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Abstract

In this paper, we define a class of meromorphically multivalent functions in U* = {z : z € C : 0 < |2| < 1} by using
a differential operator. Important properties of this class such as coefficient estimates, distortion theorem, radius of
starlikeness and convexity, closure theorems, and convolution properties are obtained. We also study d-neighboorhoods
and partial sums for this class.
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1 Introduction

Let 3, denote the class of functions of the form:
1 o0
f(z) = o + Zap+kzp+k (ap+r > 0;p e N={1,2,...}), (1.1)
k=0

which are analytic and p-valent in the punctured unit disk U* = {z : 2 € C:0 < |z| < 1} = U\ {0}. A function
f € X, is meromorphically starlike of order p(0 < p < p) if

{50

A function f € ¥, is meromorphically convex of order 8(0 < 6 < p) if

—e {1 + ZJ{,I;S)} > 6.
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2 Foroutan, Soltani, Ebadian
If f €%, is given by and g € %, is given by
1 oo
=—+ pr+kzp+k (bp+k > 0;p € N). (1.2)
k=0
then the Hadamard product (or convolution) of f and g is defined by

(F*0)2) = 5 + D apsbypurs™ = (g )2) (€ U5peN). (13)
k=0

For functions f(z) € ¥,, Aouf [I] defined the following differential operator:
S\pf(2) = £(2)

Sxpf(2) = (1 =N f(2) + %zf’(z) + i%
B zip Z(p+ )\k)a +12PF
k=0

=Spf(2) A>0;peN)
SXpf(2) = Sxp(S3,f(2))

and
SR pf(2) = Sx (53, f(2))
2

=(1- /\)S;f’_plf(z) + %Z(SZ\L,;lf(z))’ + - (A>0;n,p eN).

It can be easily seen that

=k,
spof +Z p+ kP (neNy=NU{0},peN). (1.4)
k=0

Also Orhan et al. [4] defined the differential operator T, in the following way:

79,,5(:) = ()
12,05 = To () = ap 2T o ) EIOL 4oty (15)
and, in general,
T2, () = Ty (T2 (). (16)

where 0 < i < o and n € Ny. Recently, Sharma [6] used the generalized modified Srivastava-Gupta operators defined
in [7] by using iterative combinations in ordinary and simultaneous approximation and obtained several interesting

results. If the functionf(z) € ¥, is given by (1.1) then from (1.5 and (1.6), we obtain

n 1 =
To’;,epf( ) 2:7 + Z \I’k(O', 1y n7p)ak+pzk+p (17)
k=0
where
Ui(o,p,n,p) =1+ (k+2p)(oc — p+ (k+2p+ o)™ (1.8)

Making use of the differential operators S f(2) and T, f(z) defined as in (L.4) and (1.7), respectively, we define

oup
the following differential operator for the functions f(z) € X, as follows:

D;\L,U,u,w,pf(z) = (1 - W)S;L,pf( ) + wT;’upf( ) (19)
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forn e NJA>0,0<pu<o0,0<w<1. Let f(2) be given by (L.1), then using (1.4) and (1.7)), the relation (1.9) can

be easily written as

DY o F2) = 5+ D0 @A, 0, i (1.10)
k=0
where
B\ o) = (1= 0) (P22 W01, ) (1.11)
and
Up(o,pu,n,p) =[1+ (k+2p)(c —p+ (k+2p+ ow)™, (1.12)

form e N;A > 0,0 < p<0,0<w<1. Therefore in terms of convolution (|1.9)) is equivalent to

Nopwpl (2) = (f * h)(2),
where
h(Z) = 27 + Z q)k(ny Aa Sy w7p)zp+k'
k=0

Using the differential operator DY, ,  f(z), we define the following subclass of multivalent meromorphic functions

Definition 1.1. A function f(z) € X, is said to be in the class H,(«, 8, 7) if it satisfies the followig inequality:
n " " ’
(DR o nonf (2)” 427 H(DR g o p f(2) — 12
Y (DY, o () +a(l+7)p—p

where 0 < a<1,0<8<1,0<y < 1.

<p (1.13)

Meromorphically multivalent functions have been extensively studied, for example, see Najafzadeh and Ebadian
[3], Atshan and Kulkarni [2], Orhan et al. [4] and Auof [I].

2 Coefficients Estimates
Theorem 2.1. A function f defined by (1.1) is in the class H,(«, 8,7) if and only if

oo

>+ k)p+k A+ By]Pk(n, A, 0, 1w, p)ap i < Bp(1— a)(1+7) (2.1)
k=0

where @ (n, A, o, 1, w, p) is given by(|1.11))
Proof . Assume (2.1 holds. it is enough to show that

M = [e72(D3 g F(2)) 27 (DR g (2)) = 22| = 8

VDS o () + @l 7)p = | < 0.

For |z| =r < 1, by (2.1)), we have

M = \> (p+k)*®k(n, A, 0, pt,w, p)apyrz"" | = 8

pL—a)(1+7) =7 (p+k)Pk(n, A 0, 0, p)aps 2™
k=0

M8

=~
Il

0

Mg

(p+ k)2 @k (n, A, 0, 1, w0, p)ap P — Bp(1 — a)(1 + ) +ﬁ72 (p+ k) Pr(n, X, 0, 1, w0, p) a4 +E
k=0

=
Il
o

Mg

(p+k)p+k+ BYPr(n, A 0, p,w, p)ap sk — Bp(l — a)(1+7)

A
=1
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Hence f € H,(e, B,7). Conversely, suppose that f(z) € Hy(a, 5,7), then (1.13) holds true. So, we have

2 2p+k
" " n / Z(p + k) (I)k(nv Ao, N,Wap)azﬂrkz
P (DR i () + 2 (DR g i) =P _

p+1 n / _ [SS)
Yz (D)\,U,#,uhpf(z)) + a(l + ’Y)p p p(l _ Oé)(l + ’Y) _ 'YZ(p + k)‘bk(n, A, U,M,W,p)ap+kz2p+k

(=)

k=0
<B.
Since Rez < |z[, for all z, we have
> 0+ k) ®u(n, N, 0, w, p)agrz
Re h=0 _ <B.
p(1—a)(1+7)— ’yZ(p + k)®p(n, \, 0, 1,0, p)ap 22T
k=0

Now by letting z — 1~ through real axis, we obtain

Z(p + k)[p + k + 57}(1)16(”) )\aJ,M,%P)apHc S ﬁp(l - O[)(]. + ’7)
k=0

Hence the result follows. O

Corollary 2.2. If f(z) defined by is in the class H,(a, 8,7), then

Bp(1 —a)(1+7)
p+k)p+k+ By|Pr(n, A o, p,w,p)

Aptk S (

The result is sharp for the function f(z) given by

1 Bp(1 —a)(1+7) k
z)=—+ 2P 2.2
e =5 (p+K)lp+ k+ v]Pk(n, A, 0, p,w, p) 22)
where @ (n, A, o, u,w, p) is given by ([L.11)).
3 Distortion Theorem
Theorem 3.1. If f(z) defined by (L.1) is in the class H,(c, 8, 7), then for 0 < |z] =r < 1
1 Bp(l —a)(1+7) v 1 Bp(l —a)(1+7)
- _ rP <|f(z) < =+ rP 3.1
rP p(p""ﬁ’}/)q)()(nv)‘vavﬂava) |f( )| rP p(p+ﬁ’)’)q)0(n, A7J’M7w7p) ( )
and
p Bp(l —a)(1+7) b1 | P Bp(1 —a)(1 +7) 1
_ < < p 3.2
rptl (p+ﬂ7)®0(n7AaO’7uvw7p)r - ‘f (Z)| ~ et (p—|—ﬂf‘)/)q)0(n’)\7o"'u7u_),p)r ( )
where
The bounds are attained for the function f(z) given by
1 1-— 1
(oL, B0y )

2P p(p+ﬂ’7)q)()(n7)‘aavﬂvva)



On a class of multivalent meromorphic functions 5

Proof . In view of Theorem 2.1] we have

p(p+ BY)®o(n, A, o, 1, w, p Z <Y+ R+ k+ BPk(n, A 0, p,w,p)apik < Bp(1—a)(147)
k=0 k=0
which is equivalent to
1—a)(1+
Zap+k < Bp( )( ’Y) (35)

p(p+ By)Po(n, A, 0, p,w,p)

Thus for 0 < |z| =7 < 1, we get
1 (o)
If)l = 5+ > apprttt
k=0

1 oo
<D apen (3.6)
k_

1 m-atty
rP p(p + 6’7)@0(71, >‘7 g, K, va)

IN

and

1 o0
|f(z)] = i Z%Hﬂ”“k

Z — —rP Z Ap+k (37)

L1 ml-auen

rP p(p+ﬂ’7)(b0(n7)\70-7uawﬂp)
which,together,yield (3.1).Furthermore, it follows from Theorem that

oo
Bp(l—a)(1+7)
p+k)a < ) 3.8
kZ:O = (0 + B1)®o(n, N, 0, 11,0, ) 38
Hence
o0
|f’(Z)| < p+1 _|_Z p+k)a ,rp—‘rk—l
k=0
p _
Somtr Z(p+ k)apk (3.9)
k=0
B R [ R
“ Pt (p+ BY)®o(n, A, 0, 11w, p)
and
P« _
1f'(2) = o D (4 E)apprt
k=0
D - 0o
> LS o+ Ragi (3.10)
k=0
Z p o 5])(1*(1)(1%")’) rpfl,

Tp+1 (p+67)q)0(n7)\70-7,u7w7p)

which together yield (3.2)). It can be easily seen that the function f(z) defined by ([3.4)) is extremal for Theorem
U
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4 Radius of Starlikeness and Convexity

Theorem 4.1. Let the function f(z) defined by (1.1]) be in the class #H,(a, 5,7) then f(z) is meromorphically p-valent
starlike of order p(0 < p < p) in 0 < |z| < r(n, A, o, p,w, p, p,a, B,7), where

1
| = p)Pr(n, A oy pw,p)(p+R)(p+ K+ By) | 2Ptk
r(n, \, o, i, w, p, p,, B,7v) =inf , 4.1
(.2, 4,0, 0,00, 6,7) =1 l Bp(l— )1+ 1)@+ k—p) (0
k> 0,p € N,n € Ny, the result is sharp.
Proof . It is sufficient to show that
!
CrE e
f(2)
for 0 < |z| < r(n, A\, o, p,w,p, p,a, B,7). Note that
Z(QPJr k)aprz"t"
zf'(2) +pf(2) _ | k=0
f(z >
( ) Z‘P+Za +kzp+k
k=0
> @p+ k)ay it
< k=0 _
1-— Z ap+kr2p+k
k=0
I
Thus, |2/ PR
f(2)
oo k _
Z Mapﬂwﬂzﬁk <1. (4.2)
= (r-r
Theorem [2.1] ensures that
i(p+k‘)[p+k+ﬁv]<1>k(n,/\,0,u,w,p)a <1 (4.3)
= Bp(1 = a)(1+7) = '
in view of (4.3)), it follows that (4.2]) will be true if
(3p + k— p),r2p+k: < (p + k)[p + k + B’V](Pk(nv )‘7 07/1'7(“)71)) (4 4)
(p—p) - Bp(1 —a)(1+7)
or if
_
o | = PPN 0w p)(p+ F)(p+ i+ By) | 2P K (4.5)
- Bp(1 —a)(1+7)(3p +k — p) ' '

Setting r(n, A, o, u, w, p, p, @, B,7y) in (4.5)), the result follows. The result is sharp with the extremal function f(z)
given by (2.2). O

Theorem 4.2. Let the function f(z) defined by (1.1I) be in the class H,(a, 3,7). Then f(z) is meromorphically
p-valent convex of order (0 < 6 < p) in 0 < |z| < r(n,\, 0, u,w,p,0,a, B,7), where
1

2p+k

p(p_H)q)k(nv)Ha'v,uﬂwap)(p_'—k+ﬂ7) (46)

Bp(1—a)(1+~)Bp+k—0)

T(n7A7U7/’L7w7p79’a’IB”Y) :i%f [

k> 0,p € N,n € Ny, the result is sharp.
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Proof . It suffices to show that

(zf'(z))" +pf'(2)

76) =

for 0 < |z| < r(n, A\, o, p,w,p, 0, a, 3,7). Note that

3 p+k)(2p+k)ay 2P Rl
ey e | i

f/(Z) _( 1 +k—1
—pz=P+1) 4 Z(p +k)ap4p2?
k=0
Z (p+k)(2p + k)ay, pr?PT*
k=0
P Z(P + k)appr?Pth
k=0
/ / /
Thus, | &/ (Z)), a2 UG P
f'(z)
3 (p+k)(3Bp+k—10) ap P < 1. (4.7)
P p(p—0)

Theorem [2.1] ensures that

i (p + k)[p + k + ﬁv]q)k(nv )‘a 0—7/1'7va)
2 Bp(1 — a)(1+ )

so in view of (4.8]) it follows that (4.7]) will be true if

(p+k)(3p+k—9)r2p+k (p+E)p+k+ BPx(n,\, 0, pt,w, p)
p(p—0) Bp(1 —a)(1+7) ’

Op+k <1, (48)

or, if
1

o | P = O)Pk(n, ), 0, 1w, p) (P + ki + ) 2p+k
- Bp(1—a)(1+~)(Bp+k—0) '

(4.10)

Therefore, we obtain the r(n,\, o, p,w,p,0,a,B,7v) in (4.6). The result is sharp for the extremal function f(z)

given by (2.2). O

5 Closure Theorems
Theorem 5.1. Let

for =2 (5.1)

and

1. Bp(1 —a)(147) s
2P (p+k)Pr(n, A o, p,w,p)(p+k+ B7)

where, k > 0,p € N;n € Ny, and z € U*. Then f(z) is in the class H,(«, 8, 7) if and only if it can be expressed in the
form

Jovk = , (5.2)

o0

F() = cprrfprnl(2) (5:3)

k=-1

where ¢pir > 0and Y 70 | cppr = 1.
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o0 o
Proof . Let f(z) = Z Cpt+k fp+k(2), where cpyp > 0 and Z cp+k = 1. Then

k=—1 =
P& =Y cpriforn()
k=—1
_ L s Bp(1 —a)(1+7) n
A kZ:OCp““ PRI Ao e )L E LB (5.4)
We have
oo 5]?(1—04)(14-’7) (p+k')(I)k(n,A,O',/j,’w7p)(p+k._|_ﬁ,y) B oo L
2 R D) R ) Bo(1—a)(1+7) =2 =1
<1 (5.5)

Then Theorem shows f(z) € H,(a,B,7). Conversely, suppose f(z) € H,(a,3,7).Then by Corollary we
have

pp(1 —a)(1+7)

a < .
P+ k)p+ k + B ®k(n, A, o, 11w, p)
Set
(p+K)lp+k+ By]Pr(n, A 0, 1w, p) -
Cptk = ap+r and cp,_1=1-— Cpik-
P Bp(1—a)(1+7) v =1
Then
L S p+k
f(z) = i Zap+kz
k=0
. Bp(1 — a)(1+7) K
=—+ Coprn 2P T
" kz::o (p+B)lp + k + BY|®k(n. X, 0, pw,p) 7T
1 = 1
=T (fp+r(2) — Zj)cp+k
k=0
1 oo o0
~ (1 - Z cp+k> + Z otk St (2)
k=0 k=0
1 oo
=501t Z otk fptr(2)
k=0
= Z Cptk fprk(2)-
k=—1
This completes the proof of Theorem O
Theorem 5.2. The class H,(«, 3,7) is closed under convex linear combinations.
Proof . Let each of the functions
1 oo
fi(z) = Pl Z%M,jzﬁk (aptk,y > 055 =1,2), (5.6)
k=0

be in the class H,(a, 5,7).It is sufficient to show that the function h(z) defined by

h(z) = (1 =) fi(z) +tfa(2) (0 <t <1, (5.7)
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is also in the class H,(c, §8,7). Since

1

h(z) = = + Z [(1 = t)(apyrn + taprro)2”™F (0 <t < 1),

z
k=0

by Theorem [2.1] we have

S A+ E)p+E+ By, X 0, 11,0, p)[(1 = H)apik + tap o]
k=0

oo

= (1 - t) Z(p + k)[p +k+ B’Y]@k(n7 >\7 0'7/J“aw7p)a’p+k,1 + tZ(p + k)[p +k+ ﬂ’y](bk(nv >\707 ,u’awap)ap+k,2

k=0 k=0
< (1=8)Bp(1 —a)(1+7) +tBp(l —a)(1+7) = Bp(l —a)(1+17),

which shows that h(z) € H,(a, 5,7),hence the result follows. O

6 Convolution Properties

Theorem 6.1. Let the functions f;(z), for j = 1,2, defined by (5.6) be in the class H,(«, 3,7). Then (f1 * f2)(2) €

H;D(Qsa ﬂa PY)& Where

 pBAAN( - @)
p(p + 67)(?0(”’ )‘7Ua ,u,w,p)’

¢ =

such that ®(n, A, o, 1, w, p) is given by (3.3). The result is sharp for the functions f;(z), for j = 1,2, given by

1. pPEa-a
fj(z) o 2P + P(PJrﬂ’)’)fI)o(na)\»Uaﬂ,Wap) zp.

Proof . Employing the technique used earlier by Schlid and Silverman[5], we will find the largest ¢ such that

(p+k)(p+Fk+B7)Pr(n, A, o, p,w,p)
P pB(1+7)(1—¢)

HM8

for f;(z) € Hp(a, B,7), for j = 1,2. Since f;(z) € Hp(e, B,7), for j = 1,2, we readily see that

i (p+ k)P +k+ 87)Pr(n, A 0, s 0,p)

+k,j < 1,
> B+ —a) s
by applying the Cauchy-Schwarz inequality,we obtain
i (p+ k)P + &+ Br)Py(n, N, 0, pw, p)m< )
2 B+ —a) pHi e =
This implies that we need only to show that
Ap+k10p+k2 - V9ptk10ptk2
l-¢) = (Q-a) ~7
or equivalently that
1-¢
v Ap+k,10p+k,2 < (1 — a)
Hence by the inequality (6.5)), it is sufficient to prove that
pB(L+7)(1 - o) c1-9

Optk10ptk2 <1,

(p+ k)(p+ k + B’Y)q)k(na Aao-a,ufvva) T 1- O/

(6.6)

(6.7)
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which implies that

pA(L+7)(1 - a)?

p=1- (p+k)(p+k+By)Pr(n,\, 0o, pt,w,p) (6.9)
Now, define the function A(k) by

(P+E)(p+k + B7)Pr(n, A, 0, 0, p)
We note that A(k) is an increasing function of k, therefore we conclude that

. B+ -a)?
e<A0) =1 p(p+ B7)@o(n, A, 0, 1, w, p)’ (6.11)

therefore the proof is complete. [J

Theorem 6.2. Let the functions fi(z), f2(z) defined by (5.6) be in the classes H, (a1, 8,7), Hp(az2, B,7), respectively.
Then (f1* f2)(2) € Hp(n, B,7), where

PB4 — o)1 — o)

—1— : 6.12
" p(p+/87)¢)0(n7)‘70'7,u7wap) ( )
such that ®q(n, A, 0, g, w, p) is given by (3.3)), and the result is sharp for the functions f;(z)(j = 1,2) given by
1 pB(L+7)(1 — o)
z)=—+ 2P, 6.13
M =5 p(p+ B7)Po(n, A, 0, pt, w, p) (613
and
1 1 1-—
o) = £ 4 PPUENA =), (6.14)

zP p(p+5’7)q)0(n7>\a0'7/1'7w7p)

Proof . Use the arguments similar to those in the proof of Theorem O

1 1 o
Theorem 6.3. If f(z) = f+Za e12P TR and fo(z) = p—i—Z apir22P ¥ bein Hy(a, B,7), where 0 < apyp o < 1,
k=0

k=0,1,2,..., and p € N), then (fl*fQ)( ) € Hp(a, B,7).

Proof . Since

o~ (P + k) (0 + K+ B7)Px(n, A, 0, 1,0, p) o~ (P + k) (0 + k4 B7)Px(n, A, 0, 1,0, p)
Z pik,10pik,2 < Z apk1 <1,
Pt pB(L+7)(1 - ) prs pB(L+7)(1 - )
then by Theorem (f1* f2)(2) € Hp(a, B,7). O
Corollary 6.4. If f(z) € H,(«a, 8,7), then the integral operator
c 5 e
Fep(z) = zp+c/0 ttPLf()dt, >0, (6.15)
is also in the class H, (o, 5,7) .
Proof . It is easy to check that
1 > c
= — - btk 1
Fep(2) f(z)*(szrkz_%c—f—%—i-kz ) (6.16)

Since 0 < S < 1, by Theorem 6.3 the proof is trivial. [J
c+2p+k
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Theorem 6.5. Let the functions f;(z)(j = 1,2) defined by be in the class H,(a, 5,7), and
p(p +B7)®o(n, A, 0, p,w,p) = 2pB(1+7)(1 — @) 20, (6.17)
then the function h(z) defined by
1

h(z) = - + > (a2 q +aky )P, (6.18)
k=0

belongs to the class H,(«, 8,7), where ®g(n, A, o, 4, w, p) is given by (3.3]).
Proof . Since fi(z) € Hy(a, 5,7), we have

~ (p+ k) (p+k+ By)®(n, Ao, p1,w,p)
. pB(L+7)(1 - o)

aprka <1, (6.19)
k=

and so

2
k k @ 7>\’ ) ) )
R I

Similarly, since f2(z) € H,(e, B,7y), we have

2
(p+k)p+ k+57)‘1>k(n7/\,07u,w,p)1 )
— Uyt 2 <1. (6.21)
2 B+ 7)1 —a)
Hence
2
- 1 (p+k)(p+k+67)¢k(na>‘7aaﬂawap) 2 2
— (afipq1 + a5 0) <1 (6.22)
= pA+ )= a) el

In view of Theorem [2.1] it is sufficient to show that

o0

2 < 1. 6.23
pB(1+~)(1—a) pik1 T Opik2) < (6.23)

(p+ k)(p + k + ﬁr)/)@k(nﬂ)‘)(L Mawap)] (a2

k=0

Thus the inequality (6.23]) holds if, for k =0,1,2, ...

2
(p+E)(p+k+ By)Pr(n, N, o, p,w,p)

(p+k)(p+k+By)Pk(n,\ o, pu,w,p) <1 , (6.24)
pB(1+7)(1 - ) 2 pB(1+7)(1 - )
or equivalently if
P+ E)(p+E+B7)Pr(n, A 0, p,w,p) = 2pB(1+7)(1 — @) 20, (6.25)
for Kk =0,1,2,.... The left hand side of is an increasing function of k, hence it holds for all & if
PP+ B7)®o(n, A, 0, p,w,p) = 2pB(1+7)(1 — @) 2 0, (6.26)

which is true by our assumption. Hence the proof is complete. [

Theorem 6.6. Let the functions f;(z)(j = 1,2) defined by (5.6]), be in the class H,(ca, 5,7). Then the function h(z)
defined by (6.18)) belongs in the class H,(7, 3,7),where

298+ (1 - @)
p(p + B’Y)q)O(TL )‘7 g, ,U/,U.},p) ’

such that ®(n, A, 0, 1, p) is given by (3.3). The result is sharp for the functionsf;(z)(j = 1, 2) defined by (6.2)),

T =

(6.27)
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Proof . Since

2
2
> [(p +E)p+k+B7)Pk(n, A 0, uwwp)} . i P+ k)P +k+ ) Pr(n Ao pwp)
: P pB(1+7)(1-a) e
= [pBOL+7)(1 - )] k=0
<1, (6.28)
for f;j(z) € Hp(a, 8,7), where j = 1,2, so we get
2
i [(p+k)(p+k+Bv)‘1>k(n,>\,o,u,w,p)} ) )
> 2 (@241 + G 2) < 1. (6.29)
=0 2[pB1L+7)(1 - )]
We have to find the largest 7 such that
L e+ R)@tk+5y)Pi(n Ao pmwp) (6.30)
-+ 2981 +7)(1 — a)?
that is
_ N2
o 28(1+7)(1— a) | 651
(p + k)(p +k+ 6’7)(1)16(”7 >‘, g, W, Wap)
If we define L(k) by
28(1 +7)(1 — )
Lk)y=1- , 6.32
*) (p+k)(p+k+BY)®r(n, A 0, 1,0, p) (6:32)
that it is easy to see that L(k) is an increasing function of k, thus we conclude that
2pB(1+7)(1 —a)®
r<L0)=1— , 6.33
( ) p(p+ﬂ7)q)0(n7)‘ao—,ﬂvva) ( )
which completes the proof. [J
7 Neighborhoods and Partial Sums
Definition 7.1. For every 6 > 0 and a non-negative sequence S = {s;}72,, where
_ (k)@ +k+B7)Pk(n Ao, pw,p)
Sk = (7.1)
pB(L+7)(1 - o)
(k>0,peN,0<a<1,0<B<1,0<y<1,A>0,0<p<o0),
the d-neighborhood of a function f € ¥, is defined by
1 o0 o0
Ns(f) = {g €X, : g(z) = >+ pr+kz”+k and Zsk|bp+k — apti| < 5}. (7.2)
k=0 k=0
Theorem 7.2. Let f € Hy(«, B,7) be given by (L.1). If f satisfies
—p
f(z)l% € Hy(a, B.7) (€ € C.[e] < 6.5 > 0), (7.3)

then

Ns(f) € Hp(a, B,7). (7.4)
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Proof . It is not difficult to see that a function f belongs to H,(a, 5,7) if and only if

Zp+2 (D)\ o, W, 5,pf(z))” + Zerl (DK,O‘,/,L,(;,pf(Z>)/ B p2

/ # E (Cv = ]- 9 75
Bryap (DY, 5, f(2)) + Ba(l+~)p — Bp v M=y (7
which is equivalent to
(f*h)(2)
= #0, (7.6)

1
where h(z) = — + > o CprkzP TR, such that
P

c — (p+k)(p+k7VﬂV)(I)k(nv)‘,o-auawap)
p prB(1+7)(1—a) ’

(p + k)(p +k+ 6’)/)@]6(”7 >‘a U?ﬂawap)
pB(1+7)(1-a) '

and |epip| <

Furthermore,under the hypotheses (7.3)),using ((7.6) we obtain

zép (% * h(z)) #0. (7.7)

< 0. Then by 1] we have

1 (f*h)(z)+ € lef 1
1+e z7P 1+e| 7 [1+¢ |1+¢

(f +h)(2)

-

Now assume that

(f xh)(2)

(f +h)(2)

2P

le| =6

> 0.
|1+ €

This is a contradiction as |¢| < . Therefore > 6. If we now let

1 oo
9() = 55+ D bprs” €N (D),
k=0

then we have

oo

2p+k
> (apik — bpk)Cprrz
k=0

< Z |ap+ = bptillcpprll2PFF

&w@*@@>

z7 P

FUENILO

z—P

(p+Ek)p+k+P87)Pr(n, A o, pu,w,p
<Z ) k:( )|ap+k_bp+k|

pB+7)(1—a)
35.

h
Thus M # 0 which implies that g(z) € Hp(«, 8,7), and the proof is complete. O
z

)

1
Theorem 7.3. Let f € X, be given by 1) and the partial sums ko(z) and k,(z) be defined by ko(z) = — and
z

1 —
kq(z) = i S92 aprrzPtE (g > 0), also suppose that

Z Opirapre <1 (7.8)
k=0

(p+k)(p+k+ B7)Pr(n, A, o, 1, w, p)

where 6 = . Then, for g > 0, we have
o pBU+ 7)1~ a) !
f(z) 1
1-—— .
%e{ kq(2) } = 04 (7.9)
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and

kq(2) Oq
‘ﬁe{ o } > (7.10)

Proof . Under the hypotheses of the theorem we can see from ([7.8)) that
0p+k+1 > 0p+k >1 (k =0,1,2, )

Therefore making use of ([7.8)) again we have
g—1 [e%) [e%e)
Z Ap+k + eq Z Ap4k < Z 9p+kap+k < 1. (71].)
k=0 k=q k=0

Let

eqz apyrz Pt
_ f(z) 1 _ k=q
w(z) =46, [k: - 1—9— =1+ p . (7.12)
1+ Z A 22 PTF

k=0
Applying (7.11)) and (7.12) we find
e} oo
eqz appz? H‘ZZ Gp+k

w(z) — 1 k=q k=q
= < <1 7.13
’w(z) +1 ‘ ! i o | g1 >~ =5 (7.13)

2+ 22 apy 2P 4 GQZ api2?PT 2— QZ Qptk — qu Ap+k
k=0 k=q k=0 k=q

which shows that Sew(z) > 0. From (7.12]) we immediately obtain (|7.9)). Similarly by letting

kq(2) 04 } 7

fz)  1+6,

o) =146, |

we can prove ([7.10), therefore the proof is complete. O
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