
p

(
τ ; 1;

1

ξ

)})
(x)

=
xδ−β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(β − δ + 1, 1) , (ρ− δ + 1, 1) , (τ, 1)

(1− δ, 1) , (α+ β − δ + ρ+ 1, 1) , (1, 1)

∣∣∣∣ ( 1

x
; p

)]
.

(5.10)

Example 5.12. Suppose that α, β, ρ, δ, τ, p ∈ C (ℜ (τ) > 0, p ≥ 0) , ξ > 0,ℜ (α) ≥ 0 be parameters such that ℜ (δ) >
−min {0,ℜ (α+ β + ρ)} and min {ℜ (δ) ,ℜ (β)} > 0. Then the following formula holds true:(

Dα,β,ρ
0+

{
ξδ−1 Φ

({kl}l∈N0)
p (τ ; 1; ξ)

})
(x) =

xδ+β−1

Γ (τ)
3ψ

({kl}l∈N0)
3

[
(δ, 1) , (ρ+ δ + β + δ, 1) , (τ, 1)
(β + δ, 1) , (ρ+ δ, 1) , (1, 1)

∣∣∣∣ (x; p)] . (5.11)

Example 5.13. Assume that ξ > 0, α, β, ρ, δ, µ, v, τ, p ∈ C (ℜ (τ) > 0, p ≥ 0,ℜ (α) ≥ 0) be parameters along with
the conditions ℜ (δ) < 1 + min {ℜ (−β − ρ) ,ℜ (α+ β)} and min {ℜ (δ) ,ℜ (β)} > 0. Then the following fractional
derivative formula holds true:(

Dα,β,ρ
0−

{
ξδ−1 Φ

({kl}l∈N0
)

p

(
τ ; 1;

1

ξ

) })
(x)

=
xδ+β−1

Γ (τ)
3ψ

({kl}l∈N0
)

3

[
(1− β − δ, 1) , (1 + α+ ρ− δ, 1) , (τ, 1)
(1− δ, 1) , (1 + ρ− β − δ, 1) , (1, 1)

∣∣∣∣ ( 1

x
; p

)]
.

(5.12)

If we set µ = v = 1 into the examples 5.1, 5.2, 5.3 and 5.4, then we obtain the following results:

Example 5.14. Let ξ > 0, α, β, ρ, δ, τ, λ, η, p ∈ C (ℜ (τ) > 0, p ≥ 0) be such that ℜ (δ) > max {0,ℜ (β − ρ)}. We get
the following formula:(

Iα,β,ρ0,x

{
ξδ−1 Φ

(η,λ)
p (τ ; 1; ξ)

})
(x) =

xδ−β−1Γ (λ)

Γ (τ) Γ (η)
4ψ4

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1) , (η, 1)

(δ − β, 1) , (δ + α+ ρ, 1) , (1, 1) , (λ, 1)

∣∣∣∣ (x; p)] . (5.13)

Example 5.15. Let ξ > 0, α, β, ρ, δ, λ, η, p ∈ C (ℜ (τ) > 0, p ≥ 0) be parameters such that ℜ (δ) > 1+min {ℜ (β) ,ℜ (ρ)}.
Then we have:(
Jα,β,ρ
x,∞

{
ξδ−1 Φ

(η,λ)
p

(
τ ; 1;

1

ξ

)})
(x) =

xδ−β−1Γ (λ)

Γ (τ) Γ (η)
4ψ4

[
(β − δ + 1, 1) , (ρ− δ + 1, 1) , (τ, 1) , (η, 1)

(1− δ, 1) , (α+ β − δ + ρ+ 1, 1) , (1, 1) , (λ, 1)

∣∣∣∣ ( 1

x
; p

)]
.

(5.14)

Example 5.16. Suppose that ξ > 0, α, β, ρ, δ, τ, λ, η, p ∈ C (ℜ (τ) > 0,ℜ (α) ≥ 0, p ≥ 0) be parameters such that
ℜ (δ) > −min {0,ℜ (α+ β + ρ)} and min {ℜ (δ) ,ℜ (β)} > 0. Then the following formula holds true:(

Dα,β,ρ
0+

{
ξδ−1 Φ

(η,λ)
p (τ ; 1; ξ)

})
(x) =

xδ+β−1Γ (λ)

Γ (τ) Γ (η)
4ψ4

[
(δ, 1) , (ρ+ δ + β + δ, 1) , (τ, 1) , (η, 1)
(β + δ, 1) , (ρ+ δ, 1) , (1, 1) , (λ, 1)

∣∣∣∣ (x; p)] . (5.15)

Example 5.17. Assume that ξ > 0, α, β, ρ, δ, τ, λ, η, p ∈ C (ℜ (τ) > 0, p ≥ 0,ℜ (α) ≥ 0) be parameters along with
the conditions ℜ (δ) < 1 + min {ℜ (−β − ρ) ,ℜ (α+ β)} and min {ℜ (δ) ,ℜ (β)} > 0. Then we establish the following
fractional derivative formula, given as:(
Dα,β,ρ

0−

{
ξδ−1 Φ

(η,λ)
p

(
τ ; 1;

1

ξ

)})
(x) =

xδ+β−1Γ (λ)

Γ (τ) Γ (η)
4ψ4

[
(1− β − δ, 1) , (1 + α+ ρ− δ, 1) , (τ, 1) , (η, 1)
(1− δ, 1) , (1 + ρ− β − δ, 1) , (1, 1) , (λ, 1)

∣∣∣∣ ( 1

x
; p

)]
.

(5.16)
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6 Integral transform associated with extended Mittag-Leffler type functions

A large number of fractional calculus and integral transform formulas have been developed by several researchers
(for example, see [1, 4, 5, 8, 15, 18, 19]). This section deals with integral transform formulas, associated with the
results being obtained in the previous section. We start with recalling the following integral transform:

Beta Transform: The Beta transform of a function f(y) is defined by Sneddon [32], given as:

B {f (y) ; a, b} =

∫ 1

0

ya−1(1− y)
b−1

f (y) . (6.1)

Verma Transform: The Verma transform of f (y) is given by the following integral equation [20]:

V {f, ℓ,m; s} =

∫ 1

0

(sy)
m− 1

2 exp

(
−1

2
sy

)
Wℓ,m (sy) f (y) dy (ℜ (s) > 0) , (6.2)

where Wl,m is the Whittaker function, given as:

Wℓ,m (y) =
∑

m,−m

Γ (−2m)

Γ
(
1
2 − ℓ−m

)Mℓ,m, (6.3)

here,

Mℓ,m (y) = ym+ 1
2 exp

(
−y
2

)
1F1

(
1

2
− ℓ−m; 2m+ 1; y

)
. (6.4)

By setting ℓ = −v + 1
2 , the Verma transform converts to the Laplace transform [32], given as:

L{f (y) ; s} =

∫ −∞

0

e−syf (y) dy. (6.5)

Next, we give the Beta, Verma and Laplace transforms, concerning an extended Mittag-Leffler type function and
fractional calculus operators, the proofs are omitted.

Theorem 6.1. (Beta Transform)

B

[(
Iα,β,ρ0,x

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (zξ; p)

})
(x) ; a, b

]
=

Γ (b)

Γ (τ)
xδ−β−1

4ψ
({kl}l∈N0

)
4

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1) , (a, 1)

(δ − β, 1) , (δ + α+ ρ, 1) , (µ, v) , (a+ b, 1)

∣∣∣∣ (x; p)] . (6.6)

Theorem 6.2. (Beta Transform)

B

[(
Jα,β,ρ
x,∞

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
z

ξ
; p

)})
(x) ; a, b

]
=

Γ (b)

Γ (τ)
xδ−β−1

× 4ψ
({kl}l∈N0

)
4

[
(β − δ + 1, 1) , (ρ− δ + 1, 1) , (τ, 1) , (a, 1)

(1− δ, 1) , (α+ β + ρ− δ + 1, 1) , (µ, v) , (a+ b, 1)

∣∣∣∣ (x−1; p
)]
.

(6.7)

Theorem 6.3. (Verma Transform)

V
[
ta
((

Iα,β,ρ0,x

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (tξ; p)

})
(x) ; s

)]
=
xδ−β−1

Γ (τ) sa
5ψ

({kl}l∈N0
)

4

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1) , (2m+ a, 1) , (a, 1)
(δ − β, 1) , (α+ β + ρ, 1) , (µ, v) , (m+ a− q, 1)

∣∣∣∣ (xs ; p)
]
.

(6.8)

Theorem 6.4. (Verma Transform)

V
[
ta
((

Jα,β,ρ
x,∞

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
t

ξ
; p

)})
(x) ; s

)]
=
xδ−β−1

Γ (τ) sa

× 5ψ
({kl}l∈N0

)
4

[
(β − δ + 1, 1) , (ρ− δ, 1) , (τ, 1) , (2m+ a, 1) , (a, 1)

(1− δ, 1) , (α+ β + ρ− δ + 1, 1) , (µ, v) , (m+ a− q, 1)

∣∣∣∣ (xs ; p)
]
.

(6.9)
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Laplace Transform: The Laplace transform is a particular case of the Verma transform. So, we establish an
interesting Laplace transform, asserted by the following results in from of corollaries:

Corollary 6.5. Assume that the conditions of theorem 3.1 are satisfied. Then the following integral transforms hold
true:

L
[
ta−1

((
Iα,β,ρ0,x

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v (tξ; p)

})
(x) ; s

)]
=
xδ−β−1

Γ (τ) sa
4ψ

({kl}l∈N0
)

3

[
(δ, 1) , (ρ+ δ − β, 1) , (τ, 1) , (a, 1)
(δ − β, 1) , (α+ β + ρ, 1) , (µ, v)

∣∣∣∣ (xs ; p)
]
.

(6.10)

Corollary 6.6. Assume that the conditions of theorem 3.2 are satisfied. Then the following integral transforms hold
true:

L
[
ta−1

((
Jα,β,ρ
x,∞

{
ξδ−1E

({kl}l∈N0
;τ)

µ,v

(
t

ξ
; p

)})
(x) ; s

)]
=
xδ−β−1

Γ (τ) sa
4ψ

({kl}l∈N0
)

3

[
(β − δ + 1, 1) , (ρ− δ, 1) , (τ, 1) , (a, 1)
(1− δ, 1) , (α+ β + ρ− δ + 1, 1) , (µ, v)

∣∣∣∣ ( 1

xs
; p

)]
.

(6.11)

7 Concluding remark

In this study, we obtained some results on fractional calculus, involving extended Mittag-Leffler type function. The
results are expressed in terms of the newly defined generalized hypergeometric function. We may also emphasize, that
due to practical importance of the Mittag-Leffler functions, the results deduced are of the general in character and
significant. Hence, we can lead to yield a large number of fractional calculus and integral transform formulas involving
various special functions. Discussing also initial values will be another task to be done.
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[22] M.A. Özarslan and B. Yilmaz, The extended Mittag-Leffler function and its properties, J. Inequal. Appl. 2014
(2014), 1–10.
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